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Abstract

In this study, we mainly focus our attention on mathematical analysis of the phase and group velocities of low-
frequency Alfvén waves in the E region of the ionosphere. According to observational conclusions it is known that the
phase and group velocities of such waves are equal to each other when kinematic and magnetic viscosity are ignored. On
the other hand, these velocities have different velocities when we take kinematic andmagnetic viscosities into account.

Since it is very difficult to analyze the group velocity analytically, we plan to discuss its numerical solutions in our
future investigation. Thus, in the present study, we focus on the features of phase velocity of low-frequency of Alfvén
wave and analyze its nature in the E region of the ionosphere for low latitudes. we see that the trend of change of
magnitudes of the phase velocities on on March 21%and June21 resembles to the behavior of cosine function Moreover,
it is concluded that the magnitudes of real and imaginary parts of the corresponding solutions arelarger than the ones
obtained for March 21%. The ma in reason of this case may be higher electron production in the ionosphere in June.
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Diisiik Enlemlerde Iyonosferin E bélgesinde Diisiik Frekansh Alfvén
Dalgalarinin Faz ve Grup Hizlarinin Matematiksel Karekteristigi

Ozet
Bu ¢alismada, dikkatimizi esasen Iyonosferin E bolgesinde diisiik frekansh dalgalarin faz ve grup  hizlarinin
matematiksel analizini aragtirmaya yonlendirdik. Elde edilen gzlemsel bulgulara gore, kinematik ve manyetik viskozite
ihmal edildiginde faz ve grup hizlar1 boyle dalgalar i¢in esit degerlere sahip olmaktadir. Diger yandan kinematik ve
manyetik viskozite goz oniine alindiginda ise faz ve grup hizlar farkli degerler almaktadir.

Grup hizim analitik olarak analiz etmek olduk¢a zor oldugundan onun niimerik ¢6ziimlerini siradaki
arastirmamizda ele almayi1 planhiyoruz. Buradan hareketle sunulan bu arastirmamizda, temel olarak diisiik frekansli
Alfvén dalgalan i¢in faz hizinin 6zelliklerine ve orta enlemlerde iyonosferin E-bolgesi (140 Km) i¢in dogasinin analiz
edilmesine odaklanilmigtir. 21 Mart ve 21 Haziran’da faz hizlarmin biiyiikliklerinin degisim trendinin kosiniis
fonksiyonun davranisina benzedigi goriilmiistir. Ote yandan, karsihk gelen c¢oziimlerin reel ve sanal kisimlarimn
biiyiikliiklerinin 21 Mart i¢in elde edilenlerden daha biiyiik oldugu elde edilmistir. Bu durumun esas nedeni iyonosferde
Haziran ayindaki daha yiiksek elektron tiretimi olabilir
Anahtar Kelimeler: Alfvén dalgalari, faz ve grup hizi, iyonkiire

INTRODUCTION

Until now, a large number of scientists
haveperformed noteworthystudies about various
properties, physical structure, and chemical structure
of the Earth's ionosphere(Budden, 1988; Budden and
Stott 1980; Hunsucker and Hargreaves 2003;

Kaladze et al., 2019; Ratcliffe 1959). Since the
ionosphere has a conductive structure, the behavior of
electromagnetic waves in a such environment under
various conditions, have been studied in literature
(Budden, 1988; Budden and Stott 1980; Hunsucker
and Hargreaves 2003; Kaladze et al., 2019; Ratcliffe
1959; Richard, 2014; Rishbeth, 1973;Swanson, 1989;
Timucin etal., 2019; Timucin et al., 2014; Unal et al.,
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2011; Yasar, 2021; Yesil et al., 2021; Yesil and Sagir
2019; Yesil 2006; Yesil and Kurt 2019; Whitten and
Popoff, 1971).But, low-frequency waves have been
studied for a long time in ionosphere but these studies
these studies are lacking due to some
approaches(Richard, 2014; Rishbeth, 1973; Swanson,
1989; Timucin et al., 2019; Timucin et al., 2014; Unal
et al., 2011; Yasar, 2021; Yasar, 2021; Yesil et al.,
2021; Yesil and Sagir 2019; Yesil 2006).Wave
propagation in partially ionized plasma also plays an
important role in the coupling between the ionosphere
and magnetosphere. For example, the ionosphere may
support very-low-frequency Alfvén wave which can
be caused by a balance between the bulk fluid inertia
and the deformation of the magnetic field. The change
in momentum caused by the collision between the
plasma and neutral particles facilitates the transfer of
magnetic stress to neutrals. Therefore, at the low
frequency limit relative to the neutral-ion collision
frequency, the waves undergo very little attenuation
throughout the ionosphere. The frequency of these
waves are very low and below few Hz. At lower
frequencies below certain collision frequencies, the
plasma behaves like a fluid. Generally, the magnetic
field is present in all plasmas and a good conductor.
Therefore, the magnetic field frozen in the fluid
moves with the fluid. In MHD(Manyeto-
Hidrodyamic) equations, generally high and low
beta(B=P/(B2/2u0)) distinction is made. in which, P
represents plasma pressure and (B2/2p0) magnetic
pressure, respectively. If f>>1, then plasma pressure
is bigger than magnetic pressure and plasma drags
magnetic field, otherwise magnetic field drags
plasma. When plasma drags the magnetic field, the
stresses occurring in the plasma propagate with the
sound waves. Otherwise, this stress propagates
Alfvén waves(Richard, 2014; Richard, 2014;
Rishbeth, 1973; Swanson, 1989; Timucin et al., 2019;
Timucin et al., 2014; Unal et al., 2011; Yasar, 2021;
Yasar, 2021; Yesil et al., 2021; Yesil and Sagir 2019;
Yesil2006). Why is it important for us to study group
and phase velocity? Because when the wave enters a
medium, it can lose energy or take energy from the
medium, such as the ionosphere plate. Especially in
remote sensing methods, group and phase velocity are
generally studied when it is important for information
about how much energy a wave loses or gains in the
environment.

In this paper, it has been studied the group and
phase velocity for the accepted conditions in the
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ionospheric plasma. As known, group carries energy
in a wave, while phase velocity is the velocity of
propagation of the wave in any direction. In many
cases, it is the shape of a waveform. Sometimes the
directions of group repetition and phase velocity are
different. However, this information is not always
correct if the wave is traveling in an absorbing
medium. Many studies and experiments since the
1980s have shown that the group speed of laser light
sent with specially prepared materials can exceed the
speed of light in an air gap. In this case, faster-than-
light communication is not possible because the
signal speed remains slower than the speed of light in
every way. It is also possible to reduce the group
velocity to zero by stopping the current or creating a
negative group velocity. In all cases, however,
photons continue to propagate in the medium at the
speed of light(Swanson, 1989; Timucin et al., 2019;
Timucin et al., 2014; Unal et al., 2011; Yasar, 2021;
Yasar, 2021; Yesil et al., 2021; Yesil and Sagir 2019).

THE COMPLEX PHASE AND GROUP
VELOCITY OF LOW-FREQUENCY ALFVEN
WAVES FOR IONOSPHERIC PLASMA AT
NORTHERN HEMISPHERE

It is well known that MHD equations governing
a compressible viscous conduction fluid immersed in
a magnetic field are given by;

0
V(o) =0 (1)

op
memﬂupm(u.v)u =-VP+JxB

(2)
2
- Pmork VU
L ZVgVPm 3)

VxB=pugd (4)
__®B

VxE= o (5

E +uxB = 0(6)

If equations 1,3,4,5 and 6 are substituted in equation
2 after mathematical manipulation, using each other,
the momentum equation,

ou 1
pmogl +V§me1+% By x (V= By)=0(7)
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%—VX(UX Bo)—anZBlzo(S)

In which, all fields change as follow.
B(T, t) = BO + Bl(r, t)(g)

P (1) = p0 + P, (1, 6)(10)
u(r,t) = uq (r,t)(11)

Lowercase u is the fluid's velocity, pm mass
density, and B is the magnetic field. Under
equilibrium conditions, the fluid is assumed to be
spatially uniform with constant density pmo, the
equilibrium velocity is accepted zero and throughout
the fluid the magnetic induction By is uniform and
constant (Swanson, 1989; Timucin et al., 2019;
Timucin et al., 2014; Unal et al., 2011; Yasar, 2021;
Yasar, 2021; Yesil et al., 2021; Yesil and Sagir 2019).
If both electrical and fluid equations are used within
each other (Equations (1-3)), Eq.(7) is obtained by,
Some expressions in this equation, respectively,

o: Wave Frequency, k= wave vector, Va ; Alfvén
Velocity and Vs ; Adiabatic sound speed

.

Figurel. The geometry of Earth’s magnetic field for the
Northern hemisphere [1-5,9-10]].

B = Byax + Bya, + B,a, (12)

WhereB, = ByCosl Sind, B, = ByCosl Cosdand

B, = —B,Sinl. | and d are the magnetic dip and the

magnetic declination angles, respectively. Wave

vectork = ky, + k, = ksin(0)y + kcos(0)z,

Besides, Va and components of its velocity by using

the geometry of magnetic field in Fig.(1)

B . .
VA=————=Vaxi+Vayitva K
VH0PmO (13)
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In which V,,, =V, Cosl Sind, Vy,, = V4 Cosl Cosd
andV,, = =V, Sinlare and Vs = (vkp T/p,,)(1/
2)(Adiabatic sound speed), y, degrees of freedom ,
k,=Boltzmann constant and T= Fluid temperature.

If d=0 becomes with respect to Fig.1, the phase
velocity of Alfvén wave could be obtained as follow.
1 1
V—gﬂmﬂk _E

+Vi§{[[\’_£j(sm(e_ | )T it +;7m)}=o

From here, after some mathematical operations, the
propagation speed of Alfvén wave

1 —,Ui(KlZR-i-KlzsféCOS(Zj

(14)

2
Y% 2myey
P " (15)
—Zi(KfR + K& )% Sin(g)
+i
210
In which, K = ko T kinematic viscosity
A%
Thm = magnetic viscosity This
HQoQ

speed(Eqn.(15)) is occurring in both the real and
imaginary parts. The real part represents the
progressing imaginary part of the wave, the damping
part of the wave.

Kig =42 — 1% +4o
Kys =—2uy

z=£(77k +7m) (16)
w

_ k"Im

W2

ﬂ:{VASin(G—I)T

w

o

If we rearrange the phase velocity equation
above in terms of the wave propagation vector and we
neglect fluid and magnetic viscosity, Eqn.(15) turns
into the following expression.
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w2 =k (Sin@ 1)’ and v} =v3(Sin(@-1)* (17)

2
B .
0 (sin@-1)

H0Pmo

The relationship between group and phase velocity

are given by;

nN+o— ok
ow

If 6=I takes (perpendicular case), then from Eqgn.(15)

is obtained as follow

V3= (18)

(19)

1
Vg = —i(ng +ny) (0)
\/—i(nk+nm) . (N Ny )
a)(nk-nm) —i(nk +nm)
20(ng Ny

According to Fig.1, Egn.(15), when the
magnetic field is parallel to the propagation vector
(K),

That is; 6=90+1, the phase velocity of Alfvén wave
is obtained by

2 N ,T2+,,2%
_ﬁw”iw;ﬁTT

o 2
Vi 2mk71m (21)
2 2 %
1 7R T\ 7TR + 7
(2 Yoo bR
) 2
+1i
21 1Im

V'g 1 2
R =—4'—2(77k ~m)

=2 )[4

2
Vp

:HR +iH| :>i
Vb

JHR +iH| =FR +iF| (23)
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2Kl

—_

Ui

(24)
_[(VAJZI_}_ TR iﬂﬂ'é-i—ﬂ'lz %
® B 2
I = (25)
21 Im
1 —7TR i\,ﬂ%+72'|2 %
_ij(nk /e )}i 2
m, - (26)

21T

NUMERICAL ANALYSIS AND RESULTS

In this context, the pure Alfvén waves for the
considered conditions in Northern-hemisphere at E-
region ( for height 140 km) of ionospheric plasma
were calculated with low latitudes by using Eq.(16,
17-18), at hour 12.00 LT for 1990 year. We have
studied special days March21® (Northern and
Southern Hemispheres. Sun rays fall at noon at 90° to
the Equator. From this date, the sun's rays begin to
fall perpendicular to the Northern Hemisphere. The
nights begin to be longer than the days in the Southern
Hemisphere) and June21* (the Summer Solstice is
the longest day of the year. The longest day affects
not only the Northern hemisphere but also the
Southern hemisphere. On this date, winter begins in
the Southern Hemisphere. Longest night and shortest
day in the Southern Hemisphere) for

Alfvén wave modes. The ionosphere parameters
(16, 17-18) used for calculation were obtained by
using the IRl model, according to the accepted
conditions. We investigated the seasonal change of
eqns. with respect to latitude for 12.00 LT. According
to the results of the numerical calculations, the real
and imaginary parts of the phase velocity for March
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21%are shown in figures 3 and 4 when the wave
propagation vector is perpendicular and parallel to the
magnetic field. If the magnetic field is parallel to the
propagation vector (6=90+l), it shows an
approximately — symmetrical variation for its
perpendicularity((6=1)). When (6=90+1), the change
of the real part of phase velocity approximately looks
like the cosines function. The same trend is also seen
when 6 = |. But it is symmetrical when the magnetic
field is perpendicular to the propagation vector. That
is, the imaginer part is maximum when k//B is, the
magnitude of the real phase velocity is minimum
when k is perpendicular to B. The trend of change
with the latitude of the magnitude of the imaginary
part of the phase velocity is similar to the real part but
different in magnitude. It is slightly smaller than the
real part (Fig.3). Actually, If the magnetic field is
perpendicular or parallel to the wave propagation
vector on June 21, the change in the phase velocity of
the real and imaginary parts at mid-latitudes is as
given in figures 4 and 5. accordingly, the latitude
changes of both the real and imaginary parts are
similar as a trend for the 21 March situation.
However, on June 21, the values are expected to
increase. It is likely that dynamic processes in the
ionosphere are more frequent in this month since the
sun's rays are more and ionization is more.

A,0E-12 T
= r
3 -
Q
>
Q
(%]
© :
3,0E-13 £
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£
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5
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Fig.2. The real part of phase velocity of Alfvén waves
k//B and k1B (March21, 12:00 LT).
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Figure 3. The imaginary part of phase velocity of Alfvén
waves k//B and k1B (March21%, 12:00 LT).
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Figure 4. The real part of phase velocity of Alfvén waves
k//B and k1B(June21, 12:00 LT).
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Figure 5. The imaginary part of phase velocity of Alfvén
waves k//B and k1B(June21%, 12:00 LT)

CONCLUSION

In this study, Alfvén waves for the accepted
conditions in Northern-hemisphere at E-region of
ionosheric plasma was calculated with low latitudes
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by using Eqn.(15-17), at hour 12.00 LT for 1990
year. When the results are evaluated in this article,
the outstanding results are; In fact, it has been shown
that all modes of all Alfvén waves (Pure Alfvén, fast
and slow MHD) depend on the angle between the
magnetic field and the wave propagation vector, as
well as on the declination and magnetic dip angle. the
values of NmF2 during the night as a function of the
latitude exhibit a condition so-called "cavity" focused
on the lowest magnetic point of the equator with
"peaks" in 15 °N - 20 °S latitudes in the northern
hemispheres.  Electromagnetic drift (LB) and
diffusion (//B) combine and cause an upward increase
in plasma motion like a “fountain”. As can be seen
from the analytical and numerical solution, if the
viscosity coefficients are not taken into account, the
real and group velocities of all waves are equal to the
phase velocities. Besides, just like in cold plasma,
when collisions, kinematic viscosity, and magnetic
viscosity are taken into account, all parameters of the
medium, group velocity, and phase velocity of the
wave are complex. As it can be understood from the
numerical calculations, the behavior of the phase
velocity of the wave in mid-latitudes is almost similar
to a cosines function, but the magnitudes of both the
real and imaginary parts are different in both seasons.
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