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Abstract. In this paper, some Hermite-Hadamard type inequalites for s-convex functions in the third sense are
studied. It is established several new inequalities for functions whose derivative in absolute value and pth power
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1. Introduction

Convex functions play an important role in many branches of mathematics, accordingly in other areas of science
as well. In parallel with the developments in the fields of science, many different generalizations of the concept of
convexity have been introduced [1–3, 6–9, 16, 18, 19, 23]. s-Convexity in the third sense studied in [14] is one of them.

On the other hand, one of the most important properties of convex functions is that they satisfy certain inequalities
such as Jensen and Hermite-Hadamard inequalities. The Hermite-Hadamard inequality is known in the literature as

f
(

a + b
2

)
≤

1
b − a

b∫
a

f (x)dx ≤
f (a) + f (b)

2
(1.1)

where f : [a, b]→ R is a convex function on the interval [a, b].
In literature, the Hermite-Hadamard inequality for the generalizations of the convex functions is obtained by many

researchers [4, 10–12, 24]. As a continuation of these works, the extensions and refinements of the Hermite-Hadamard
inequality for these functions satisfying certain condations have been the subject of many studies [5, 13, 15, 17, 20–22,
25].

In this study, we will focus on Hermite-Hadamard type inequalities for the functions whose absolute value of its
derivative is s-convex functions in the third sense and obtain some bounds for the difference of the average integral and
left expression, also for the difference of the average integral and right expression in the inequality (1.1).

The class of s-convex functions in the third sense is defined on a special set given below, namely p-convex set.
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Definition 1.1. [7] Let U ⊆ Rn and 0 < p ≤ 1. If for each x, y ∈ U, λ, µ ≥ 0 such that λp + µp = 1, λx + µy ∈ U, then
U is called a p-convex set in Rn.

Not every convex set in R is p-convex. p-Convex sets are intervals that accept 0 as the boundary point. In line
with [14] the concept of p-convex set given in Definition 1.1 is hereinafter referred to as s-convex set.

Definition 1.2. [14] Let s ∈ (0, 1] and U ⊆ Rn be a s-convex set. A function f : U → R is said to be s-convex function
in the third sense if the inequality

f (λx + µy) ≤ λ
1
s f (x) + µ

1
s f (y) (1.2)

is satisfied for all x, y ∈ U and λ, µ ≥ 0 such that λs + µs = 1.
The inequality (1.2) can also be expressed in the following ways:

f (λ
1
s x + (1 − λ)

1
s y) ≤ λ

1
s2 f (x) + (1 − λ)

1
s2 f (y)

or
f (λx + (1 − λs)

1
s y) ≤ λ

1
s f (x) + (1 − λs)

1
s2 f (y)

where λ ∈ [0, 1] and x, y ∈ U. The class of these functions is denoted by K3
s .

An example of s-convex functions in the third sense is given below.

Example 1.3. [14] Let s ∈ (0, 1] and a, b, c ∈ R with b < 0 and a, c ≤ 0. The function

f (x) =

{
a, if x = 0
bx

1
s + c, if x > 0

is s-convex function in the third sense on (0,∞). By adding extra condition c ≤ a, we can say f is s-convex function in
the third sense on [0,∞).

Not every convex function is an s-convex function in the third sense. Although the function f (x) = −x2 on (0,∞)
is not convex, it is s-convex function in the third sense. Similarly, not every s-convex function in the third sense is a
convex function. Although the function f (x) = ex on (0,∞) is a convex function, it is not an s-convex function in the
third sense.

A Hermite-Hadamard type inequality for the s-convex function in the third sense is given in the following theorem.

Theorem 1.4. [24] Let f : R+ → R+ be an integrable s-convex function in the third sense. For a, b ∈ R+ with a < b,
the following inequality holds

2
1
s2 −1 f (

a + b

2
1
s

) ≤

b∫
a

f (x)dx ≤
1

(s + 1)

(
1
s
[
f (a)b + f (b)a

]
B(

1
s2 ,

1
s

) + s
[
f (b)b + f (a)a

])
where the function B is the Beta function defined as

B(x, y) =

∫ 1

0
tx−1(1 − t)y−1 dt

where x, y > 0.

2. Main Results

By using the following lemma, we will determine an upper bound for the right side of Hermite-Hadamard inequality
for s-convex functions in the third sense:

Lemma 2.1. Let a, b ∈ R with a < b , f : [a, b] ⊆ R→ R be a differentiable function. If f ′ is integrable on [a, b], then
the following equality holds:

f (a) + f (b)
2

−
1

b − a

∫ b

a
f (x)dx =

1
2s(a − b)

∫ 1

0

[
a + b − 2(t

1
s b + (1 − t)

1
s a)

]
f ′(t

1
s b + (1 − t)

1
s a)

·
[
t

1
s −1b − (1 − t)

1
s −1a

]
dt.
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Proof. Using the partial integration formula and changing the variable as x = t
1
s b+(1−t)

1
s a, we get the desired equality

as follows:

1
2s(a − b)

∫ 1

0

[
a + b − 2(t

1
s b + (1 − t)

1
s a)

]
f ′(t

1
s b + (1 − t)

1
s a)

[
t

1
s −1b − (1 − t)

1
s −1a

]
dt

=
1

2(a − b)

[
a + b − 2(t

1
s b + (1 − t)

1
s a)

]
f (t

1
s b + (1 − t)

1
s a)

1
|
0

+
1

s(a − b)

∫ 1

0
f (t

1
s b + (1 − t)

1
s a)

[
t

1
s −1b − (1 − t)

1
s −1a

]
dt

=
f (a) + f (b)

2
−

1
b − a

∫ b

a
f (x)dx. �

Theorem 2.2. Let a, b ∈ R with a < b and f : R → R be differentiable function such that | f ′| is integrable on [a, b]
and s-convex function in the third sense on R. Then the following inequality holds:∣∣∣∣∣∣ f (a) + f (b)

2
−

1
b − a

∫ b

a
f (x)dx

∣∣∣∣∣∣ ≤ 3s
2(s2 + 1)(b − a)

(|a| + |b|)2
(∣∣∣ f ′(a)

∣∣∣ +
∣∣∣ f ′(b)

∣∣∣) (2.1)

Proof. Using Lemma 2.1, triangle inequality and the s-convexity of | f ′|, we have∣∣∣∣∣∣ f (a) + f (b)
2

−
1

b − a

∫ b

a
f (x)dx

∣∣∣∣∣∣
≤

1
2s(b − a)

∫ 1

0

∣∣∣∣a + b − 2(t
1
s b + (1 − t)

1
s a)

∣∣∣∣ ∣∣∣∣ f ′(t 1
s b + (1 − t)

1
s a)

∣∣∣∣ ∣∣∣∣t 1
s −1b − (1 − t)

1
s −1a

∣∣∣∣ dt

≤
1

2s(b − a)

∫ 1

0

∣∣∣∣a + b − 2(t
1
s b + (1 − t)

1
s a)

∣∣∣∣ ∣∣∣∣t 1
s −1b − (1 − t)

1
s −1a

∣∣∣∣ (t 1
s2

∣∣∣ f ′(b)
∣∣∣ + (1 − t)

1
s2

∣∣∣ f ′(a)
∣∣∣) dt

≤
1

2s(b − a)
3 (|a| + |b|) (|a| + |b|)


1∫

0

t
1
s2

∣∣∣ f ′(b)
∣∣∣ dt +

1∫
0

(1 − t)
1
s2

∣∣∣ f ′(a)
∣∣∣ dt


=

3s
2(s2 + 1)(b − a)

(|a| + |b|)2
(∣∣∣ f ′(a)

∣∣∣ +
∣∣∣ f ′(b)

∣∣∣) . �

It is clear that the sharper versions for the inequality (2.1) can be obtained. It is given in the following theorems
three sharper versions for this inequality:

Theorem 2.3. Let a, b ∈ R with a < b and f : R → R be differentiable function such that | f ′| is integrable on [a, b]
and s-convex function in the third sense on R. Then the following inequality holds:∣∣∣∣∣∣ f (a) + f (b)

2
−

1
b − a

∫ b

a
f (x)dx

∣∣∣∣∣∣
≤

s
2(a − b)

[
1

s + 1
(|a| + |b|)

(∣∣∣ f ′(b)
∣∣∣ b +

∣∣∣ f ′(a)
∣∣∣ a) +

2
2s + 1

(∣∣∣ f ′(b)
∣∣∣ b2 +

∣∣∣ f ′(a)
∣∣∣ a2

)]
+

1
2s(s + 1)(b − a)

(|a| + |b|)
(∣∣∣a f ′(b)

∣∣∣ +
∣∣∣b f ′(a)

∣∣∣) B(
1
s
,

1
s2 )

+
1

s(2s + 1)(b − a)

(∣∣∣ f ′(b)
∣∣∣ a2 +

∣∣∣ f ′(a)
∣∣∣ b2

)
B(

2
s
,

1
s2 )

+
1

s(b − a)
|ab|

(∣∣∣ f ′(b)
∣∣∣ +

∣∣∣ f ′(a)
∣∣∣) B(

1
s

+
1
s2 ,

1
s

). (2.2)
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Proof. If we put g(t) := t
1
s −1b − (1 − t)

1
s −1a and h(t) := a + b − 2(t

1
s b + (1 − t)

1
s a), then we have∣∣∣∣∣∣ f (a) + f (b)

2
−

1
b − a

∫ b

a
f (x)dx

∣∣∣∣∣∣ ≤ 1
2s(b − a)

∫ 1

0
|h(t)g(t)|

∣∣∣∣ f ′(t 1
s b + (1 − t)

1
s a)

∣∣∣∣ dt

≤
1

2s(b − a)

∫ 1

0
|h(t)g(t)|

(
t

1
s2

∣∣∣ f ′(b)
∣∣∣ + (1 − t)

1
s2

∣∣∣ f ′(a)
∣∣∣) dt. (2.3)

Using triangle inequality, we have

|h(t)g(t)|

=
∣∣∣∣(ab + b2)t

1
s −1 − (a2 + ab)(1 − t)

1
s −1 − 2b2t

2
s −1 + 2ab(t

1
s (1 − t)

1
s −1 − t

1
s −1(1 − t)

1
s ) + 2a2(1 − t)

2
s −1

∣∣∣∣
≤

(
|ab| + b2

)
t

1
s −1 +

(
a2 + |ab|

)
(1 − t)

1
s −1 + 2b2t

2
s −1 + 2 |ab| (t

1
s (1 − t)

1
s −1 + t

1
s −1(1 − t)

1
s ) + 2a2(1 − t)

2
s −1. (2.4)

Multiplying (2.4) with
(
t

1
s2 | f ′(b)| + (1 − t)

1
s2 | f ′(a)|

)
, expanding and integrating on [0, 1] with respect to t and using

properties of the Beta function B, we get

∫ 1

0
|h(t)g(t)|

(
t

1
s2

∣∣∣ f ′(b)
∣∣∣ + (1 − t)

1
s2

∣∣∣ f ′(a)
∣∣∣) dt

≤
s2

s + 1
(|a| + |b|)

(∣∣∣ f ′(b)
∣∣∣ |b| + ∣∣∣ f ′(a)

∣∣∣ |a|) +
2s2

2s + 1

(∣∣∣ f ′(b)
∣∣∣ b2 +

∣∣∣ f ′(a)
∣∣∣ a2

)
+

1
s + 1

(|a| + |b|)
(∣∣∣a f ′(b)

∣∣∣ +
∣∣∣b f ′(a)

∣∣∣) B(
1
s
,

1
s2 )

+
2

2s + 1

(∣∣∣ f ′(b)
∣∣∣ a2 +

∣∣∣ f ′(a)
∣∣∣ b2

)
B(

2
s
,

1
s2 )

+ 2 |ab|
(∣∣∣ f ′(b)

∣∣∣ +
∣∣∣ f ′(a)

∣∣∣) B(
1
s

+
1
s2 ,

1
s

).

When this inequality is used in the inequality (2.3), (2.2) is obtained. �

Theorem 2.4. Let a, b ∈ R with a < b and f : R → R be differentiable function such that | f ′| is integrable on [a, b]
and s-convex function in the third sense on R. Then the following inequality holds:∣∣∣∣∣∣ f (a) + f (b)

2
−

1
b − a

∫ b

a
f (x)dx

∣∣∣∣∣∣
≤

s
2(s2 + 1)(b − a)

max{|g(0)| , |g(1)| , |g(t1)|} ·max{|h(0)| , |h(1)| , |h(t2)|}
(∣∣∣ f ′(a)

∣∣∣ +
∣∣∣ f ′(b)

∣∣∣)
where

g(t) = t
1
s −1b − (1 − t)

1
s −1a and h(t) = a + b − 2(t

1
s b + (1 − t)

1
s a)

as in the proof of the above theorem and for a , 0

t1 =


(
1 +

∣∣∣ b
a

∣∣∣ s
1−2s

)−1
if s , 1

2

0 or 1 if s = 1
2

, t2 =


(
1 +

∣∣∣ b
a

∣∣∣ s
1−s

)−1
if s , 1

0 if s = 1
,

for a = 0, t1, t2 equal to 0 or 1.

Proof. Let s , 1 and s , 1
2 . From Lemma 2.1, as in the proof of Theorem 2.2, we have∣∣∣∣∣∣ f (a) + f (b)

2
−

1
b − a

∫ b

a
f (x)dx

∣∣∣∣∣∣ ≤ 1
2s(b − a)

∫ 1

0
|h(t)g(t)|

(
t

1
s2

∣∣∣ f ′(b)
∣∣∣ + (1 − t)

1
s2

∣∣∣ f ′(a)
∣∣∣) dt

where
g(t) = t

1
s −1b − (1 − t)

1
s −1a , h(t) = a + b − 2(t

1
s b + (1 − t)

1
s a).

Let a , 0. In search of extremum points of g and h it is seen that while b
a < 0 and b

a > 0, g and h have one extremum
point in [0,1], i.e. g and h are unimodal functions on [0,1], respectively. In other cases g and h will be monotone
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functions. So g and h take extremum values either at the points t1 and t2 for proper values of a, b, respectively, or at the
points t = 0 or t = 1 in common.

If we take
∣∣∣ b

a

∣∣∣ in the expression of t1 and t2, we can express the largest values that can be reached in the [0,1] interval,
regardless of the sign of b

a as follows.
Thus

|g(t)| ≤ max{|g(0)| , |g(1)| , |g(t1)|} (2.5)

and
|h(t)| ≤ max{|h(0)| , |h(1)| , |h(t2)|} (2.6)

is derived.
For the case a = 0, extremum values are obtained for t = 0, t = 1, which is included in the inequality above.
If s = 1, in this case, h(t) = (1 − 2t) (b − a) is a linear decreasing function and it attains extremum values at t = 0

or t = 1. Also, although t2 is undefined for s = 1, we can calculate t2 when s → 1−. Taking into consideration that∣∣∣ b
a

∣∣∣ > 1, we have

t2 = lim
s→1−

(
1 +

∣∣∣∣∣ba
∣∣∣∣∣ s

1−s
)−1

= 0.

This means that in case s = 1, (2.6) is true.
If s = 1

2 , in this case, g(t) = t(b + a) − a is a linear monotone function and it attains extremum values at t = 0 or
t = 1. Also, although t1 is undefined for s = 1

2 , we can calculate t1 when s→ 1
2 . Taking into consideration that

∣∣∣ b
a

∣∣∣ > 1,
we have

lim
s→ 1

2
+

(
1 +

∣∣∣∣∣ba
∣∣∣∣∣ s

1−2s
)−1

= 1 and lim
s→ 1

2
−

(
1 +

∣∣∣∣∣ba
∣∣∣∣∣ s

1−2s
)−1

= 0.

Whichever of the limits is used as t1, it makes (2.5) true.
Thus, in a similar way in the proof of Theorem 2.2, by using the s-convexity of | f ′| , we get the desired result for

each s ∈ (0, 1]. �

By making use of the Hölder inequality, some kind of extensions of the above theorems can be obtained as in the
following theorems.

Theorem 2.5. Let a, b ∈ R with a < b, p ∈ (1,∞), f : R→ R be differentiable function such that | f ′|p is integrable on
[a, b] and s-convex function in the third sense on R. Then the following inequality holds:∣∣∣∣∣∣ f (a) + f (b)

2
−

1
b − a

∫ b

a
f (x)dx

∣∣∣∣∣∣ ≤ 3
2s(b − a)

(
s2

s2 + 1

) 1
p

(|a| + |b|)2
(∣∣∣ f ′(a)

∣∣∣p +
∣∣∣ f ′(b)

∣∣∣p) 1
p .

Proof. Using Lemma 2.1, triangle and Hölder inequality and the s-convexity of | f ′|p, we have∣∣∣∣∣∣ f (a) + f (b)
2

−
1

b − a

∫ b

a
f (x)dx

∣∣∣∣∣∣
≤

1
2s(b − a)

∫ 1

0

∣∣∣∣a + b − 2(t
1
s b + (1 − t)

1
s a)

∣∣∣∣ ∣∣∣∣t 1
s −1b − (1 − t)

1
s −1a

∣∣∣∣ ∣∣∣∣ f ′(t 1
s b + (1 − t)

1
s a)

∣∣∣∣ dt

=
1

2s(b − a)


1∫

0

(∣∣∣∣a + b − 2t
1
s b − 2(1 − t)

1
s a)

∣∣∣∣ ∣∣∣∣t 1
s −1b − (1 − t)

1
s −1a

∣∣∣∣) p
p−1

dt


p−1

p


1∫
0

∣∣∣∣ f ′(t 1
s b + (1 − t)

1
s a)

∣∣∣∣p dt


1
p

≤
1

2s(b − a)


1∫

0

(|a| + |b| + 2|b| + 2|a|)
p

p−1 (|b| + |a|)
p

p−1 dt


p−1

p


1∫
0

(
t

1
s2

∣∣∣ f ′(b)
∣∣∣p + (1 − t)

1
s2

∣∣∣ f ′(a)
∣∣∣p) dt


1
p

≤
3

2s(b − a)

(
s2

s2 + 1

) 1
p

(|a| + |b|)2
(∣∣∣ f ′(a)

∣∣∣p +
∣∣∣ f ′(b)

∣∣∣p) 1
p . �
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Theorem 2.6. Let a, b ∈ R with a < b and f : R → R be differentiable function such that | f ′|p is integrable on [a, b]
with p > 1 and s-convex function in the third sense on R. Then the following inequality holds:

∣∣∣∣∣∣ f (a) + f (b)
2

−
1

b − a

∫ b

a
f (x)dx

∣∣∣∣∣∣
≤

1
2s(b − a)

(
s2

s2 + 1

) 1
p

max{|g(0)| , |g(1)| , |g(t1)|} ·max{|h(0)| , |h(1)| , |h(t2)|}
(∣∣∣ f ′(a)

∣∣∣p +
∣∣∣ f ′(b)

∣∣∣p) 1
p

where g, h and t1, t2 are defined as in Theorem 2.4.

Proof. By applying the Hölder inequality as in the proof of Theorem 2.5, then using the findings about the maximum
of h and g from the proof of Theorem 2.4, the desired inequality is obtained. �

By using the following lemma, we will determine an upper bound for the left side of Hermite-Hadamard inequality
for s-convex functions in the third sense:

Lemma 2.7. Let a, b ∈ R with a < b , f : [a, b] ⊆ R→ R be a differentiable function. If f ′ is integrable on [a, b], then
the following equality holds:

f (
a + b

2
) −

1
b − a

∫ b

a
f (x)dx

=
1

s(b − a)

∫ 1

0

[
t

1
s
a + b

2
+ ((1 − t)

1
s − 1)a

]
f ′(t

1
s
a + b

2
+ (1 − t)

1
s a)

[
t

1
s −1 a + b

2
− (1 − t)

1
s −1a

]
dt

+
1

s(b − a)

∫ 1

0

[
b(t

1
s − 1) + (1 − t)

1
s
a + b

2

]
f ′(t

1
s b + (1 − t)

1
s
a + b

2
)
[
t

1
s −1b − (1 − t)

1
s −1 a + b

2

]
dt. (2.7)

Proof. If we apply partial integration to the integrals on the right side of equality (2.7) and make the necessary variable
substitution, we get

1
s(b − a)

∫ 1

0

[
t

1
s
a + b

2
+ ((1 − t)

1
s − 1)a

]
f ′(t

1
s
a + b

2
+ (1 − t)

1
s a)

[
t

1
s −1 a + b

2
− (1 − t)

1
s −1a

]
dt

+
1

s(b − a)

∫ 1

0

[
b(t

1
s − 1) + (1 − t)

1
s
a + b

2

]
f ′(t

1
s b + (1 − t)

1
s
a + b

2
)
[
t

1
s −1b − (1 − t)

1
s −1 a + b

2

]
dt

=
1

(b − a)

(a + b
2
− a

)
f (

a + b
2

) −
∫ a+b

2

a
f (x)dx

 +
1

(b − a)

(b − a + b
2

)
f (

a + b
2

) −
∫ b

a+b
2

f (x)dx


= f (
a + b

2
) −

1
b − a

∫ b

a
f (x)dx. �

Theorem 2.8. Let a, b ∈ R with a < b and f : R → R be differentiable function such that | f ′| is integrable on [a, b]
and s-convex function in the third sense on R. Then the following inequality holds:∣∣∣∣∣∣ f (

a + b
2

) −
1

b − a

∫ b

a
f (x)dx

∣∣∣∣∣∣
≤

s
(s2 + 1)(b − a)

(3 |a| + |b|
2

)2 ∣∣∣ f ′(a)
∣∣∣ +

5a2 + 6 |ab| + 5b2

2

∣∣∣∣∣ f ′(a + b
2

)
∣∣∣∣∣ +

(
|a| + 3 |b|

2

)2 ∣∣∣ f ′(b)
∣∣∣ .
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Proof. From Lemma 2.7, triangle inequality and the s-convexity of | f ′|, we have∣∣∣∣∣∣ f (
a + b

2
) −

1
b − a

∫ b

a
f (x)dx

∣∣∣∣∣∣
≤

1
s(b − a)

∫ 1

0

∣∣∣∣∣t 1
s
a + b

2
+ ((1 − t)

1
s − 1)a

∣∣∣∣∣ ∣∣∣∣∣t 1
s −1 a + b

2
− (1 − t)

1
s −1a

∣∣∣∣∣ ∣∣∣∣∣ f ′(t 1
s
a + b

2
+ (1 − t)

1
s a)

∣∣∣∣∣ dt

+
1

s(b − a)

∫ 1

0

∣∣∣∣∣b(t
1
s − 1) + (1 − t)

1
s
a + b

2

∣∣∣∣∣ ∣∣∣∣∣t 1
s −1b − (1 − t)

1
s −1 a + b

2

∣∣∣∣∣ ∣∣∣∣∣ f ′(t 1
s b + (1 − t)

1
s
a + b

2
)
∣∣∣∣∣ dt

≤
1

s(b − a)

∫ 1

0

(
|a| + |b|

2
+ |a|

)2 (
t

1
s2

∣∣∣∣∣ f ′(a + b
2

)
∣∣∣∣∣ + (1 − t)

1
s2

∣∣∣ f ′(a)
∣∣∣) dt

+
1

s(b − a)

∫ 1

0

(
|a| + |b|

2
+ |b|

)2 (
t

1
s2

∣∣∣ f ′(b)
∣∣∣ + (1 − t)

1
s2

∣∣∣∣∣ f ′(a + b
2

)
∣∣∣∣∣) dt

≤
s

(s2 + 1)(b − a)

(3 |a| + |b|
2

)2 ∣∣∣ f ′(a)
∣∣∣ +

5a2 + 6 |ab| + 5b2

2

∣∣∣∣∣ f ′(a + b
2

)
∣∣∣∣∣ +

(
|a| + 3 |b|

2

)2 ∣∣∣ f ′(b)
∣∣∣ . �

Theorem 2.9. Let a, b ∈ R++ with a < b and f : R++ → R be differentiable function such that | f ′| is integrable on
[a, b] and s-convex function in the third sense on R. Let

g1(t) = t
1
s
a + b

2
+ ((1 − t)

1
s − 1)a and g2(t) = b(t

1
s − 1) + (1 − t)

1
s
a + b

2

h1(t) = t
1
s −1 a + b

2
− (1 − t)

1
s −1a and h2(t) = t

1
s −1b − (1 − t)

1
s −1 a + b

2
.

Then ∣∣∣∣∣∣ f (
a + b

2
) −

1
b − a

∫ b

a
f (x)dx

∣∣∣∣∣∣ ≤ 1
(s + 1)(b − a)

(
w1

∣∣∣ f ′(a)
∣∣∣ + (w1 + w2) f ′(

a + b
2

) + w2
∣∣∣ f ′(b)

∣∣∣)
where

w1 = max{|g1(0)| , |g1(1)| , |g1(t1)|} ·max{|h1(0)| , |h1(1)| , |h1(s1)|},
w2 = max{|g2(0)| , |g2(1)| , |g2(t2)|} ·max{|h2(0)| , |h2(1)| , |h2(s2)|}

and

t1 =


(
1 +

(
a+b
2a

) s
1−s

)−1
if s , 1

1 if s = 1
, t2 =


(
1 +

(
a+b
2b

) s
s−1

)−1
if s , 1

1 if s = 1
,

s1 =


(
1 +

(
− a+b

2a

) s
1−2s

)−1
if s , 1

2

0 or 1 if s = 1
2

, s2 =


(
1 +

(
− a+b

2b

) s
2s−1

)−1
if s , 1

2

0 or 1 if s = 1
2 .

.

Proof. Let s , 1 and s , 1
2 . According to first derivatives of functions g1, g2, h1, h2, it is understood that these

functions are either monotonic or unimodal functions on [0, 1] with respect to values of a, b, s. The maximum values of
|g1(t)| , |g2(t)| , |h1(t)| , |h2(t)| are attained at either boundary points of [0, 1] or extremum points. The extremum points
are determined as t1, t2, s1, s2. In cases s = 1 and s = 1

2 , the idea in the proof of Theorem 2.4 is used and indicated
values in the statement of the theorem are obtained. Thus

|gi(t)| ≤ max{|gi(0)| , |gi(1)| , |gi(ti)|} and |hi(t)| ≤ max{|hi(0)| , |hi(1)| , |hi(si)|}.
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for i = 1, 2. From Lemma 2.7, we have∣∣∣∣∣∣ f (
a + b

2
) −

1
b − a

∫ b

a
f (x)dx

∣∣∣∣∣∣
≤

1
s(b − a)

∫ 1

0
|g1(t)| |h1(t)|

∣∣∣∣∣ f ′(t 1
s
a + b

2
+ (1 − t)

1
s a)

∣∣∣∣∣ dt +
1

s(b − a)

∫ 1

0
|g2(t)| |h2(t)|

∣∣∣∣∣ f ′(t 1
s b + (1 − t)

1
s
a + b

2
)
∣∣∣∣∣ dt

≤
1

s(b − a)

∫ 1

0
max{|g1(0)| , |g1(1)| , |g1(t1)|}max{|h1(0)| , |h1(1)| , |h1(s1)|}

(
t

1
s2

∣∣∣∣∣ f ′(a + b
2

)
∣∣∣∣∣ + (1 − t)

1
s2

∣∣∣ f ′(a)
∣∣∣) dt

+
1

s(b − a)

∫ 1

0
max{|g2(0)| , |g2(1)| , |g2(t2)|}max{|h2(0)| , |h2(1)| , |h2(s2)|}

(
t

1
s2

∣∣∣ f ′(b)
∣∣∣ + (1 − t)

1
s2

∣∣∣∣∣ f ′(a + b
2

)
∣∣∣∣∣) dt

≤
s

(s2 + 1)(b − a)

(
w1

∣∣∣ f ′(a)
∣∣∣ + (w1 + w2) f ′(

a + b
2

) + w2
∣∣∣ f ′(b)

∣∣∣) . �

Theorem 2.10. Let a, b ∈ R with a < b and f : R → R be differentiable function such that | f ′| is integrable on [a, b]
and s-convex function in the third sense on R. Then the following inequality holds:∣∣∣∣∣∣ f (

a + b
2

) −
1

b − a

∫ b

a
f (x)dx

∣∣∣∣∣∣
≤

s(3s + 2)
(s + 1)(2s + 1)(b − a)

(
a2

∣∣∣ f ′(a)
∣∣∣ +

∣∣∣∣∣ f ′(a + b
2

)
∣∣∣∣∣ ∣∣∣∣∣a + b

2

∣∣∣∣∣ (|a| + |b|) + b2
∣∣∣ f ′(b)

∣∣∣)
+

1
s(s + 1)(b − a)

(∣∣∣∣∣ f ′(a + b
2

)
∣∣∣∣∣ (a2 + b2) +

∣∣∣∣∣a + b
2

∣∣∣∣∣ (|a| ∣∣∣ f ′(a)
∣∣∣ + |b|

∣∣∣ f ′(b)
∣∣∣)) B(

1
s
,

1
s2 )

+
1

s(2s + 1)(b − a)

∣∣∣∣∣ f ′(a + b
2

)
∣∣∣∣∣ (a2 + b2) +

(
a + b

2

)2 (∣∣∣ f ′(a)
∣∣∣ +

∣∣∣ f ′(b)
∣∣∣) B(

2
s
,

1
s2 )

+
1

s(b − a)

∣∣∣∣∣a + b
2

∣∣∣∣∣ (|a| ∣∣∣ f ′(a)
∣∣∣ +

∣∣∣∣∣ f ′(a + b
2

)
∣∣∣∣∣ (|a| + |b|) + |b|

∣∣∣ f ′(b)
∣∣∣) B(

1
s
,

1
s

+
1
s2 ).

Proof. Let g1, g2, h1 and h2 functions as in Theorem 2.9. Using triangle inequality, we have

|g1(t)h1(t)| =

∣∣∣∣∣∣
(
t

1
s
a + b

2
+ ((1 − t)

1
s − 1)a

) (
t

1
s −1 a + b

2
− (1 − t)

1
s −1a

)∣∣∣∣∣∣
=

∣∣∣∣∣(a + b
2

)2t
2
s −1 + a(

a + b
2

)(t
1
s −1(1 − t)

1
s − t

1
s −1 − t

1
s (1 − t)

1
s −1) − a2((1 − t)

2
s −1 + (1 − t)

1
s −1)

∣∣∣∣∣
≤ (

a + b
2

)2t
2
s −1 + |a|

∣∣∣∣∣a + b
2

∣∣∣∣∣ (t 1
s −1(1 − t)

1
s + t

1
s −1 + t

1
s (1 − t)

1
s −1) + a2((1 − t)

2
s −1 + (1 − t)

1
s −1). (2.8)

|g2(t)h2(t)| =

∣∣∣∣∣∣
(
b(t

1
s − 1) + (1 − t)

1
s
a + b

2

) (
t

1
s −1b − (1 − t)

1
s −1 a + b

2

)∣∣∣∣∣∣
=

∣∣∣∣∣b2(t
2
s −1 − t

1
s −1) + b(

a + b
2

)(t
1
s −1(1 − t)

1
s + (1 − t)

1
s −1 − t

1
s (1 − t)

1
s −1) − (

a + b
2

)2(1 − t)
2
s −1

∣∣∣∣∣
≤ b2(t

2
s −1 + t

1
s −1) + |b|

∣∣∣∣∣a + b
2

∣∣∣∣∣ (t 1
s −1(1 − t)

1
s + (1 − t)

1
s −1 + t

1
s (1 − t)

1
s −1) + (

a + b
2

)2(1 − t)
2
s −1. (2.9)

If we multiply inequalities (2.8) and (2.9) with
(
t

1
s2

∣∣∣ f ′( a+b
2 )

∣∣∣ + (1 − t)
1
s2 | f ′(a)|

)
and(

t
1
s2 | f ′(b)| + (1 − t)

1
s2

∣∣∣ f ′( a+b
2 )

∣∣∣), respectively using Lemma 2.7, integrating on [0,1], using the s-convexity of | f ′| and
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properties of the Beta function B, we have∣∣∣∣∣∣ f (
a + b

2
) −

1
b − a

∫ b

a
f (x)dx

∣∣∣∣∣∣
≤

1
s(b − a)

∫ 1

0
|g1(t)h1(t)|

(
t

1
s2

∣∣∣∣∣ f ′(a + b
2

)
∣∣∣∣∣ + (1 − t)

1
s2

∣∣∣ f ′(a)
∣∣∣) dt

+
1

s(b − a)

∫ 1

0
|g2(t)h2(t)|

(
t

1
s2

∣∣∣ f ′(b)
∣∣∣ + (1 − t)

1
s2

∣∣∣∣∣ f ′(a + b
2

)
∣∣∣∣∣) dt

≤
1

s(b − a)

∫ 1

0

[
(
a + b

2
)2t

2
s −1 + |a|

∣∣∣∣∣a + b
2

∣∣∣∣∣ (t 1
s −1(1 − t)

1
s + t

1
s −1 + t

1
s (1 − t)

1
s −1) + a2((1 − t)

2
s −1 + (1 − t)

1
s −1)

]
·

(
t

1
s2

∣∣∣∣∣ f ′(a + b
2

)
∣∣∣∣∣ + (1 − t)

1
s2

∣∣∣ f ′(a)
∣∣∣) dt

+
1

s(b − a)

∫ 1

0

[
b2(t

2
s −1 + t

1
s −1) + |b|

∣∣∣∣∣a + b
2

∣∣∣∣∣ (t 1
s −1(1 − t)

1
s + 2(1 − t)

1
s −1 + t

1
s (1 − t)

1
s −1) + (

a + b
2

)2(1 − t)
2
s −1

]
·

(
t

1
s2

∣∣∣ f ′(b)
∣∣∣ + (1 − t)

1
s2

∣∣∣∣∣ f ′(a + b
2

)
∣∣∣∣∣) dt

≤
s(3s + 2)

(s + 1)(2s + 1)(b − a)

(
a2

∣∣∣ f ′(a)
∣∣∣ +

∣∣∣∣∣ f ′(a + b
2

)
∣∣∣∣∣ ∣∣∣∣∣a + b

2

∣∣∣∣∣ (|a| + |b|) + b2
∣∣∣ f ′(b)

∣∣∣)
+

1
s(s + 1)(b − a)

(∣∣∣∣∣ f ′(a + b
2

)
∣∣∣∣∣ (a2 + b2) +

∣∣∣∣∣a + b
2

∣∣∣∣∣ (|a| ∣∣∣ f ′(a)
∣∣∣ + |b|

∣∣∣ f ′(b)
∣∣∣)) B(

1
s
,

1
s2 )

+
1

s(2s + 1)(b − a)

∣∣∣∣∣ f ′(a + b
2

)
∣∣∣∣∣ (a2 + b2) +

(
a + b

2

)2 (∣∣∣ f ′(a)
∣∣∣ +

∣∣∣ f ′(b)
∣∣∣) B(

2
s
,

1
s2 )

+
1

s(b − a)

∣∣∣∣∣a + b
2

∣∣∣∣∣ (|a| ∣∣∣ f ′(a)
∣∣∣ +

∣∣∣∣∣ f ′(a + b
2

)
∣∣∣∣∣ (|a| + |b|) + |b|

∣∣∣ f ′(b)
∣∣∣) B(

1
s
,

1
s

+
1
s2 ). �

Theorem 2.11. Let a, b ∈ R with a < b, p ∈ (1,∞) and f : R → R be differentiable function such that | f ′|p is
integrable on [a, b] and s-convex function in the third sense on R. Then the following inequality holds:∣∣∣∣∣∣ f (

a + b
2

) −
1

b − a

∫ b

a
f (x)dx

∣∣∣∣∣∣ ≤ s
(s2 + 1)(b − a)

(
2 |a| +

∣∣∣∣∣a + b
2

∣∣∣∣∣) (|a| + ∣∣∣∣∣a + b
2

∣∣∣∣∣) (∣∣∣∣∣ f ′(a + b
2

)
∣∣∣∣∣p +

∣∣∣ f ′(a)
∣∣∣p) 1

p

+
s

(s2 + 1)(b − a)

(
2 |b| +

∣∣∣∣∣a + b
2

∣∣∣∣∣) (|b| + ∣∣∣∣∣a + b
2

∣∣∣∣∣) (∣∣∣∣∣ f ′(a + b
2

)
∣∣∣∣∣p +

∣∣∣ f ′(b)
∣∣∣p) 1

p

.

Proof. From Lemma 2.7, Hölder inequality, triangle inequality and the s-convexity of | f ′|p , we have∣∣∣∣∣∣ f (
a + b

2
) −

1
b − a

∫ b

a
f (x)dx

∣∣∣∣∣∣
≤

1
s(b − a)

(∫ 1

0
|g1(t)h1(t)|

p
p−1 dt

) p−1
p

(∫ 1

0

∣∣∣∣∣ f ′(t 1
s
a + b

2
+ (1 − t)

1
s a)

∣∣∣∣∣p dt
) 1

p

+
1

s(b − a)

(∫ 1

0
|g2(t)h2(t)|

p
p−1 dt

) p−1
p

(∫ 1

0

∣∣∣∣∣ f ′(t 1
s b + (1 − t)

1
s
a + b

2
)
∣∣∣∣∣p dt

) 1
p

≤
1

s(b − a)

∫ 1

0

∣∣∣∣∣∣
(
t

1
s
a + b

2
+ ((1 − t)

1
s − 1)a

) (
t

1
s −1 a + b

2
− (1 − t)

1
s −1a

)∣∣∣∣∣∣
p−1

p

dt


p−1

p

·

(∫ 1

0

∣∣∣∣∣ f ′(t 1
s
a + b

2
+ (1 − t)

1
s a)

∣∣∣∣∣p dt
) 1

p
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+
1

s(b − a)

∫ 1

0

∣∣∣∣∣∣
(
b(t

1
s − 1) + (1 − t)

1
s
a + b

2

) (
t

1
s −1b − (1 − t)

1
s −1 a + b

2

)∣∣∣∣∣∣
p

p−1

dt


p−1

p

·

(∫ 1

0

∣∣∣∣∣ f ′(t 1
s b + (1 − t)

1
s
a + b

2
)
∣∣∣∣∣p dt

) 1
p

≤
1

s(b − a)

∫ 1

0

(∣∣∣∣∣a + b
2

∣∣∣∣∣ + 2 |a|
) p

p−1
(∣∣∣∣∣a + b

2

∣∣∣∣∣ + |a|
) p

p−1

dt


p−1

p

·

(∫ 1

0

(
t

1
s2

∣∣∣∣∣ f ′(a + b
2

)
∣∣∣∣∣p + (1 − t)

1
s2

∣∣∣ f ′(a)
∣∣∣p) dt

) 1
p

+
1

s(b − a)

∫ 1

0

(
2 |b| +

∣∣∣∣∣a + b
2

∣∣∣∣∣)
p

p−1
(
|b| +

∣∣∣∣∣a + b
2

∣∣∣∣∣)
p

p−1

dt


p−1

p

·

(∫ 1

0

(
t

1
s2

∣∣∣ f ′(b)
∣∣∣p + (1 − t)

1
s2

∣∣∣∣∣ f ′(a + b
2

)
∣∣∣∣∣p) dt

) 1
p

≤
s

(s2 + 1)(b − a)

(
2 |a| +

∣∣∣∣∣a + b
2

∣∣∣∣∣) (|a| + ∣∣∣∣∣a + b
2

∣∣∣∣∣) (∣∣∣∣∣ f ′(a + b
2

)
∣∣∣∣∣p +

∣∣∣ f ′(a)
∣∣∣p) 1

p

+
s

(s2 + 1)(b − a)

(
2 |b| +

∣∣∣∣∣a + b
2

∣∣∣∣∣) (|b| + ∣∣∣∣∣a + b
2

∣∣∣∣∣) (∣∣∣∣∣ f ′(a + b
2

)
∣∣∣∣∣p +

∣∣∣ f ′(b)
∣∣∣p) 1

p

. �

Using the following lemma, we will determine an estimate of the integral of s-convex functions in the third sense as
a Hermite-Hadamard type inequality:

Lemma 2.12. Let a, b ∈ R with a < b , f : [a, b] ⊆ R → R be a differentiable function. If f ′ is integrable on [a, b],
then the following equality holds:

b f (b) − a f (a) −

b∫
a

f (x)dx =
1
s

1∫
0

[
b2t

2
s −1 − a2 (1 − t)

2
s −1 + abt

1
s −1 (1 − t)

1
s − abt

1
s (1 − t)

1
s −1

]
f ′(t

1
s b + (1 − t)

1
s a)dt.

Proof. Applying the partial integration formula and changing the variable as x = t
1
s b + (1 − t)

1
s a, then we have

1
s

1∫
0

[
b2t

2
s −1 − a2 (1 − t)

2
s −1 + abt

1
s −1 (1 − t)

1
s − abt

1
s (1 − t)

1
s −1

]
f ′(t

1
s b + (1 − t)

1
s a)dt

=

1∫
0

(
t

1
s b + (1 − t)

1
s a

)
f ′(t

1
s b + (1 − t)

1
s a)

1
s

(t
1
s −1b − (1 − t)

1
s −1 a)dt

=
[
(t

1
s b + (1 − t)

1
s a) f (t

1
s b + (1 − t)

1
s a)

]1

0
−

1∫
0

f (t
1
s b + (1 − t)

1
s a)

1
s

(t
1
s −1b − (1 − t)

1
s −1 a)dt

= b f (b) − a f (a) −

b∫
a

f (x)dx. �

Theorem 2.13. Let a, b ∈ R with a < b and f : R → R be differentiable function such that | f ′| is integrable on [a, b]
and s-convex function in the third sense on R. Then the following inequality holds:∣∣∣∣∣∣∣∣∣b f (b) − a f (a) −

b∫
a

f (x)dx

∣∣∣∣∣∣∣∣∣ ≤
s

s2 + 1
(|a| + |b|)2

(∣∣∣ f ′(a)
∣∣∣ +

∣∣∣ f ′(b)
∣∣∣) .
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Proof. Using Lemma 2.12 and convexity of | f ′|, we obtain∣∣∣∣∣∣∣∣∣b f (b) − a f (a) −

b∫
a

f (x)dx

∣∣∣∣∣∣∣∣∣
=

1
s

∣∣∣∣∣∣∣∣∣
1∫

0

[
b2t

2
s −1 − a2 (1 − t)

2
s −1 + abt

1
s −1 (1 − t)

1
s − abt

1
s (1 − t)

1
s −1

]
f ′(t

1
s b + (1 − t)

1
s a)dt

∣∣∣∣∣∣∣∣∣
≤

1
s

1∫
0

∣∣∣∣b2t
2
s −1 − a2 (1 − t)

2
s −1 + abt

1
s −1 (1 − t)

1
s − abt

1
s (1 − t)

1
s −1

∣∣∣∣ ∣∣∣∣ f ′(t 1
s b + (1 − t)

1
s a)

∣∣∣∣ dt

≤
1
s

1∫
0

(∣∣∣∣b2t
2
s −1

∣∣∣∣ +
∣∣∣∣a2 (1 − t)

2
s −1

∣∣∣∣ +
∣∣∣∣abt

1
s −1 (1 − t)

1
s

∣∣∣∣ +
∣∣∣∣abt

1
s (1 − t)

1
s −1

∣∣∣∣) (t 1
s2

∣∣∣ f ′(b)
∣∣∣ + (1 − t)

1
s2

∣∣∣ f ′(a)
∣∣∣) dt

≤
1
s

1∫
0

(|a| + |b|)2
(
t

1
s2

∣∣∣ f ′(b)
∣∣∣ + (1 − t)

1
s2

∣∣∣ f ′(a)
∣∣∣) dt

=
s

s2 + 1
(|a| + |b|)2

(∣∣∣ f ′(a)
∣∣∣ +

∣∣∣ f ′(b)
∣∣∣) . �

Theorem 2.14. Let f : R → R be a differentiable function,a, b ∈ R with a < b and p ∈ (1,∞) such that 1
p < s. If | f ′|p

is s-convex in the third sense on R then the following inequality holds:∣∣∣∣∣∣∣∣∣b f (b) − a f (a) −

b∫
a

f (x)dx

∣∣∣∣∣∣∣∣∣ ≤
1
s

(
s2

s2 + 1

) 1
p

(|a| + |b|)2 (
| f ′(b)|p + | f ′(a)|p

) 1
p .

Proof. Using Lemma 2.12, Hölder inequality, triangle inequality and the s-convexity of | f ′|p, we have∣∣∣∣∣∣∣∣∣b f (b) − a f (a) −

b∫
a

f (x)dx

∣∣∣∣∣∣∣∣∣
=

1
s

∣∣∣∣∣∣∣∣∣
1∫

0

[
b2t

2
s −1 − a2 (1 − t)

2
s −1 + abt

1
s −1 (1 − t)

1
s − abt

1
s (1 − t)

1
s −1

]
f ′(t

1
s b + (1 − t)

1
s a)dt

∣∣∣∣∣∣∣∣∣
≤

1
s

(∫ 1

0

∣∣∣∣b2t
2
s −1 − a2 (1 − t)

2
s −1 + abt

1
s −1 (1 − t)

1
s − abt

1
s (1 − t)

1
s −1

∣∣∣∣ p
p−1 dt

) p−1
p

·

(∫ 1

0

∣∣∣∣ f ′(t 1
s b + (1 − t)

1
s a)

∣∣∣∣p dt
) 1

p

≤
1
s

(∫ 1

0

[
b2t

2
s −1 + a2 (1 − t)

2
s −1 + |ab|t

1
s −1 (1 − t)

1
s + |ab| t

1
s (1 − t)

1
s −1

] p
p−1 dt

) p−1
p

·

(∫ 1

0
t

1
s2 | f ′(b)|p + (1 − t)

1
s2 | f ′(a)|pdt

) 1
p

≤
1
s

(∫ 1

0

[
b2 + 2 |ab| + a2

] p
p−1 dt

) p−1
p

(∫ 1

0
t

1
s2 | f ′(b)|p + (1 − t)

1
s2 | f ′(a)|pdt

) 1
p

=
1
s

(
s2

s2 + 1

) 1
p

(|a| + |b|)2 (
| f ′(b)|p + | f ′(a)|p

) 1
p . �
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3. Applications

Using some of the results given above, we can find an upper bound for error in numerical integration for the functions
whose absolute value of first derivatives are s-convex in the third sense via composite trapezoid rule.

Let f be an integrable function on [a, b] and P be a partition of the interval [a, b], i.e. P : a = x0 < x1 < · · · <
xn−1 < xn = b and ∆xi+1 = xi+1 − xi. Then

b∫
a

f (x)dx =

n−1∑
k=0

f (xk) + f (xk+1)
2

∆xk+1 + E( f , P) (3.1)

where E( f , P) is called the error of integral with respect to P. There are some ways to estimate an upper bound for
E( f , P). For s-convex functions in the third sense we suggest the following proposition:

Proposition 3.1. Let f : R→ R be differentiable function and | f ′| be integrable on [a, b] and s-convex function in the
third sense on R. Suppose that P is a partition of [a, b]. Then

|E( f , P)| ≤
3s

2(s2 + 1)

n−1∑
k=0

(|xk | + |xk+1|)2
(∣∣∣ f ′(xk)

∣∣∣ +
∣∣∣ f ′(xk+1)

∣∣∣)
Proof. Applying Theorem 2.2 on [xk, xk+1], we have∣∣∣∣∣∣∣∣∣

f (xk) + f (xk+1)
2

−
1

xk+1 − xk

xk+1∫
xk

f (x)dx

∣∣∣∣∣∣∣∣∣ ≤
3s

2(s2 + 1)(xk+1 − xk)
(|xk | + |xk+1|)2

(∣∣∣ f ′(xk)
∣∣∣ +

∣∣∣ f ′(xk+1)
∣∣∣) . (3.2)

Then using (3.1) and (3.2), we get the desired result as follows:

|E( f , P)| =

∣∣∣∣∣∣∣∣∣
n−1∑
k=0

f (xk) + f (xk+1)
2

∆xk+1 −

b∫
a

f (x)dx

∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣
n−1∑
k=0

 f (xk) + f (xk+1)
2

∆xk+1 −

xk+1∫
xk

f (x)dx


∣∣∣∣∣∣∣∣∣

≤

n−1∑
k=0

∣∣∣∣∣∣∣∣∣
f (xk) + f (xk+1)

2
∆xk+1 −

xk+1∫
xk

f (x)dx

∣∣∣∣∣∣∣∣∣
=

n−1∑
k=0

∆xk+1

∣∣∣∣∣∣∣∣∣
f (xk) + f (xk+1)

2
−

1
xk+1 − xk

xk+1∫
xk

f (x)dx

∣∣∣∣∣∣∣∣∣ . �

Proposition 3.2. Let a, b be real numbers with a < b and f : R → R be differentiable function such that | f ′|p is
integrable on [a, b] and s-convex function in the third sense on R. Suppose that P is a partition of [a, b]. Then

|E( f , P)| ≤
3
2s

(
s2

s2 + 1

) 1
p n−1∑

k=0

(|xk | + |xk+1|)2
(∣∣∣ f ′(xk)

∣∣∣p +
∣∣∣ f ′(xk+1)

∣∣∣p) 1
p .

Proof. Applying Theorem 2.5 in a similar way to proof of the Proposition 3.1. �
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