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ASSOCIATED CURVES FROM A DIFFERENT POINT
OF VIEW IN E3

Siilleyman SENYURT, Davut CANLI, and Kebire Hilal AYVACI

Department of Mathematics, Ordu University, Ordu, TURKEY

ABSTRACT. In this paper, tangent, principal normal and binormal wise asso-
ciated curves are defined such that each of these vectors of any given curve
lies on the osculating, normal and rectifying plane of its partner, respectively.
For each associated curve, a new moving frame and the corresponding curva-
tures are formulated in terms of Frenet frame vectors. In addition to this, the
possible solutions for distance functions between the curve and its associated
mate are discussed. In particular, it is seen that the involute curves belong to
the family of tangent associated curves in general and the Bertrand and the
Mannheim curves belong to the principal normal associated curves. Finally,
as an application, we present some examples and map a given curve together
with its partner and its corresponding moving frame.

1. INTRODUCTION

In differential geometry, curves are named as associated if there exist a math-
ematical relation among them. Some of those known as involute-evolute curves,
Bertrand curves, Mannheim curves and more recently the successor curves are the
ones on which the researchers most referred ( [145]). For such curves, the asso-
ciation is based upon the Frenet elements of the curves. There have been other
studies using different frames such as Darboux and Bishop to associate curves, as
well ( [6H11]). From a distinct point of view, Choi and Kim (2012), introduced new
associated curves of a given Frenet curve as the integral curves of vector fields [12].
Sahiner, on the other hand, established direction curves of “tangent” and “princi-
pal normal” indicatrix of any curve and provided some methods to portray helices
and slant helices by using these curves in his studies, [13| and [14], respectively. In
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this study, we introduce another Frenet frame based associated curves such that
the tangent, the principal normal and the binormal vectors of a given any curve
lies on the osculating, normal and rectifying plane of its partner, respectively. For
each associated curves a new moving frame is established and the distances be-
tween the curve and its offset are given. In particular, it is seen that the involute
curves belong to the family of tangent associated curves. In addition, some traces
of the Bertrand and Mannheim curves are found while examining principal normal
and binormal associated curves. We also provided a few examples to illustrate the
intuitive idea of this paper.

Since we refer the Frenet frame, the formulae and the curvatures of a regular
curve, « through out the paper, we remind the definitions of these once again as:

T(s) = ”ZEZ; N(s) = B(s) x T(s), B(s)= &) x(s) gy

e (s) x a”(s)|I”
_ lla’(s) x a"(s)]| _ (a/(s) x a(s), @™ (s))

) S YO TEE N Y O PO @
T'(s) = vk(s)N(s), N'(s) [ Z]

—vk(s)T'(s) +vr(s)B(s), é’(s) = —v7(s)N(s), (3)
where v = ||/(s)|| and, T, N, B, x and 7 are called the tangent vector, the

principal normal vector, the binormal vector, the curvature and the torsion of the
curve, respectively.

2. TANGENT ASSOCIATED CURVES

In this section we will define tangent associated curves such that the tangent
vector of a given curve lies on the osculating, normal and rectifying plane of its
mate. Let a(s) : I C R — R3 be a unit speed curve and denote a* as its associated
mate. Assuming that {T™, N*, B*} is the Frenet frame of o* we write the unit
vectors lying on osculating, normal and rectifying plane of a* as following;:

o — al* 4+ bN ’ @)
N

N* + dB*
pr = 4t (5)

R = —— (6)

respectively, where a,b,c,d,e, f € Rt are some arbitrary positive real numbers.
Note that, the representation of the arc length assumed parameter “ s 7 of the
main curve o« was omitted throughout the paper for simplicity, unless otherwise
stated.

Definition 1. Let a(s) : I C R — R3 be a unit speed curve and o* be any regqular
curve. If the tangent vector, T of « is linearly dependent with the vector, O*, then
we name the curve a® as T — O* associated curve of .
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The following figure (Fig. 1) is given to illustrate the main idea for this and the
next definitions.

FIGURE 1. The curve a (left) and its T'— O* associated mate a*
(right)

Theorem 1. If a* is T — O* associated curve of a, then the relationship of the
corresponding Frenet frames of (v, o*) pair is given by the following,

a b
T = T+ N
A /a2 + b2 A /a2 + b2
b a
N* = T — N
Va? + b? Va2 +b?
B* = -B.

Proof. Since o and o* are defined as T'— O* associated curves, we may write

a”(s) = a(s) + A(s)T(s). (7)
By differentiating the relation , taking its norm and using the Frenet formulae
given in , we have:

14+ M)T + AsN
o= (LH DT HAN (8)
V(II+X)2+ (k)2

Now taking the second derivative of the equation and referring again to we
write

o = (N = AT + (1 + N)k+ (Ak)') N + AsTB.
The cross production of a*’ and a*” leads us the following form,
at'x ot = ()\2/127') T—((N +DAst) N+ (N + D) (N +1) 5+ (A)) — As(\" = Ax?)) B.
(9)
By calling upon 7 we simply calculate N* and B* as
M (N H1D) (N +1D) s+ N+ A8") = As (N = A6?)) T

il

N* =

Fax || | e x «

(N+1) ((X+1) ((N+ 1) r+XNe+ M) = A (/\”—A,#))N

- Ta T Ta x o |
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AKT (/\2/€2 + (X + 1)2) B

o | e x ||

+

B Nr2T — Aer(N + DN + (N + 1) (N +1) 5+ (Aw)) = Ae (A — A&?)) B

[a* = ]

(10)

Note that we will refer these relations from to in the next two theorems.
We call these as the raw relations.

Now, as we defined the curve a* to be the T'— O* associated curve of a;, we deduce
that < T,7T* >=< O*,T* >. By using this deduction and referring both the
relation and we write

1+ \) _ a
VOIFN2Z+ (k)2 Va2 +b2

Simple elementary operations on this relation result the following linear ordinary
differential equation (ODE) with b # 0 as

1+ ) = %/\n. (11)

When substituted the given ODE, into we complete the first part of the
proof for T*.
Similarly, another deductions can be drawn as

<T,N*>=<O*N*"> and <T,B* >=< 0", B*>=0,

and using these we write

A {(A’ +1) ( (N +1) s+ Nk + M) — Ai (N = Ak?)

b
- . (12
T T TTa” x a | vare
NrEr =0, (13)

respectwely Now when substituted the relations , and ( into both .
and (| we complete the proof.

Corollary 1. From and K, A #£ 0 that results 7 = 0. Therefore it can
be easily said that the curve a is a planar curve or equivalently there is no a space
curve having a T associated partner such that its tangent lies on the osculating
plane of its mate.
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Theorem 2. If a* is the T — O* associated curve of a then the curvature, k* and
the torsion, 7% of a* are given as follows.

. b
Y= —

AMa? + b2
" =0.

Proof. By using the equations in (2)) and the relation with the fact that 7 =0
the proof is completed. (I

Theorem 3. If o* is the T — O* associated curve of , then the distance between
the corresponding points of o and o* in E> is given as follows:

d(e, o) = |ef {;“[— /e_f%"i +C1] ; (14)
where c11s an integral constant.
Proof. We rewrite as
N o= Zea=—1. (15)

b
By taking p as an integrating factor and multiplying the both hand sides of the
latter equation by that we get

N — ,u%n)\ = —p. (16)

From the product rule of the composite form we write

(BA) = pX + p' A (17)
and equate the terms of with those in the left hand side of the we find
p= —u%m

The solution for the integrating factor p is given with

/
/M—:—/g/{ = M:e_f%"ﬁ'c
n b

On the other hand, the use of integrating factor let us to write following relation
[uA]" = —p.
Integrating both hand sides of this equation

uk+co=—/u

W ')
1

and leaving A all alone we get



ASSOCIATED CURVES FROM A DIFFERENT POINT OF VIEW IN E? 831

By substituting p in place, we finally get
)\:efg”[—/e_fz'“—i—cl].

Definition 2. Let a(s) : I C R — R3 be a unit speed curve and o* be any reqular
curve. If the tangent vector, T of « is linearly dependent with the vector, P*, then
we name the curve a® as T — P* associated curve of a.

]

Theorem 4. If a* is T — P* associated curve of a, then the relationship of the
corresponding Frenet frames of (o, *) pair is given by the following,

T = N,
—c d
* = T + B,
Ve + d2 Ve + d2
d c

*

Ve + d? Vet +d?
Proof. Since we defined the curve o* to be as T'— P* associated curve of o we could

deduce that < T, N* >=< P* N* >. Using this, together with the relations
and results the following:

A [(x 1) ( (N 1) k4 N+ M’) o (V= )
c
= . (18
Ta TTa" % o vere
By the same manner, it can be derived that < T, B* > =< P*, B* > which results
A K21 B d

| a* x o || Ve +d2

Another deduction that < T,T* > =< P* T* >= 0 provides 1 + A’ = 0 and so
A=-—-s+c¢ (20)

where c is the integral constant. Utilizing these three relations, , and
results what is stated in the theorem.

Note that, by substituting first in both and , we find the following
relations

(19)

K —c T d
= and = , 21
VEZ+712 V2 V212 e+ d2 1)
respectively which points out that ¢ = —k and d = 7 and since by definition x > 0,
c<0. O

Corollary 2. It can be easily seen that if o* is T — P* associated curve of o, then

*

a* is the involute of «.
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Theorem 5. If o* is the T — P* associated curve of «, then the curvature, k* and
the torsion, 7% of a* are given as follows,

., TV +d2 VK22
K =

d\k Ak
22
s (22
k(K24 72)
Proof. The proof can be easily done by using and . O

Theorem 6. If o* is the T — P* associated curve of «, then the distance between
the corresponding points of o and o* in E> is given as follows:

dla*,a) =|—s+cl| (23)
Proof. The proof is trivial. O

Definition 3. Let a(s) : I C R — R3 be a unit speed curve and o* be any reqular
curve. If the tangent vector, T of « is linearly dependent with the vector, R*, then
we name the curve a* as T — R* associated curve of a.

Theorem 7. If o* is T — R* associated curve of a, then the relationship of the
corresponding Frenet frames of (o, a*) pair is given by the following,

e f
T = T+ N,
/€2+f2 /62+f2
N* = B,
B* =

f e
T- N.
/62 + f2 /62 + f2
Proof. Since we defined the curve o* to be as T'— R* associated curve of o we could
deduce that < T,T* >=< R*,T* >. By using this deduction and referring both
the relation (6] and (8) we write
(1+)) B e
VOFNZ+ (k)2 e+ 2

and with some simple elementary operations on this relation we come up with the
following linear ordinary differential equation (ODE), with f # 0.

1+ X = ;)\/{. (24)

When substituted the given ODE into we complete the first part of the proof
for T*.
Similarly, another deduction can be drawn as < T, B* > =< R*, B* > which results

2.2 2 2
AR f = A2 YT f+f . (25)

- o = 2,aundso | o x «
[ x| 2+ f
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Now when substituted the relations and into we complete the proof
for B*.

A final inference on the idea of T — R* association can be drawn as
<T,N* >=< R*, N* >= 0. This puts the following equation forward

— Ak [(X +1) < (N+1)r+ N6+ A#) A (V=A%) =0.  (26)

By substituting , and in the proof is completed for N* and all. [

Theorem 8. If o* is the T — R* associated curve of «, then the curvature, k* and
the torsion T of a* are given as follows.

. Tf?

K= ————

Ak(e? + f2)
f (KZQTBB + r2ref? +3ef? + wr'e?f + kT3 — KT f — /<;’Tf3)

N (T2€2f2 + 72 f4 + k2t + 2 1262 f2 + K2 f4)
Proof. By the equations given in and substituting and ([25)) into these, we
may easily derive x*. On the other hand the third derivative of (7)) is
o = (=3NK? =3k — K2+ N T+ (—6°A = Aem? + 3N K+ 3NK + A" + ') N
+ (3 NET + AT’ + 2 X6'T + m‘) B.

T =

From and using , 7* can be computed as in the given above form. ([l

Theorem 9. If o* is the T — R* associated curve of «, then the distance between
the corresponding points of o and o in E3 is given as follows:

eff‘“[—/ef;”—i—cz}

Proof. The proof is the same as the proof of Theorem . (I

da*,a) = (27)

3. EXAMPLES
In this section, we provide an example for the tangent associated curves by
considering each of the three different cases.
(1) Let a be chosen a unit speed circle as a planar curve given with a parame-
terization
a(s) = (cos(s), sin(s),0). Since « is chosen to be a circle Kk = 1. By taking
a = b =1, the general solution for the given ODE in is
Als)=14¢€°cy

where ¢ is the integral constant.
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(a) co=-1 (b) co =0 (¢) co=1

FIGURE 2. The main curve « (pink) and its T — O* associated
mate o (black)

Let a be chosen a unit speed helix given with a parameterization «(s) =

%(cos(s)ﬁin(s),s). Since k = 7 = %, the vector P* should be formed
by the values of ¢ and d such that —c =d = % From theorem (EI) we have

A(s)=—=s+co

where ¢ is the integral constant.

(a) co=—1 (b) co=0 (c) co=1

FIGURE 3. The main curve « (pink) and its T — P* associated
mate o (black)

By referring the same curve given in (ii) we know that k = % The general
solution for the ODE in for e = f =1 is this time

As) =V2+ egsco

where ¢ is the integral constant.

One of the animated versions for the figures can be found at the link below
and for all figures see the author’s profile.
https://www.geogebra.org/m/vnbzaghp
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(a) co=—-1

FIGURE 4. The main curve a (pink) and its T — R* associated
mate a* (black)

4. PRINCIPAL NORMAL ASSOCIATED CURVES

In this section, we define principal normal associated curves such that the prin-
cipal normal vector of a given curve lies on the osculating, normal and rectifying
plane of its mate.

Definition 4. Let a(s) : I C R — R3 be a unit speed curve and o* be any reqular
curve. If the principal normal, N of « is linearly dependent with the vector, O,
then we name the curve a® as N — O* associated curve of a.

Theorem 10. If o* is N — O* associated curve of «, then the relationship of the
corresponding Frenet frames of (o, o) pair is given by the following,

e 1 (A +1)b T+aN + AT B),
VaZz + 02 \ /(= s+ 1)2 + (A7)2 V(=2 +1)2 4 (A7)2
b -M K
N* = T+ N B
VaZ £ b2 <M()\H—1)—K)\T * JrM()\/i—l)—K)\T >’
. b(KT + MB)

a(M (s —1) —KA71)’
where the coefficients K and M are
K=X A +2N7) =M (- e+ 1)k — A2+ )),
M= (-Aa+1) (= e+ 1)k = AT+ ') = X (=Ax' —2X'K) .
Proof. Since o and o* are defined as N — O* associated curves, we write
o =a+ AN. (28)

By differentiating the relation , using the Frenet formulae given in and
taking the norm, we have:

T _ (= ke +1)T + NN+ \tB
VR + (V)2 + ()7

(29)
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Next taking the second derivative of the equation and referring again to
result the following relation.

o = (A = 2XNE) T+ (- s+ 1)k = AT + X') N+ (A +2X'7) B
The cross production of a*’ and a*” leads us the following form,
o' x o =KT + LN + MB,

where K, L and M are assigned to be as

K=X A +2N7) =M (- e+ 1)k = AT2 +)),

L=(-Xx+1) ()\T' +2X7) + A7 (A" = 2NK) | (30)

M= (-Ae+1) (=As+ 1) = AT + X)) = X (=Ax' = 2XK) ,
for the sake of simplicity. Note that the norm, || o*’ x o*” ||= VK2 + L2 + MZ2.
By referring again the definitions given by , we simply calculate N*, and B* as
(LAT — MMN)T + (M (Ax — 1) = KAT)N + (KN — L (=As +1))B

N* = (31
V(= + 12+ ()2 + (A7)2VK2 + L2 + M2
5+ KT+LN + MB
CVKEFLZ+ M2

The intuitive idea is as same as before. Since we defined a* to be as the N — O*
associated curve of a we can write that < N, T* >=< O*,T* >. By using this
together with the relations and we write

by a

VERFDZ (W2 + (A2 Va2 + 02 (32)
Similarly, we can write < N, N* > =< O*, N* > which results the following
M (A& —1) = KA1 _ b ' (33)
V(A + 124+ (V)2 + (M)2VK2Z+ L2+ M2 Va2 + b2
and by the same idea that < N, B* > =< O*, B* >= 0, we get
= (34)

VK2 + L2 + M2 B
When substituted the given three relations , and into and ( .,

we complete the proof.

Note that none of the differential equations given above is solvable analytically.
However we might solve them under some assumptions.

Corollary 3. If the curve a is chosen to be a curve with constant curvatures like
heliz, then by referring the relation @, we can derive

N (X’ — bj((m — 1)k + A#)) =0,
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which is solvable analytically in two folds. First, X' = 0 corresponding to that X is
a constant. If this is the case, then from the relation @, a =0, and if a =0 then
O* = N*. This is clearly the definition of the Bertrand curve, since o* becomes
N — N* associated curve of «.

When considered the second factor of the latter relation we come up with a non
homogeneous linear second order differential equation with constant coefficients.
For this case, there we have a complex solution that is as

. [ aivVE? + 72 aivk? + 72 K 9
A=sin| ———— | +cos | ———— | o+ 5, i° = -1,
b b K2 4 72

and since sin(ix) = isinh(x) and cos(ixz) = cosh(z), we can rewrite the solution

as:
. avK? + 72 avk? + 72 K
A =i4sinh | ——— | ¢; + cosh Co ,
b b K2 + 72

where ¢; and co are integration constants.
Now, by recalling the relations @ and under the assumption that o is a helix
like curve with constant curvatures, then we have

N7(=2\k + 1) = 0.

1
This results that A is a constant of the form, A = o
K

Theorem 11. If o™ is the N — O* associated curve of «, then the curvature, k*
and the torsion, T* of a* are given as follows,
a*(M Mk — 1) — KA7)
b(a2 + b2)(\)4 ’
. b K (As? + Arr? = 3N'K — A" — 3\ "k — K?)
a(M (A —1) — K1) +M (kT — AR2T — A3 4+ 3N 7 + A7 4 3\'7)

K =

Proof. By taking the third derivative of and using Frenet formulae, we have
S ()\HS + Aer? = 3NK — A" = 3Nk — /{2) T
+ (X" = 3N (k* 4+ 7°) = 3A(kK' +77') + K') N (35)
+ (m' — A2 = A 43N A+ 3)\//7) B.
Now by recalling the relations (32), and to substitute these into the
equations given in , we complete the proof. O

Definition 5. Let a(s) : I C R — R3 be a unit speed curve and o* be any reqular
curve. If the principal normal, N of « is linearly dependent with the vector, P*,
then we name the curve a® as N — P* associated curve of a.
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Theorem 12. If a* is N — P* associated curve of «, then the relationship of the
corresponding Frenet frames of (o, *) pair is given by the following,

. -Ar+1 AT
= T+ B,
V(=Ak +1)2 + (A7)2 V(=Ak +1)2 4 (A7)2
N drr Freng MDY
V2 +d? \ /(= +1)2 + (A7)? V(=Ak +1)2 + (A7)2
d (A2 + K2\ — k) (Ak—1) (/\7'2—}-(/%)2/\—/@)
B* = - T+ N+
Ve + d? ATK — KT A+ 7/ A (=ATR + KT'A —T')

Proof. Now, since again we defined a* to be as the N — P* associated curve of «
we can write three of our associative relations as usual which are

e < NN*>=<P* N* >,

e < N, B*>=< P* B* >,

o < NT* >=< P*T* >=0.
These relations this time result the following three equations

. M Ak —1) = KAr _ c
VEXEFID2Z+ VP2 + (M0 2VKEF L2+ M2 VR +d2
L _d (36)
VK2 + L2+ M? VE+ P
)\I

VAR F D2 (V)2 ()2
When substituted the latter relations in and we complete the proof. O

Corollary 4. Note that the third relation in (@) results that A is constant. What
we know from literature is that a Bertrand curve has a constant distance as well
as the Mannheim curves (see (1|, (4] and [2]). For Bertrand curves we also know
that curves share the principal normal vectors as common, on the other hand for
Mannheim curves, they share the property of the parallelization of principal normal
and binormal vectors. By our result, we see that if the principal normal vector of
any given curve coincides the unit vector spanned by principal normal and binormal
vectors of its mate, then the distance of two curves is constant, in general.

Theorem 13. If o™ is the N — P* associated curve of «, then the curvature, k*
and the torsion, T* of a* are given as follows.

ot = 1c3Ve? + d?
d* (m(Ak — 1) — kar)®’

. PE+) k(KN TN = A" — K2) + 1(=3A77 — 3 XK'k + K)
T d? 4m (—2TA = A+ A7 + KT)
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where k, 1, and m are the coefficients of which K, L, and M reformed with X = 0,
respectively.

Proof. By referring the relations together with , the proof is trivial. O

Definition 6. Let a(s) : I C R — R3 be a unit speed curve and o* be any reqular
curve. If the principal normal, N of « is linearly dependent with the vector, R*,
then we name the curve a® as N — R* associated curve of a.

Theorem 14. If a* is N — R* associated curve of «, then the relationship of the
corresponding Frenet frames of (v, o*) pair is given by the following,

. 1 (= e+ 1) f AT f
T = Ve + f2 (\/(/\,14r 12 + ()\T)QT-FGN-I- NESTESE (/\T)ZB> 5
N — ef (()\7'_ (=X + 1) (FAde+ 1) k= A2+ N') = X (—A/{’—QX/@))T
NEESEANON (A — 1) (M +2X7) + A7 (=Aw/ — 2 XK)
N 42XN7) =M (A + D)= A2+ X)) A —1
( (A = 1) (AT +2X'7) + AT (=M — 2X'K) - N >B>7
g _{ (()\/()\T/+2)\/T)—)\T((—)\K+1)/€—>\72+)\H)>T+N
Vet f? (A = 1) (AT +2X'7) + A7 (=Ax — 2X'K)

((—)\m +1) (A + 1) = A2+ X") = X (=Ar" =2 XH))B)
(A = 1) (AT +2X'7) + AT (—Ar/ — 2X'K)
Proof. Now, since again we defined o* to be as the N — R* associated curve of «
we can write three of our associative relations as usual which are
o < NT*>=< R*T* >,
e < N,B*>=< R* B* >,
o < NN*>=< R* N* >=0.
By using these we get

N e
B/ VRS Py EEN G ERRV A £
L /

= 5 37
VEKZHLZ4+ M2 \/e2 1 2 37)

MMk —1) —KAr
\/(—)\KZ + 124+ N2+ (A7)2VK2 + L2 + M2
When substituted the above expressions into and the proof is complete.
O

Corollary 5. The only analytically solvable equation in is the first one with the
same assumption that o is helix like curve with constant curvatures. The possible
solutions to that has already been discussed in Corollary @
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Theorem 15. If a* is the N — R* associated curve of «, then the curvature, K*
and the torsion, T of a* are given as follows.

. e3L
e+ )P
K (A&® 4+ X672 = AR — k2 =3 X'k = 3N'K/)
L2 (2 2

rr = BT [ (8w — BArr — BR2N — BN72 4 A" 4 )

f +M (—)\/127 AN+ kT + 3N T +3 XT')
Proof. By recalling both the third derivative and the relations to substi-
tute into curvatures in 7 we complete the proof. [l

5. BINORMAL ASSOCIATED CURVES

In this section, we define binormal associated curves such that the binormal
vector of a given curve lies on the osculating, normal and rectifying plane of its
mate.

Definition 7. Let a(s) : I C R — R3 be a unit speed curve and o* be any reqular
curve. If the binormal, B of « is linearly dependent with the vector, O*, then we
name the curve a® as B — O* associated curve of .

Theorem 16. If a* is B — O* associated curve of «, then the relationship of the
corresponding Frenet frames of (o, *) pair is given by the following,

1 b ATb
T — T N+aB),
Va2 + b2 (\/1+)\272 V14272 )

. b N'Y X nop
Va2 a(rX+Y)  MX+Y ’
2y
B'=—————— (XT+YN
X 7 v) XL YN,

where the coefficients X and Y are
X =27 (=AM 4+ X)) = N (=M = 2N 7+ k),
Y =A% = )N+ N ATk,
Proof. Since a and o* are defined as B — O* associated curves, we write
a* =a+ AB. (38)

By differentiating the relation , using the Frenet formulae given in and
taking the norm, we have:

T—-MN+)\B
T — ATN + A (39)

1+ X\72 + (X)2
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Next taking the second derivative of the equation and referring again to
result the following relation.
" = (A\R)T 4+ (=M = 2N 74+ 8)N + (=M% + \)B.
The cross production of a*’ and o*” leads us the following form,
o' x o =XT+YN +ZB

where X, Y and Z are assigned to be as

X =M (A2 + XN) =X (=M = 2X' 7 +K),

Y =02 = N+ Nk, (40)

Z = -\ —2N7+4 Kk + \N72k,

for the sake of simplicity. Note that the norm, || o’ x o*” ||= VX2 + Y2 + Z2.
By referring again the definitions given by , we simply calculate N* and B* as

N~ YN+ ZMT + (XA + Z)N + (-X\7 — Y)B (1)
1+ 272 4 (V)2VX2 + Y2 4 Z2
g XT+YN+ZB
VX2 rY2+7Z2

The intuitive idea is as same as before. Since we defined o* to be as the B — O*
associated curve of o we can write that

e < BT *>=<0O*"T* >,

e <B,N*>=<O*N*>,

e < B,B*>=<0*B*>=0.
By using these together with the relations and we write

. N _ a
VI+N )2 Vel &
XAt -Y b
° T = 5 5 (42)
L+ 222 4 (V)2/X2F Y2422 Ve D
« % _ _y
vX2+Y?2+72
Substituting these relations into and , we complete the proof. O

Corollary 6. If T is taken to be constant, then from the first relation given in @
we can derive the following:
2

NV — AZLQT?) = 0.



842 S. SENYURT, D. CANLI, K. H. AYVACI

This relation holds either X' = 0, correspondingly that \ is constant or

aT —_ar
A=cieb +coe b

3

as a result of the solution of second order differential equation, where c1 and co
are the integration constants. If X is taken to be constant then by the first relation
of (@) a = 0, resulting that O* = N*. We remind that this is the definition of
Mannheim curves.

On the other hand, when considered the third equation in @) and recall (@), we
have the following

Z=-\" —2N7+k+ N7k =0.

Rearranging this equation by dividing each term with (—27) results

!
N2 (B )y aa () - LB =o 43
+ ( 2 + 2T 2T ’ ( )
which is clearly a Riccati type of differential equation. If X = Ay is a particu-

lar solution for then we have a general solution by substituting \ = A + i,
that converts the Riccati equation into the following first order linear differential

equation:
CE ) @) e

where w is an arbitrary function of the parameter, s. The solution for this can
be done by following the steps given in the proof of Theorem @

Theorem 17. If a* is the B — O* associated curve of a, then the curvature, k*
and the torsion, T* of a* are given as follows:

. a*(XAT+Y)
C(W)2b(a? + 02)Va + B2
™ = —bQ(X)Q (X (MK + 3N 7K + 27"k — K?)
2(X\ 1Y)

+Y (AP 4 ATk = A7 = 3N = 3\'7 + K) )

Proof. By taking the third derivative of and using Frenet formulas, we have
" = (A 20k + 3N TE — kDT + (Mr? £ A2 = M = 3N = 3N 7 + k)N

+ (N =3M7" —3XN7% 4+ k7)B. (45)
Now, using the relations given in together with , to substitute into the
definitions lets us to complete the proof. O

Definition 8. Let a(s) : I C R — R3 be a unit speed curve and o* be any reqular
curve. If the binormal, B of « is linearly dependent with the vector, P*, then we
name the curve a® as B — P* associated curve of a.
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Theorem 18. If a* is B — P* associated curve of «, then the relationship of the
corresponding Frenet frames of (o, ) pair is given by the following,

1 AT
T ——— 72T N
V14272 V14 N2
1 3.3 _ (_ / 2_2
. dAT T_d()\ (=Xt +/€+)\T))N+CB 7
V2 + d? \/1 + 2272 (=M + K+ )\27'2)\/ 14+ \2r2

1 CAT c
B* = — T— N +dB | .
Ve + & ( V142272 14 2%2 )

Proof. Now, since again we defined a* to be as the B — P* associated curve of «
we can write three of our associative relations as usual which are

e < BN*>=<P* N* >,

e < B,B*>=<P*, B* >,

e < BT >=< P*,T* >=0.

These relations this time result the following three equations

. XAt -Y B c
1+ A272 4 (V)2 X2+ Y2 + Z2 Va2’
Z B d (46)
VXZ+ Y2+ 22 JE+ P
!/
. A =0.

14+ 272 4 (V)2
When substituted these relations, in and , we complete the proof. [

Corollary 7. When taken into account the third relation of (@) we conclude that
if the binormal vector of a given curve is linearly dependent with the unit vector

lying on the normal plane of its mate, then the distance between these curves is
constant.

Theorem 19. If a* is the B — P* associated curve of a, then the curvature, k*
and the torsion, T* of a* are given as follows.

. BVETE (14 22)°

A 03(—)\T’+/<c+)\272)2
d?(\*73 ()\ 76 + 27 KX — 112) + M2 (/\ TRE+HATS =7 A+ n')
+ (=M + k4 A272) (=37 TA + k7))
TH =

(+d?)(=M'+ K+ )\27'2)2

Proof. By substituting the relations given in and the third derivative into
the definitions given in , we complete the proof. O
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Definition 9. Let a(s) : I C R — R3 be a unit speed curve and o* be any reqular
curve. If the binormal, B of « is linearly dependent with the vector, R*, then we
name the curve o* as B — R* associated curve of .

Theorem 20. If a* is B — R* associated curve of «, then the relationship of the
corresponding Frenet frames of (o, «*) pair is given by the following,

1 f AT f
T* = T - N+eB)|,
Vel + f? <\/1+/\272 V14 N72 )
YN + ZA ~X\+Z
N*:\/jfi( HEAT TAAY )
2 1 52 Z\ Z\
. f X Y
B=—2__(27+_-N+B).
Ver+ f2\Z Tzt

Proof. Now, since again we defined a* to be as the B — R* associated curve of «
we can write three of our associative relations as usual which are

e <B,T">=<R"T">,

e < B B*>=< R* B* >,

e < BN*>=<R'"N*>=0.

These relations this time result the following three equations

. N _ e
\/1+)\272+(/\')2 NCENE
- -—-L (47)
VX2 1 Y2+ Z2 \/€2+f2’
. XAt =Y _o.

L+ MN72 4 (V)2VX2 + Y2 4 22
For the last time when substituted into and , the proof is complete. [

Corollary 8. The only analytically solvable equation is the first one of with
the same assumption given in Corollary (@ The possible solutions can be get by
following the same steps as well.

Theorem 21. If a* is the B — R* associated curve of «, then the curvature, K*
and the torsion, T of a* are given as follows.

. Ze?

O f@+ )P

) 12 X()\T/i’+22)\7’/<a—|3:3)\’7'//7—n2)// L
T :W +Y(>\TI£ + A = A" =3 XNt =3 \N1 +H)

+7Z (—3 At —3 (/\') 2+ kT + )\"/)
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Proof. Recall the relations and and substitute these in (2], the proof is
complete. ([
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