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ASSOCIATED CURVES FROM A DIFFERENT POINT

OF VIEW IN E3

Süleyman ŞENYURT, Davut CANLI, and Kebire Hilal AYVACI

Department of Mathematics, Ordu University, Ordu, TURKEY

Abstract. In this paper, tangent, principal normal and binormal wise asso-

ciated curves are defined such that each of these vectors of any given curve
lies on the osculating, normal and rectifying plane of its partner, respectively.

For each associated curve, a new moving frame and the corresponding curva-

tures are formulated in terms of Frenet frame vectors. In addition to this, the
possible solutions for distance functions between the curve and its associated

mate are discussed. In particular, it is seen that the involute curves belong to

the family of tangent associated curves in general and the Bertrand and the
Mannheim curves belong to the principal normal associated curves. Finally,

as an application, we present some examples and map a given curve together

with its partner and its corresponding moving frame.

1. Introduction

In differential geometry, curves are named as associated if there exist a math-
ematical relation among them. Some of those known as involute-evolute curves,
Bertrand curves, Mannheim curves and more recently the successor curves are the
ones on which the researchers most referred ( [1–5]). For such curves, the asso-
ciation is based upon the Frenet elements of the curves. There have been other
studies using different frames such as Darboux and Bishop to associate curves, as
well ( [6–11]). From a distinct point of view, Choi and Kim (2012), introduced new
associated curves of a given Frenet curve as the integral curves of vector fields [12].
Şahiner, on the other hand, established direction curves of “tangent” and “princi-
pal normal” indicatrix of any curve and provided some methods to portray helices
and slant helices by using these curves in his studies, [13] and [14], respectively. In
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this study, we introduce another Frenet frame based associated curves such that
the tangent, the principal normal and the binormal vectors of a given any curve
lies on the osculating, normal and rectifying plane of its partner, respectively. For
each associated curves a new moving frame is established and the distances be-
tween the curve and its offset are given. In particular, it is seen that the involute
curves belong to the family of tangent associated curves. In addition, some traces
of the Bertrand and Mannheim curves are found while examining principal normal
and binormal associated curves. We also provided a few examples to illustrate the
intuitive idea of this paper.

Since we refer the Frenet frame, the formulae and the curvatures of a regular
curve, α through out the paper, we remind the definitions of these once again as:

T (s) =
α′(s)

∥α′(s)∥
, N(s) = B(s)× T (s), B(s) =

α′(s)× α′′(s)

∥α′(s)× α′′(s)∥
, (1)

κ(s) =
∥α′(s)× α′′(s)∥

∥α′(s)∥3
, τ(s) =

⟨α′(s)× α′′(s), α′′′(s)⟩
∥α′(s)× α′′(s)∥2

, (2)

T⃗ ′(s) = νκ(s)N⃗(s), N⃗ ′(s) = −νκ(s)T⃗ (s) + ντ(s)B⃗(s), B⃗′(s) = −ντ(s)N⃗(s), (3)

where ν = ∥α′(s)∥ and, T⃗ , N⃗ , B⃗, κ and τ are called the tangent vector, the
principal normal vector, the binormal vector, the curvature and the torsion of the
curve, respectively.

2. Tangent Associated Curves

In this section we will define tangent associated curves such that the tangent
vector of a given curve lies on the osculating, normal and rectifying plane of its
mate. Let α(s) : I ⊂ ℜ → ℜ3 be a unit speed curve and denote α∗ as its associated
mate. Assuming that {T ∗, N∗, B∗} is the Frenet frame of α∗ we write the unit
vectors lying on osculating, normal and rectifying plane of α∗ as following:

O∗ =
aT ∗ + bN∗
√
a2 + b2

, (4)

P ∗ =
cN∗ + dB∗
√
c2 + d2

, (5)

R∗ =
eT ∗ + fB∗√

e2 + f2
, (6)

respectively, where a, b, c, d, e, f ∈ ℜ+ are some arbitrary positive real numbers.
Note that, the representation of the arc length assumed parameter “ s ” of the
main curve α was omitted throughout the paper for simplicity, unless otherwise
stated.

Definition 1. Let α(s) : I ⊂ ℜ → ℜ3 be a unit speed curve and α∗ be any regular
curve. If the tangent vector, T of α is linearly dependent with the vector, O∗, then
we name the curve α∗ as T −O∗ associated curve of α.
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The following figure (Fig. 1) is given to illustrate the main idea for this and the
next definitions.

Figure 1. The curve α (left) and its T −O∗ associated mate α∗

(right)

Theorem 1. If α∗ is T − O∗ associated curve of α, then the relationship of the
corresponding Frenet frames of (α, α∗) pair is given by the following,

T ∗ =
a√

a2 + b2
T +

b√
a2 + b2

N

N∗ =
b√

a2 + b2
T − a√

a2 + b2
N

B∗ = −B.

Proof. Since α and α∗ are defined as T −O∗ associated curves, we may write

α∗(s) = α(s) + λ(s)T (s). (7)

By differentiating the relation (7), taking its norm and using the Frenet formulae
given in (3), we have:

T ∗ =
(1 + λ′)T + λκN√
(1 + λ′)2 + (λκ)2

. (8)

Now taking the second derivative of the equation (7) and referring again to (3) we
write

α∗′′ = (λ′′ − λκ2)T +
(
(1 + λ′)κ+ (λκ)′

)
N + λκτB.

The cross production of α∗′ and α∗′′ leads us the following form,

α∗′× α∗′′ =
(
λ2κ2τ

)
T−
(
(λ′ + 1)λκτ

)
N+

(
(λ′ + 1)

( (
λ′ + 1

)
κ+ (λκ)′

)
− λκ(λ′′ − λκ2)

)
B.

(9)
By calling upon (1), we simply calculate N∗ and B∗ as

N∗ = −
λκ
((
λ′ + 1

) ( (
λ′ + 1

)
κ+ λ′κ+ λκ′)− λκ

(
λ′′ − λκ2

))
T

∥ α∗′ ∥ ∥ α∗′ × α∗′′ ∥

+

(
λ′ + 1

)( (
λ′ + 1

) ( (
λ′ + 1

)
κ+ λ′κ+ λκ′)− λκ

(
λ′′ − λκ2

))
N

∥ α∗′ ∥ ∥ α∗′ × α∗′′ ∥
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+
λκτ

(
λ2κ2 +

(
λ′ + 1

)2)
B

∥ α∗′ ∥ ∥ α∗′ × α∗′′ ∥
,

B∗ =
λ2κ2τT − λκτ(λ′ + 1)N +

(
(λ′ + 1)

( (
λ′ + 1

)
κ+ (λκ)′

)
− λκ

(
λ′′ − λκ2

))
B

∥ α∗′ × α∗′′ ∥
.

(10)

Note that we will refer these relations from (8) to (10) in the next two theorems.
We call these as the raw relations.
Now, as we defined the curve α∗ to be the T −O∗ associated curve of α, we deduce
that < T, T ∗ >=< O∗, T ∗ >. By using this deduction and referring both the
relation (4) and (8) we write

(1 + λ′)√
(1 + λ′)2 + (λκ)2

=
a√

a2 + b2
.

Simple elementary operations on this relation result the following linear ordinary
differential equation (ODE) with b ̸= 0 as

1 + λ′ =
a

b
λκ. (11)

When substituted the given ODE, (11) into (8) we complete the first part of the
proof for T ∗.
Similarly, another deductions can be drawn as

< T,N∗ >=< O∗, N∗ >, and < T,B∗ >=< O∗, B∗ >= 0,

and using these we write

−
λκ

[(
λ′ + 1

)( (
λ′ + 1

)
κ+ λ′κ+ λκ′

)
− λκ

(
λ′′ − λκ2

)]
∥ α∗′ ∥ ∥ α∗′ × α∗′′ ∥

=
b√

a2 + b2
, (12)

λ2κ2τ = 0, (13)

respectively. Now when substituted the relations (11), (12) and (13) into both (8)
and (10) we complete the proof. □

Corollary 1. From (11) and (13) κ, λ ̸= 0 that results τ = 0. Therefore it can
be easily said that the curve α is a planar curve or equivalently there is no a space
curve having a T associated partner such that its tangent lies on the osculating
plane of its mate.
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Theorem 2. If α∗ is the T −O∗ associated curve of α then the curvature, κ∗ and
the torsion, τ∗ of α∗ are given as follows.

κ∗ =
b

λ
√
a2 + b2

,

τ∗ = 0.

Proof. By using the equations in (2) and the relation (11) with the fact that τ = 0
the proof is completed. □

Theorem 3. If α∗ is the T −O∗ associated curve of α, then the distance between
the corresponding points of α and α∗ in E3 is given as follows:

d(α, α∗) =

∣∣∣∣e∫ a
b κ

[
−
∫

e−
∫

a
b κ + c1

]∣∣∣∣, (14)

where c1is an integral constant.

Proof. We rewrite (11) as

λ′ − a

b
κλ = −1. (15)

By taking µ as an integrating factor and multiplying the both hand sides of the
latter equation by that we get

µλ′ − µ
a

b
κλ = −µ. (16)

From the product rule of the composite form we write

(µλ)′ = µλ′ + µ′λ (17)

and equate the terms of (17) with those in the left hand side of the (16) we find

µ′ = −µ
a

b
κ.

The solution for the integrating factor µ is given with∫
µ′

µ
= −

∫
a

b
κ ⇒ µ = e−

∫
a
b κ+c

On the other hand, the use of integrating factor let us to write following relation

[µλ]′ = −µ.

Integrating both hand sides of this equation

µλ+ co = −
∫

µ

and leaving λ all alone we get

λ =
−
∫
µ− co
µ

.
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By substituting µ in place, we finally get

λ = e
∫

a
b κ

[
−
∫

e−
∫

a
b κ + c1

]
.

□

Definition 2. Let α(s) : I ⊂ ℜ → ℜ3 be a unit speed curve and α∗ be any regular
curve. If the tangent vector, T of α is linearly dependent with the vector, P ∗, then
we name the curve α∗ as T − P ∗ associated curve of α.

Theorem 4. If α∗ is T − P ∗ associated curve of α, then the relationship of the
corresponding Frenet frames of (α, α∗) pair is given by the following,

T ∗ = N,

N∗ =
−c√

c2 + d2
T +

d√
c2 + d2

B,

B∗ =
d√

c2 + d2
T +

c√
c2 + d2

B.

Proof. Since we defined the curve α∗ to be as T −P ∗ associated curve of α we could
deduce that < T,N∗ >=< P ∗, N∗ >. Using this, together with the relations (5)
and (10) results the following:

−
λκ

[(
λ′ + 1

)( (
λ′ + 1

)
κ+ λ′κ+ λκ′

)
− λκ

(
λ′′ − λκ2

)]
∥ α∗′ ∥ ∥ α∗′ × α∗′′ ∥

=
c√

c2 + d2
. (18)

By the same manner, it can be derived that < T,B∗ >=< P ∗, B∗ > which results

λ2κ2τ

∥ α∗′ × α∗′′ ∥
=

d√
c2 + d2

. (19)

Another deduction that < T, T ∗ >=< P ∗, T ∗ >= 0 provides 1 + λ′ = 0 and so

λ = −s+ c (20)

where c is the integral constant. Utilizing these three relations, (18), (19) and (20)
results what is stated in the theorem.
Note that, by substituting (20) first in both (18) and (19), we find the following
relations

κ√
κ2 + τ2

=
−c√

c2 + d2
and

τ√
κ2 + τ2

=
d√

c2 + d2
, (21)

respectively which points out that c = −κ and d = τ and since by definition κ ≥ 0,
c ≤ 0. □

Corollary 2. It can be easily seen that if α∗ is T −P ∗ associated curve of α, then
α∗ is the involute of α.
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Theorem 5. If α∗ is the T −P ∗ associated curve of α, then the curvature, κ∗ and
the torsion, τ∗ of α∗ are given as follows,

κ∗ =
τ
√
c2 + d2

dλκ
=

√
κ2 + τ2

λκ
,

τ∗ =
κτ ′ − κ′τ

λκ(κ2 + τ2)
.

(22)

Proof. The proof can be easily done by using (20) and (21). □

Theorem 6. If α∗ is the T − P ∗ associated curve of α, then the distance between
the corresponding points of α and α∗ in E3 is given as follows:

d(α∗, α) =
∣∣− s+ c

∣∣. (23)

Proof. The proof is trivial. □

Definition 3. Let α(s) : I ⊂ ℜ → ℜ3 be a unit speed curve and α∗ be any regular
curve. If the tangent vector, T of α is linearly dependent with the vector, R∗, then
we name the curve α∗ as T −R∗ associated curve of α.

Theorem 7. If α∗ is T − R∗ associated curve of α, then the relationship of the
corresponding Frenet frames of (α, α∗) pair is given by the following,

T ∗ =
e√

e2 + f2
T +

f√
e2 + f2

N,

N∗ = B,

B∗ =
f√

e2 + f2
T − e√

e2 + f2
N.

Proof. Since we defined the curve α∗ to be as T −R∗ associated curve of α we could
deduce that < T, T ∗ >=< R∗, T ∗ >. By using this deduction and referring both
the relation (6) and (8) we write

(1 + λ′)√
(1 + λ′)2 + (λκ)2

=
e√

e2 + f2
,

and with some simple elementary operations on this relation we come up with the
following linear ordinary differential equation (ODE), with f ̸= 0.

1 + λ′ =
e

f
λκ. (24)

When substituted the given ODE into (8) we complete the first part of the proof
for T ∗.
Similarly, another deduction can be drawn as < T,B∗ >=< R∗, B∗ > which results

λ2κ2τ

∥ α∗′ × α∗′′ ∥
=

f√
e2 + f2

, and so ∥ α∗′ × α∗′′ ∥= λ2κ2τ

√
e2 + f2

f
. (25)
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Now when substituted the relations (24) and (25) into (10) we complete the proof
for B∗.
A final inference on the idea of T − R∗ association can be drawn as
< T,N∗ >=< R∗, N∗ >= 0. This puts the following equation forward

− λκ

[(
λ′ + 1

)( (
λ′ + 1

)
κ+ λ′κ+ λκ′

)
− λκ

(
λ′′ − λκ2

)]
= 0. (26)

By substituting (24), (25) and (26) in (10) the proof is completed forN∗ and all. □

Theorem 8. If α∗ is the T −R∗ associated curve of α, then the curvature, κ∗ and
the torsion τ∗ of α∗ are given as follows.

κ∗ =
τf2

λκ(e2 + f2)
,

τ∗ =
f
(
κ2τe3 + κ2τef2 + τ3ef2 + κτ ′e2f + κτ ′f3 − κ′τe2f − κ′τf3

)
λκ (τ2e2f2 + τ2f4 + κ2e4 + 2κ2e2f2 + κ2f4)

.

Proof. By the equations given in (2) and substituting (24) and (25) into these, we
may easily derive κ∗. On the other hand the third derivative of (7) is

α∗′′′ =
(
−3λ′κ2 − 3λκκ′ − κ2 + λ′′′)T +

(
−κ3λ− λκτ2 + 3λ′′κ+ 3λ′κ′ + λκ′′ + κ′)N

+
(
3λ′κτ + λκτ ′ + 2λκ′τ + κτ

)
B.

From (2) and using (24), τ∗ can be computed as in the given above form. □

Theorem 9. If α∗ is the T −R∗ associated curve of α, then the distance between
the corresponding points of α and α∗ in E3 is given as follows:

d(α∗, α) =

∣∣∣∣e∫ e
f κ

[
−
∫

e−
∫

e
f κ + c2

]∣∣∣∣ (27)

Proof. The proof is the same as the proof of Theorem (3). □

3. Examples

In this section, we provide an example for the tangent associated curves by
considering each of the three different cases.

(1) Let α be chosen a unit speed circle as a planar curve given with a parame-
terization
α(s) = (cos(s), sin(s), 0). Since α is chosen to be a circle κ = 1. By taking
a = b = 1, the general solution for the given ODE in (11) is

λ(s) = 1 + esc0

where c0 is the integral constant.
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(a) c0 = −1 (b) c0 = 0 (c) c0 = 1

Figure 2. The main curve α (pink) and its T − O∗ associated
mate α∗ (black)

(2) Let α be chosen a unit speed helix given with a parameterization α(s) =
1√
2
(cos(s), sin(s), s). Since κ = τ = 1√

2
, the vector P ∗ should be formed

by the values of c and d such that −c = d = 1√
2
. From theorem (6) we have

λ(s) = −s+ c0

where c0 is the integral constant.

(a) c0 = −1 (b) c0 = 0 (c) c0 = 1

Figure 3. The main curve α (pink) and its T − P ∗ associated
mate α∗ (black)

(3) By referring the same curve given in (ii) we know that κ = 1√
2
. The general

solution for the ODE in (11) for e = f = 1 is this time

λ(s) =
√
2 + e

√
2

2 sc0

where c0 is the integral constant.
One of the animated versions for the figures can be found at the link below
and for all figures see the author’s profile.
https://www.geogebra.org/m/vnbzaghp

https://www.geogebra.org/m/vnbzaghp
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(a) c0 = −1 (b) c0 = 0 (c) c0 = 1

Figure 4. The main curve α (pink) and its T − R∗ associated
mate α∗ (black)

4. Principal Normal Associated Curves

In this section, we define principal normal associated curves such that the prin-
cipal normal vector of a given curve lies on the osculating, normal and rectifying
plane of its mate.

Definition 4. Let α(s) : I ⊂ ℜ → ℜ3 be a unit speed curve and α∗ be any regular
curve. If the principal normal, N of α is linearly dependent with the vector, O∗,
then we name the curve α∗ as N −O∗ associated curve of α.

Theorem 10. If α∗ is N − O∗ associated curve of α, then the relationship of the
corresponding Frenet frames of (α, α∗) pair is given by the following,

T ∗ =
1√

a2 + b2

(
(−λκ+ 1) b√

(−λκ+ 1)2 + (λτ)2
T + aN +

λτb√
(−λκ+ 1)2 + (λτ)2

B

)
,

N∗ =
b√

a2 + b2

(
−M

M (λκ− 1)−Kλτ
T +N +

K

M (λκ− 1)−Kλτ
B

)
,

B∗ =
b(KT +MB)

a(M (λκ− 1)−Kλτ)
,

where the coefficients K and M are

K = λ′ (λτ ′ + 2λ′τ
)
− λτ

(
(−λκ+ 1)κ− λτ2 + λ′′) ,

M = (−λκ+ 1)
(
(−λκ+ 1)κ− λτ2 + λ′′)− λ′ (−λκ′ − 2λ′κ

)
.

Proof. Since α and α∗ are defined as N −O∗ associated curves, we write

α∗ = α+ λN. (28)

By differentiating the relation (28), using the Frenet formulae given in (3) and
taking the norm, we have:

T ∗ =
(−λκ+ 1)T + λ′N + λτB√
(−λκ+ 1)2 + (λ′)2 + (λτ)2

. (29)
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Next taking the second derivative of the equation (28) and referring again to (3)
result the following relation.

α∗′′ =
(
−λκ′ − 2λ′κ

)
T +

(
(−λκ+ 1)κ− λτ2 + λ′′)N +

(
λτ ′ + 2λ′τ

)
B.

The cross production of α∗′ and α∗′′ leads us the following form,

α∗′ × α∗′′ = KT + LN +MB,

where K, L and M are assigned to be as

K = λ′ (λτ ′ + 2λ′τ
)
− λτ

(
(−λκ+ 1)κ− λτ2 + λ′′) ,

L = (−λκ+ 1)
(
λτ ′ + 2λ′τ

)
+ λτ

(
−λκ′ − 2λ′κ

)
, (30)

M = (−λκ+ 1)
(
(−λκ+ 1)κ− λτ2 + λ′′)− λ′ (−λκ′ − 2λ′κ

)
,

for the sake of simplicity. Note that the norm, ∥ α∗′ × α∗′′ ∥=
√
K2 + L2 +M2.

By referring again the definitions given by (1), we simply calculate N∗, and B∗ as

N∗ =
(Lλτ −Mλ′)T + (M (λκ− 1)−Kλτ)N + (Kλ′ − L (−λκ+ 1))B√

(−λκ+ 1)2 + (λ′)2 + (λτ)2
√
K2 + L2 +M2

, (31)

B∗ =
KT + LN +MB√
K2 + L2 +M2

.

The intuitive idea is as same as before. Since we defined α∗ to be as the N − O∗

associated curve of α we can write that < N,T ∗ >=< O∗, T ∗ >. By using this
together with the relations (4) and (29) we write

λ′√
(−λκ+ 1)2 + (λ′)2 + (λτ)2

=
a√

a2 + b2
. (32)

Similarly, we can write < N,N∗ >=< O∗, N∗ > which results the following

M (λκ− 1)−Kλτ√
(−λκ+ 1)2 + (λ′)2 + (λτ)2

√
K2 + L2 +M2

=
b√

a2 + b2
. (33)

and by the same idea that < N,B∗ >=< O∗, B∗ >= 0, we get

L√
K2 + L2 +M2

= 0. (34)

When substituted the given three relations (32), (33) and (34) into (29) and (31),
we complete the proof. □

Note that none of the differential equations given above is solvable analytically.
However we might solve them under some assumptions.

Corollary 3. If the curve α is chosen to be a curve with constant curvatures like
helix, then by referring the relation (32), we can derive

λ′
(
λ′′ − a2

b2

(
(λκ− 1)κ+ λτ2

))
= 0,
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which is solvable analytically in two folds. First, λ′ = 0 corresponding to that λ is
a constant. If this is the case, then from the relation (32), a = 0, and if a = 0 then
O∗ = N∗. This is clearly the definition of the Bertrand curve, since α∗ becomes
N −N∗ associated curve of α.
When considered the second factor of the latter relation we come up with a non
homogeneous linear second order differential equation with constant coefficients.
For this case, there we have a complex solution that is as

λ = sin

(
ai
√
κ2 + τ2

b

)
c1 + cos

(
ai
√
κ2 + τ2

b

)
c2 +

κ

κ2 + τ2
, i2 = −1,

and since sin(ix) = isinh(x) and cos(ix) = cosh(x), we can rewrite the solution
as:

λ = i sinh

(
a
√
κ2 + τ2

b

)
c1 + cosh

(
a
√
κ2 + τ2

b

)
c2 +

κ

κ2 + τ2
,

where c1 and c2 are integration constants.
Now, by recalling the relations (30) and (34) under the assumption that α is a helix
like curve with constant curvatures, then we have

λ′τ(−2λκ+ 1) = 0.

This results that λ is a constant of the form, λ =
1

2κ
.

Theorem 11. If α∗ is the N − O∗ associated curve of α, then the curvature, κ∗

and the torsion, τ∗ of α∗ are given as follows,

κ∗ =
a4(M (λκ− 1)−Kλτ)

b(a2 + b2)(λ′)4
,

τ∗ =
bλ′

a(M (λκ− 1)−Kλτ)

(
K
(
λκ3 + λκτ2 − 3λ′κ′ − λκ′′ − 3λ′′κ− κ2

)
+M

(
κτ − λκ2τ − λτ3 + 3λ′τ ′ + λτ ′′ + 3λ′′τ

) ) .

Proof. By taking the third derivative of (28) and using Frenet formulae, we have

α∗′′′ =
(
λκ3 + λκτ2 − 3λ′κ′ − λκ′′ − 3λ′′κ− κ2

)
T

+
(
λ′′′ − 3λ′(κ2 + τ2)− 3λ(κκ′ + ττ ′) + κ′)N (35)

+
(
κτ − λκ2τ − λτ3 + 3λ′τ ′ + λτ ′′ + 3λ′′τ

)
B.

Now by recalling the relations (32), (33) and (34) to substitute these into the
equations given in (2), we complete the proof. □

Definition 5. Let α(s) : I ⊂ ℜ → ℜ3 be a unit speed curve and α∗ be any regular
curve. If the principal normal, N of α is linearly dependent with the vector, P ∗,
then we name the curve α∗ as N − P ∗ associated curve of α.
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Theorem 12. If α∗ is N − P ∗ associated curve of α, then the relationship of the
corresponding Frenet frames of (α, α∗) pair is given by the following,

T ∗ =
−λκ+ 1√

(−λκ+ 1)2 + (λτ)2
T +

λ τ√
(−λκ+ 1)2 + (λτ)2

B,

N∗ =
1√

c2 + d2

(
dλτ√

(−λκ+ 1)2 + (λτ)2
T + cN +

−d(−λκ+ 1)√
(−λκ+ 1)2 + (λτ)2

B

)
,

B∗ =
d√

c2 + d2

−
τ
(
λ τ2 + κ2λ− κ

)
λ τκ′ − κτ ′λ+ τ ′

T +N +
(λκ− 1)

(
λ τ2 + (κ)

2
λ− κ

)
λ (−λ τκ′ + κτ ′λ− τ ′)

B

 .

Proof. Now, since again we defined α∗ to be as the N − P ∗ associated curve of α
we can write three of our associative relations as usual which are

• < N,N∗ >=< P ∗, N∗ >,
• < N,B∗ >=< P ∗, B∗ >,
• < N,T ∗ >=< P ∗, T ∗ >= 0.

These relations this time result the following three equations

• M (λκ− 1)−Kλτ√
(−λκ+ 1)2 + (λ′)2 + (λτ)2

√
K2 + L2 +M2

=
c√

c2 + d2
,

• L√
K2 + L2 +M2

=
d√

c2 + d2
, (36)

• λ′√
(−λκ+ 1)2 + (λ′)2 + (λτ)2

= 0.

When substituted the latter relations in (29) and (31) we complete the proof. □

Corollary 4. Note that the third relation in (36) results that λ is constant. What
we know from literature is that a Bertrand curve has a constant distance as well
as the Mannheim curves (see [1], [4] and [2]). For Bertrand curves we also know
that curves share the principal normal vectors as common, on the other hand for
Mannheim curves, they share the property of the parallelization of principal normal
and binormal vectors. By our result, we see that if the principal normal vector of
any given curve coincides the unit vector spanned by principal normal and binormal
vectors of its mate, then the distance of two curves is constant, in general.

Theorem 13. If α∗ is the N − P ∗ associated curve of α, then the curvature, κ∗

and the torsion, τ∗ of α∗ are given as follows.

κ∗ =
l c3

√
c2 + d2

d4 (m(λκ− 1)− kλτ)
3 ,

τ∗ =
l2(c2 + d2)

d2

(
k
(
κ3λ+ κτ2λ− λκ′′ − κ2

)
+ l (−3λ ττ ′ − 3λκ′κ+ κ′)

+m
(
−κ2τλ− τ3λ+ λ τ ′′ + κτ

) )
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where k, l, and m are the coefficients of which K, L, and M reformed with λ′ = 0,
respectively.

Proof. By referring the relations (36) together with (35), the proof is trivial. □

Definition 6. Let α(s) : I ⊂ ℜ → ℜ3 be a unit speed curve and α∗ be any regular
curve. If the principal normal, N of α is linearly dependent with the vector, R∗,
then we name the curve α∗ as N −R∗ associated curve of α.

Theorem 14. If α∗ is N − R∗ associated curve of α, then the relationship of the
corresponding Frenet frames of (α, α∗) pair is given by the following,

T ∗ =
1√

e2 + f2

(
(−λκ+ 1) f√

(−λκ+ 1)2 + (λτ)2
T + eN +

λτf√
(−λκ+ 1)2 + (λτ)2

B

)
,

N∗ =
ef√

e2 + f2

((
λτ

λ′ −
(−λκ+ 1)

(
(−λκ+ 1)κ− λτ2 + λ′′)− λ′ (−λκ′ − 2λ′κ

)
(λκ− 1)

(
λτ ′ + 2λ′τ

)
+ λτ

(
−λκ′ − 2λ′κ

) )
T

+

(
λ′ (λτ ′ + 2λ′τ

)
− λτ

(
(−λκ+ 1)κ− λτ2 + λ′′)

(λκ− 1)
(
λτ ′ + 2λ′τ

)
+ λτ

(
−λκ′ − 2λ′κ

) +
λκ− 1

λ′

)
B

)
,

B∗ =
f√

e2 + f2

((
λ′ (λτ ′ + 2λ′τ

)
− λτ

(
(−λκ+ 1)κ− λτ2 + λ′′)

(λκ− 1)
(
λτ ′ + 2λ′τ

)
+ λτ

(
−λκ′ − 2λ′κ

) )
T +N

+

(
(−λκ+ 1)

(
(−λκ+ 1)κ− λτ2 + λ′′)− λ′ (−λκ′ − 2λ′κ

)
(λκ− 1)

(
λτ ′ + 2λ′τ

)
+ λτ

(
−λκ′ − 2λ′κ

) )
B

)
Proof. Now, since again we defined α∗ to be as the N − R∗ associated curve of α
we can write three of our associative relations as usual which are

• < N,T ∗ >=< R∗, T ∗ >,
• < N,B∗ >=< R∗, B∗ >,
• < N,N∗ >=< R∗, N∗ >= 0.

By using these we get

• λ′√
(−λκ+ 1)2 + (λ′)2 + (λτ)2

=
e√

e2 + f2
,

• L√
K2 + L2 +M2

=
f√

e2 + f2
, (37)

• M (λκ− 1)−Kλτ√
(−λκ+ 1)2 + (λ′)2 + (λτ)2

√
K2 + L2 +M2

= 0.

When substituted the above expressions into (29) and (31) the proof is complete.
□

Corollary 5. The only analytically solvable equation in (37) is the first one with the
same assumption that α is helix like curve with constant curvatures. The possible
solutions to that has already been discussed in Corollary (3).
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Theorem 15. If α∗ is the N − R∗ associated curve of α, then the curvature, κ∗

and the torsion, τ∗ of α∗ are given as follows.

κ∗ =
e3L

f(e2 + f2)(λ′)3
,

τ∗ =
L2(e2 + f2)

f2

 K
(
λκ3 + λκτ2 − λκ′′ − κ2 − 3λ′′κ− 3λ′κ′)

+L
(
−3λκκ′ − 3λττ ′ − 3κ2λ′ − 3λ′τ2 + λ′′′ + κ′)

+M
(
−λκ2τ − λτ3 + λτ ′′ + κτ + 3λ′′τ + 3λ′τ ′

)


Proof. By recalling both the third derivative (35) and the relations (37) to substi-
tute into curvatures in (2), we complete the proof. □

5. Binormal Associated Curves

In this section, we define binormal associated curves such that the binormal
vector of a given curve lies on the osculating, normal and rectifying plane of its
mate.

Definition 7. Let α(s) : I ⊂ ℜ → ℜ3 be a unit speed curve and α∗ be any regular
curve. If the binormal, B of α is linearly dependent with the vector, O∗, then we
name the curve α∗ as B −O∗ associated curve of α.

Theorem 16. If α∗ is B − O∗ associated curve of α, then the relationship of the
corresponding Frenet frames of (α, α∗) pair is given by the following,

T ∗ =
1√

a2 + b2

(
b√

1 + λ2τ2
T − λτb√

1 + λ2τ2
N + aB

)
,

N∗ =
b√

a2 + b2

(
− λ′Y

a(λτX+Y)
T +

λX

λτX+Y
N +B

)
,

B∗ = − bλ′

a(λτX+Y)
(XT +YN) ,

where the coefficients X and Y are

X = −λτ
(
−λτ2 + λ′′)− λ′ (−λτ ′ − 2λ′τ + κ

)
,

Y = λτ2 − λ′′ + λ′λτκ.

Proof. Since α and α∗ are defined as B −O∗ associated curves, we write

α∗ = α+ λB. (38)

By differentiating the relation (38), using the Frenet formulae given in (3) and
taking the norm, we have:

T ∗ =
T − λτN + λ′B√
1 + λ2τ2 + (λ′)2

(39)
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Next taking the second derivative of the equation (38) and referring again to (3)
result the following relation.

α∗′′ = (λτκ)T + (−λτ ′ − 2λ′τ + κ)N + (−λτ2 + λ′′)B.

The cross production of α∗′ and α∗′′ leads us the following form,

α∗′ × α∗′′ = XT +YN + ZB

where X, Y and Z are assigned to be as

X = −λτ
(
−λτ2 + λ′′)− λ′ (−λτ ′ − 2λ′τ + κ

)
,

Y = λτ2 − λ′′ + λ′λτκ, (40)

Z = −λτ ′ − 2λ′τ + κ+ λ2τ2κ,

for the sake of simplicity. Note that the norm, ∥ α∗′ × α∗′′ ∥=
√
X2 +Y2 + Z2.

By referring again the definitions given by (1), we simply calculate N∗ and B∗ as

N∗ =
(Yλ′ + Zλτ)T + (−Xλ+ Z)N + (−Xλτ −Y)B√

1 + λ2τ2 + (λ′)2
√
X2 +Y2 + Z2

, (41)

B∗ =
XT +YN + ZB√
X2 +Y2 + Z2

.

The intuitive idea is as same as before. Since we defined α∗ to be as the B − O∗

associated curve of α we can write that

• < B, T ∗ >=< O∗, T ∗ >,
• < B,N∗ >=< O∗, N∗ >,
• < B,B∗ >=< O∗, B∗ >= 0.

By using these together with the relations (4) and (39) we write

• λ′√
1 + λ2τ2 + (λ′)2

=
a√

a2 + b2
,

• −Xλτ −Y√
1 + λ2τ2 + (λ′)2

√
X2 +Y2 + Z2

=
b√

a2 + b2
, (42)

• Z√
X2 +Y2 + Z2

= 0.

Substituting these relations into (39) and (41), we complete the proof. □

Corollary 6. If τ is taken to be constant, then from the first relation given in (42)
we can derive the following:

λ′(λ′′ − λ
a2

b2
τ2) = 0.
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This relation holds either λ′ = 0, correspondingly that λ is constant or

λ = c1e
aτ
b + c2e

− aτ
b ,

as a result of the solution of second order differential equation, where c1 and c2
are the integration constants. If λ is taken to be constant then by the first relation
of (42) a = 0, resulting that O∗ = N∗. We remind that this is the definition of
Mannheim curves.
On the other hand, when considered the third equation in (42) and recall (40), we
have the following

Z = −λτ ′ − 2λ′τ + κ+ λ2τ2κ = 0.

Rearranging this equation by dividing each term with (−2τ) results

λ′ + λ2

(
−τκ

2

)
+ λ

(
τ ′

2τ

)
− κ

2τ
= 0, (43)

which is clearly a Riccati type of differential equation. If λ = λ1 is a particu-
lar solution for (43) then we have a general solution by substituting λ = λ1 +

1
µ ,

that converts the Riccati equation into the following first order linear differential
equation:

µ′ −
(
2λ1

(
−τκ

2

)
+

(
τ ′

2τ

))
µ =

(
−τκ

2

)
(44)

where µ is an arbitrary function of the parameter, s. The solution for this (44) can
be done by following the steps given in the proof of Theorem (3).

Theorem 17. If α∗ is the B − O∗ associated curve of α, then the curvature, κ∗

and the torsion, τ∗ of α∗ are given as follows:

κ∗ = − a4(Xλτ +Y)

(λ′)2b(a2 + b2)
√
a2 + b2

,

τ∗ =
b2(λ′)2

a2(Xλτ +Y)2

(
X
(
λτκ′ + 3λ′τκ+ 2λτ ′κ− κ2

)
+Y

(
λτ3 + λτκ2 − λτ ′′ − 3λ′τ ′ − 3λ′′τ + κ′)).

Proof. By taking the third derivative of (38) and using Frenet formulas, we have

α∗′′′ = (λτκ′ + 2λτ ′κ+ 3λ′τκ− κ2)T + (λτκ2 + λτ3 − λτ ′′ − 3λ′′τ − 3λ′τ ′ + κ′)N

+ (λ′′′ − 3λττ ′ − 3λ′τ2 + κτ)B. (45)

Now, using the relations given in (42) together with (45), to substitute into the
definitions (2) lets us to complete the proof. □

Definition 8. Let α(s) : I ⊂ ℜ → ℜ3 be a unit speed curve and α∗ be any regular
curve. If the binormal, B of α is linearly dependent with the vector, P ∗, then we
name the curve α∗ as B − P ∗ associated curve of α.
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Theorem 18. If α∗ is B − P ∗ associated curve of α, then the relationship of the
corresponding Frenet frames of (α, α∗) pair is given by the following,

T ∗ =
1√

1 + λ2τ2
T − λ τ√

1 + λ2τ2
N,

N∗ =
1√

c2 + d2

(
dλτ√

1 + λ2τ2
T − d(λ3τ3 − (−λτ ′ + κ+ λ2τ2))

(−λτ ′ + κ+ λ2τ2)
√
1 + λ2τ2

N + cB

)
,

B∗ =
1√

c2 + d2

(
− cλτ√

1 + λ2τ2
T − c√

1 + λ2τ2
N + dB

)
.

Proof. Now, since again we defined α∗ to be as the B − P ∗ associated curve of α
we can write three of our associative relations as usual which are

• < B,N∗ >=< P ∗, N∗ >,
• < B,B∗ >=< P ∗, B∗ >,
• < B, T ∗ >=< P ∗, T ∗ >= 0.

These relations this time result the following three equations

• −Xλτ −Y√
1 + λ2τ2 + (λ′)2

√
X2 +Y2 + Z2

=
c√

c2 + d2
,

• Z√
X2 +Y2 + Z2

=
d√

c2 + d2
, (46)

• λ′√
1 + λ2τ2 + (λ′)2

= 0.

When substituted these relations, (46) in (39) and (41), we complete the proof. □

Corollary 7. When taken into account the third relation of (46) we conclude that
if the binormal vector of a given curve is linearly dependent with the unit vector
lying on the normal plane of its mate, then the distance between these curves is
constant.

Theorem 19. If α∗ is the B − P ∗ associated curve of α, then the curvature, κ∗

and the torsion, τ∗ of α∗ are given as follows.

κ∗ = −
d2
√
c2 + d2

(
λτ2(1 + λ2τ2)

)3
c3(−λτ ′ + κ+ λ2τ2)2

,

τ∗ =

d2(λ2τ3
(
λ τκ′ + 2 τ ′κλ− κ2

)
+ λτ2

(
λ τκ2 + λ τ3 − τ ′′λ+ κ′)

+(−λτ ′ + κ+ λ2τ2) (−3 τ ′τλ+ κτ))

(c2 + d2)(−λτ ′ + κ+ λ2τ2)2

Proof. By substituting the relations given in (37) and the third derivative (45) into
the definitions given in (2), we complete the proof. □
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Definition 9. Let α(s) : I ⊂ ℜ → ℜ3 be a unit speed curve and α∗ be any regular
curve. If the binormal, B of α is linearly dependent with the vector, R∗, then we
name the curve α∗ as B −R∗ associated curve of α.

Theorem 20. If α∗ is B − R∗ associated curve of α, then the relationship of the
corresponding Frenet frames of (α, α∗) pair is given by the following,

T ∗ =
1√

e2 + f2

(
f√

1 + λ2τ2
T − λτf√

1 + λ2τ2
N + eB

)
,

N∗ =
ef√

e2 + f2

(
Yλ′ + Zλτ

Zλ′ T +
−Xλ+ Z

Zλ′

)
,

B∗ =
f√

e2 + f2

(
X

Z
T +

Y

Z
N +B

)
.

Proof. Now, since again we defined α∗ to be as the B − R∗ associated curve of α
we can write three of our associative relations as usual which are

• < B, T ∗ >=< R∗, T ∗ >,
• < B,B∗ >=< R∗, B∗ >,
• < B,N∗ >=< R∗, N∗ >= 0.

These relations this time result the following three equations

• λ′√
1 + λ2τ2 + (λ′)2

=
e√

e2 + f2
,

• Z√
X2 +Y2 + Z2

=
f√

e2 + f2
, (47)

• −Xλτ −Y√
1 + λ2τ2 + (λ′)2

√
X2 +Y2 + Z2

= 0.

For the last time when substituted (47) into (39) and (41), the proof is complete. □

Corollary 8. The only analytically solvable equation is the first one of (47) with
the same assumption given in Corollary (6). The possible solutions can be get by
following the same steps as well.

Theorem 21. If α∗ is the B − R∗ associated curve of α, then the curvature, κ∗

and the torsion, τ∗ of α∗ are given as follows.

κ∗ =
Ze3

f(e2 + f2)(λ′)3
,

τ∗ =
f2

Z2(e2 + f2)

 X
(
λτκ′ + 2λτ ′κ+ 3λ′τκ− κ2

)
+Y

(
λτκ2 + λτ3 − λτ ′′ − 3λ′′τ − 3λ′τ ′ + κ′)

+Z
(
−3λττ ′ − 3

(
λ′) τ2 + κτ + λ′′′)

 .
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Proof. Recall the relations (45) and (47) and substitute these in (2), the proof is
complete. □
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Comptes Rendus des Séances de l’Académie des Sciences, 86 (1878), 1254-1256.
[3] O’Neill, B., Elementary differential geometry, Academic Press Inc., New York, 1966.

[4] Liu, H., Wang, F., Mannheim partner curves in 3-space, Journal of Geometry 88(1-2) (2008),

120-126. https://doi.org/10.1007/s00022-007-1949-0
[5] Menninger, T., Characterization of the slant helix as successor curve of the

general helix, International Electronic Journal of Geometry, 7(2) (2014), 84-91.
https://doi.org/10.36890/iejg.593986
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[13] Şahiner, B., Direction curves of principal normal indicatrix of a curve, Journal of Technical
Sciences, 8(2) (2018), 46-54.
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