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THE GENERALIZED LUCAS HYBRINOMIALS
WITH TWO VARIABLES

Emre SEVG·I
Department of Mathematics, Gazi University, Ankara, TURKEY

Abstract. Özdemir de�ned the hybrid numbers as a generalization of com-
plex, hyperbolic and dual numbers. In this research, we de�ne the generalized
Lucas hybrinomials with two variables. Also, we get the Binet formula, gen-
erating function and some properties for the generalized Lucas hybrinomials.
Moreover, Catalan�s, Cassini�s and d�Ocagne�s identities for these hybrinomi-
als are obtained. Lastly, by the help of the matrix theory we derive the matrix
representation of the generalized Lucas hybrinomials.

1. Introduction

Many researchers have studied on applications of the Fibonacci and the Lucas
numbers for a long time in engineering, arts, physics and nature. These sequences
have taken a huge interest of many authors.
The Fibonacci numbers are de�ned recursively by

Fn = Fn�1 + Fn�2

for n � 2 with initial values F0 = 0 and F1 = 1 [4]:
The Lucas numbers are de�ned with the same recurrence relation of the Fi-

bonacci numbers with initial values L0 = 2 and L1 = 1 [4]:
For the variable x; Catalan de�ned the Lucas polynomials with the recurrence

relation
Ln(x) = xLn�1(x) + Ln�2(x); n � 2

with L0(x) = 2 and L1(x) = x [4].
Bergum and Hoggatt studied on the generalized Lucas polynomials and de�ned

these polynomials recursively by
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Vn(x; y) = xVn�1(x; y) + yVn�2(x; y); n � 2
with the initial conditions V0(x; y) = 2 and V1(x; y) = x [1]:
After that, Swamy obtained some identities and properties for the generalized

Lucas sequence [7].
The �rst few terms of this sequence are

n Vn(x; y)

0 2

1 x

2 x2 + 2y

3 x3 + 3xy

4 x4 + 4x2y + 2y2

5 x5 + 5x3y + 5xy2

6 x6 + 6x4y + 9x2y2 + 2y3

For simplicity, we will use Vn instead of Vn(x; y).
The characteristic equation of this sequence is

v2 � xv � y = 0
with the roots

� =
x+

p
x2 + 4y

2
; � =

x�
p
x2 + 4y

2
: (1)

Lemma 1. [7] The roots � and � de�ned in (1) satisfy the following properties
� �+ � = x
� �� � =

p
x2 + 4y

� �� = �y

Lemma 2. [7]For n � 0 the Binet formula for the generalized Lucas polynomials
is

Vn = �
n + �n:

The hybrid numbers were de�ned by Özdemir as a generalization of complex, hy-
perbolic and dual numbers [5]. The set of hybrid numbers is

K = fa+ bi+ c"+ dh : a; b; c; d 2 Rg :
Let Z1 = a1 + b1i + c1" + d1h and Z2 = a2 + b2i + c2" + d2h be any two hybrid
numbers. Then the main operations on hybrid numbers are de�ned as follows:

Z1 = Z2 if and only if a1 = a2; b1 = b2; c1 = c2; d1 = d2

Z1 + Z2 = (a1 + a2) + (b1 + b2) i+ (c1 + c2) "+ (d1 + d2)h

Z1 � Z2 = (a1 � a2) + (b1 � b2) i+ (c1 � c2) "+ (d1 � d2)h
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sZ1 = sa1 + sb1i+ sc1"+ sd1h; where s 2 R:
By using the following multiplication table, one can �nd the product of any two

hybrid numbers:
� 1 i " h
1 1 i " h
i i �1 1� h "+ i
" " h+ 1 0 �"
h h �"� i " 1

By using the elements of integer sequences as coe¢ cients of hybrid numbers, many
authors de�ned new type of hybrid numbers ( [8, 9, 3, 2, 10, 11, 12, 14]). The most
exciting studies among the cited works are the Fibonacci hybrid numbers and the
Lucas hybrid numbers which were de�ned as

FHn = Fn + iFn+1 + "Fn+2 + hFn+3

and
LHn = Ln + iLn+1 + "Ln+2 + hLn+3

respectively.
After that, for n � 0 Szynal-Liana and W÷och [13] de�ned the Fibonacci and the

Lucas hybrinomials as

FHn(x) = Fn(x) + iFn+1(x) + "Fn+2(x) + hFn+3(x)

and
LHn(x) = Ln(x) + iLn+1(x) + "Ln+2(x) + hLn+3(x)

respectively.

2. Main Results

De�nition 3. For n � 0 the Lucas hybrinomials with two variables x and y, called
the generalized Lucas hybrinomials de�ned by

V Hn(x; y) = Vn + iVn+1 + "Vn+2 + hVn+3

where Vn is the nth generalized Lucas polynomial.

For simplicity, we will use V Hn instead of V Hn(x; y).

Theorem 4. For the variables x and y; the generalized Lucas hybrinomials provides
the recurrence relation

V Hn = xV Hn�1 + yV Hn�2; n � 2
with the initial conditions

V H0 = 2 + ix+ "(x
2 + 2y) + h(x3 + 3xy) and

V H1 = x+ i(x
2 + 2y) + "(x3 + 3xy) + h(x4 + 4x2y + 2y2):
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Proof. For n = 2;we get

V H2 = xV H1 + yV H0

= x
�
x+ i(x2 + 2y) + "(x3 + 3xy) + h(x4 + 4x2y + 2y2)

�
+y
�
2 + ix+ "(x2 + 2y) + h(x3 + 3xy)

�
= x2 + 2y + i(x3 + 3xy) + "(x4 + 4x2y + 2y2) + h(x5 + 5x3y + 5xy2)

= V2 + iV3 + "V4 + hV5:

For n > 2; using the de�nition of the generalized Lucas polynomials, we obtain
V Hn = Vn + iVn+1 + "Vn+2 + hVn+3

= (xVn�1 + yVn�2) + i(xVn + yVn�1)

+" (xVn+1 + yVn) + h (xVn+2 + yVn+1)

= x (Vn�1 + iVn + "Vn+1 + hVn+2)

+y (Vn�2 + iVn�1 + "Vn + hVn+1)

= xV Hn�1 + yV Hn�2:

So, the proof is completed. �

For y = 1; we obtain the Lucas hybrinomials.
For x = y = 1; we obtain the Lucas hybrid numbers.

Theorem 5. For any integer n � 0; the Binet formula for the generalized Lucas
hybrinomials is de�ned as

V Hn = �
n(1 + i�+ "�2 + h�3) + �n(1 + i� + "�2 + h�3)

where � =
x+

p
x2 + 4y

2
and � =

x�
p
x2 + 4y

2
:

Proof. Using the de�nition of the generalized Lucas hybrinomials and the Binet
formula for the generalized Lucas polynomials, we get

V Hn = Vn + iVn+1 + "Vn+2 + hVn+3

= �n + �n + i
�
�n+1 + �n+1

�
+ "

�
�n+2 + �n+2

�
+ h

�
�n+3 + �n+3

�
= �n(1 + i�+ "�2 + h�3) + �n(1 + i� + "�2 + h�3)

�

For expressing the notations simply, letb� = 1 + i�+ "�2 + h�3b� = 1 + i� + "�2 + h�3:

Then, we can write the Binet formula for the generalized Lucas hybrinomials as

V Hn = �
nb�+ �nb�:

Theorem 6. The generating function for the generalized Lucas hybrinomials is
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1P
n=0

V Hnt
n

=
2 + ix+ "(x2 + 2y) + h(x3 + 3xy) + (�x+ i2y + "xy + h

�
x2y + 2y2

�
)t

1� xt� yt2 :

Proof. Suppose that the formal power series representation of the generating func-
tion for the generalized Lucas hybrinomials is

G(t) =
1X
n=0

V Hnt
n = V H0 + V H1t+ V H2t

2 + � � � (2)

Then, multiplying the equation (2) by �xt and �yt2 respectively, we have
�G(t)xt = �V H0xt� V H1xt2 � V H2xt3 � � � �
and
�G(t)yt2 = �V H0yt2 � V H1yt3 � V H2yt4 � � � �
By using the above equations and the fact that for n � 2 the coe¢ cients of tn

are zero by the recurrence relation of the generalized Lucas hybrinomials, we obtain

G(t)
�
1� xt� yt2

�
= V H0 + (V H1 � V H0x) t: (3)

Finally, by substituting V H0 and V H1 in the equation (3) ; we get

G(t) =
2 + ix+ "(x2 + 2y) + h(x3 + 3xy) + (�x+ i2y + "xy + h

�
x2y + 2y2

�
)t

1� xt� yt2 :

�

Lemma 7. [6]For any integer n � 2; the generalized Lucas polynomials provides
the summation formula

n�1X
m=1

Vm =
Vn + yVn�1 � x� 2y

x+ y � 1 :

Theorem 8. For any integer n � 2; the generalized Lucas hybrinomials provides
the summation formula

n�1X
m=1

V Hm =
V Hn + yV Hn�1 � V H1 � yV H0

x+ y � 1 :

Proof. By using the de�nition of the generalized Lucas hybrinomials, we have
n�1X
m=1

V Hm = V H1 + V H2 + � � �+ V Hn�1

= V1 + iV2 + "V3 + hV4

+ V2 + iV3 + "V4 + hV5

...
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+ Vn�1 + iVn + "Vn+1 + hVn+2

= V1 + V2 + � � �+ Vn�1
+ i [V2 + V3 + � � �+ Vn + (V1 � V1)]
+ " [V3 + V4 + � � �+ Vn+1 + (V1 + V2 � V1 � V2)]
+ h[V4 + V5 + � � �+ Vn+2 + (V1 + V2 + V3 � V1 � V2 � V3)]

By using the previous lemma, we have

n�1X
m=1

V Hm =
Vn + yVn�1 � x� 2y

x+ y � 1

+ i

�
Vn+1 + yVn � x� 2y

x+ y � 1 � V1
�

+ "

�
Vn+2 + yVn+1 � x� 2y

x+ y � 1 � V1 � V2
�

+ h

�
Vn+3 + yVn+2 � x� 2y

x+ y � 1 � V1 � V2 � V3
�
:

Substituting V1; V2, V3 and making the fractions common denominator, we obtain

n�1X
m=1

V Hm =
Vn + yVn�1 � x� 2y

x+ y � 1

+ i

�
Vn+1 + yVn � x� 2y � x (x+ y � 1)

x+ y � 1

�
+ "

1

x+ y � 1 (Vn+2 + yVn+1 � x� 2y � x (x+ y � 1)

�
�
x2 + 2y

�
(x+ y � 1)

�
+ h

1

x+ y � 1 (Vn+3 + yVn+2 � x� 2y � x (x+ y � 1)

�
�
x2 + 2y

�
(x+ y � 1)�

�
x3 + 3xy

�
(x+ y � 1)

�
:

Finally, we get the result as
n�1X
m=1

V Hm =
Vn + iVn+1 + "Vn+2 + hVn+3

x+ y � 1

+ y
Vn�1 + iVn + "Vn+1 + hVn+2

x+ y � 1

� 1

x+ y � 1
�
x+ 2y + i

�
x2 + 2y + yx

�
+ "(x3 + 3xy + y(x2 + 2y))

+h(x4 + 4x2y + 2y2 + y
�
x3 + 3xy

�
)
�
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=
V Hn + yV Hn�1 � V H1 � yV H0

x+ y � 1 :

�
Theorem 9 (Catalan Identity). For the nonnegative integers n and r with n � r;
we have

V Hn�rV Hn+r � (V Hn)2 = (�y)n b�b���r
�r
� 1
�
+ (�y)n b�b���r

�r
� 1
�
:

Proof. By using the Binet formula for the generalized Lucas hybrinomials, we have

V Hn�rV Hn+r � (V Hn)2

=
�
�n�rb�+ �n�rb����n+rb�+ �n+rb��� ��nb�+ �nb����nb�+ �nb��

= �n�r�n+rb�b� + �n�r�n+rb�b�� �n�nb�b� � �n�nb�b�
= �n�nb�b���r

�r
� 1
�
+ �n�nb�b���r

�r
� 1
�

= (�y)n b�b���r
�r
� 1
�
+ (�y)n b�b���r

�r
� 1
�
:

�
Theorem 10 (Cassini Identity). For any nonnegative integer n; we have

V Hn�1V Hn+1 � (V Hn)2 = (�y)n b�b���
�
� 1
�
+ (�y)n b�b���

�
� 1
�

Proof. Since the Cassini identity is a special case of the Catalan identity, by taking
r = 1 in the Catalan identity theorem can be proved easily. �
Theorem 11 (d�Ocagne Identity). For the nonnegative integers m and n with
m � n; we have

V HmV Hn+1 � V Hm+1V Hn = (�y)n (�� �)
�
�m�nb�b�� �m�nb�b�� :

Proof. By using the Binet formula for the generalized Lucas hybrinomials, we have

V HmV Hn+1 � V Hm+1V Hn

=
�
�mb�+ �mb����n+1b�+ �n+1b��� ��m+1b�+ �m+1b����nb�+ �nb��

= �m+n+1b�2 + �m�n+1b�b� + �m�n+1b�b�+ �m+n+1b�2
��m+n+1b�2 � �m+1�nb�b� � �m+1�nb�b�� �m+n+1b�2

=
�
�m�n+1 � �m+1�n

� b�b� + ��m�n+1 � �m+1�n� b�b�
= �m�n (� � �) b�b� + �m�n (�� �) b�b�
= (�y)n (�� �)

�
�m�nb�b�� �m�nb�b�� :

�
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Theorem 12. For any nonnegative integer n; we have�
V Hn+2 V Hn+1
V Hn+1 V Hn

�
=

�
V H2 V H1
V H1 V H0

� �
x 1
y 0

�n
Proof. We prove the theorem using induction method on n.
For n = 0; the result is obvious.
Assume that for any n � 0 the theorem holds�

V Hn+2 V Hn+1
V Hn+1 V Hn

�
=

�
V H2 V H1
V H1 V H0

� �
x 1
y 0

�n
:

We must show that for n+ 1 the theorem holds�
V Hn+3 V Hn+2
V Hn+2 V Hn+1

�
=

�
V H2 V H1
V H1 V H0

� �
x 1
y 0

�n+1
:

By using the induction hypothesis, we have�
V H2 V H1
V H1 V H0

� �
x 1
y 0

�n+1
=

�
V H2 V H1
V H1 V H0

� �
x 1
y 0

�n �
x 1
y 0

�
=

�
V Hn+2 V Hn+1
V Hn+1 V Hn

� �
x 1
y 0

�
=

�
xV Hn+2 + yV Hn+1 V Hn+2
xV Hn+1 + yV Hn V Hn+1

�
=

�
V Hn+3 V Hn+2
V Hn+2 V Hn+1

�
which completes the proof. �

3. Conclusion

In the present work, we de�ne the generalized Lucas hybrinomials with two vari-
ables x and y. Then, Binet formula, generating function and some properties of the
generalized Lucas hybrinomials are obtained. Moreover, we obtain Catalan, Cassini
and d�Ocagne identities for these hybrinomials. Finally, we derive the generalized
Lucas hybrinomials by the help of matrix theory.
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