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ABSTRACT. In a generalized topological space Ty = (Q, ) (F5-space), var-
ious ordinary topological operators (Ty-operators), namely, intg, clg, extg,
frg, derg, cody : Z () — P (Q) (Z4-interior, Tq-closure, Ty-exterior, Ty-
frontier, Ty-derived, Tq-coderived operators), are defined in terms of ordi-
nary sets (Tq-sets). Accordingly, generalized Tg-operators (g-Tq-operators),
namely, g-Intg, g-Clg, g-Exty, g-Fry, g-Dery, g-Cod, : Z2(Q2) — £(Q)
(g-Tg-interior, g-Ty-closure, g-Tq-exterior, g-Ty-frontier, g-Tq-derived, g-Tg-
coderived operators) may be defined in terms of generalized Tg-sets (g-%Fg4-
sets), thereby making g-Tg-operators theory in Jy-spaces an interesting sub-
ject of inquiry. In this paper, we introduce the definitions and study the essen-
tial properties of the g-Tg-interior and g-Tq-closure operators g-Inty, g-Clg :
Z () — & (), respectively, in terms of a new class of g-Ty-sets which we
studied earlier. The major findings to which the study has led to are: Firstly,
(g-Inty, g-Cly) : Z (Q)x Z () — Z () x P (Q) is (2, 0)-grounded, (expan-
stwe, non-expansive), (idempotent, idempotent) and (N, U)-additive. Secondly,
g-Inty : Z(Q) — Z(Q) is finer (or, larger, stronger) than intg : & (Q) —
Z(Q) and g-Cly : Z(Q) — F(Q) is coarser (or, smaller, weaker) than
clg : Z(Q) — 2 (). The elements supporting these facts are reported
therein as sources of inspiration for more generalized operations.

1. INTRODUCTION

Just as the concepts of T, g-T-interior operators in .7 -spaces (ordinary and gen-
eralized interior operators in ordinary topological spaces) and ¥, g-T-closure opera-
tors in .7 -spaces (ordinary and generalized closure operators in ordinary topological
spaces) are essential operators in the study of T-sets in J-spaces (arbitrary sets in
ordinary topological spaces) [1, 2] [3 41 [51 6] [, [8, @91 [10L [IT], T2], so are the concepts
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of Ty, g-T,-interior operators in Jy-spaces (ordinary and generalized interior oper-
ators in generalized topological spaces) and T, g-T4-closure operators in T-spaces
(ordinary and generalized closure operators in generalized topological spaces) es-
sential operators in the study of Ty-sets in Jy-spaces (arbitrary sets in generalized
topological spaces) [13] 14} [15] [16, 17, [18, 19].

Intuitively, ¥, g-T-interior operators, respectively, in a .7 -space can be charac-
terized as one-valued maps int, g-Int : & () — &2 (Q) from the power set & (2)
of 2 into itself, assigning to each T-set in the J-space the U-operation (union op-
eration) of all ¥, g-T-open subsets of the T-set [20, 2], 22, 23]. When the role of
U-operation and T, g-T-open subsets, respectively, are given to N-operation (in-
tersection operation) and T, g-T-closed supersets of the T-set, the dual notions,
called T, g-T-closure operators in the J-space follow [21], 23, [24] [25] 26], which
can likewise be characterized as one-valued maps cl, g-Cl : & () — £ (12). Fi-
nally, when (7,%,g-%) — (%,Qg,g-fig)7 the notions of Ty, g-T -interior and
Ty, g-T-closure operators in a Jy-space follow [15} 16} 27, 28] 29} 30 B1], which
can in a similar manner be characterized as one-valued maps of the types intg,
g-Int, : Z(Q) — Z(Q) and clg, g-Cl; : Z () — Z (Q), respectively.

Thus, in a J-space, int, g-Int : ¥ — int (¥), g-Int () describe two types of
collections of points interior in . and, cl, g-Cl : .7 — ¢l (), g-Cl(¥) describe
another two types of collections of points but close to .. Similarly, in a J-space,
inty, g-Inty : 7y — inty (), g-Int, () describe two types of collections of
points interior in . and, clg, g-Cl; : S — clg (F5), g-Cl, () describe another
two types of collections of points but close to .#;. Of all such operators int, cl, g-Int,
g-Cl: Z () — Z(Q) in T-spaces and intg, clg, g-Int, g-Cl; : & (Q) — £ (Q)
in F-spaces, int, cl : & (Q) — & (Q) are the oldest and g-Inty, g-Cl; : 2 (Q) —
Z () are the newest. Hence, the studies of operators of these kinds have evolved
from the studies of ordinary operators in ordinary topological spaces to the studies
of generalized operators in generalized topological spaces.

In the literature of .73-spaces on g-Tg-interior and g-%4-closure operators, some
new types of one-valued maps g-Inty, g-Cl; : & (Q2) — £ () have been defined
and investigated by Mathematicians.

Based on ¢-sets in y-spaces, Min, W. K. [32, 33| 28] has introduced the g-% -
interior and g-%;-closure operators ig, co : & (Q2) — & (), respectively, and
used them to study some properties of 6 (g,g’)-continuity in Jy-spaces. Cao,
Yan, Wang and Wang [34] have introduced and then used the g-T;-interior and
g-T4-closure operators iy, ¢y : & () — £ (Q) (A-interior and A-closure opera-
tors), respectively, where X € {«, 8,0, 7} in Z-spaces. Saravanakumar, Kalaivani
and Krishnan [30] have studied the g-Ty-interior and g-T4-closure operators iy,
¢ P Q) — Z(Q) (f-interior and fi-closure operators), respectively, in terms
of g-Ty-sets (fi-open sets) in Jy-spaces. Srija and Jayanthi [35] have introduced
the g-Tg-interior and g-T4-closure operators sig, scg : & () — £ (Q) (g-semi
interior and g-semi closure operators), respectively. Boonpok, C. [36] has intro-
duced the g-Ty-interior and g-Tg-closure operators i), csu) @ & () — Z(Q)
(6 (p)-interior and & (p)-closure operators), respectively, and utilized them to study
the properties of (s5¢,, (¢,0 (u))-closed sets in strong J-spaces. Later on, in ex-
tending the notion of /L—Bg—closed set introduced by Kannan and Nagaveni [37]
in J-spaces to Jy-spaces and then studying their properties, Camargo, J. F. Z.
[27] has also investigated the related g-%4-interior and g-T4-closure operators B 9iy,
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Bgcu : P (Q) — P (Q) (u-Bg-interior and p-Bg-closure operators), respectively.
Relative to the g-%g-interior and g-Ty-closure operators introduced by Csészar, A.
[3, 138], the author found that the image of a T4-set under Bgiu 7 () — Z(Q)
is a superset of that under i, : & (Q) — £ () and, the image of the T;-set under
Bgcu 1 P () — P (Q) is a subset of its image under ¢, : & () — £ (Q).

In this paper, the essential properties of a new class of g-Tg-interior and g-%g4-
closure operators in J-spaces are presented.

The rest of the paper is structured as: In Section [2] necessary and sufficient
preliminary notions are described and the main results are reported in Section
In Section EI, various relationships between these g-%;-operators are discussed
and an application of the g-%4-interior and g-T4-closure operators in a J-space is
presented. Finally, the work is concluded in Section

2. THEORY

2.1. Necessary Preliminaries. The standard reference for notations and con-
cepts is the Ph.D. Thesis of Khodabocus M. 1. [16].

Throughout, 4 is the universe of discourse, fixed within the framework of g-% -
operator theory in Zg-spaces; I3, Iy C Z9% and I3, IX, C Z9 are index sets
including and excluding 0 [I5] [16]. To abstract definitions of concepts, let a € {o, g}.

Definition 2.1 (7,-Space [15},[16]). A topological structure T, def (Q, Ta), consist-

ing of an underlying set Q@ C U and an a-topology Ta: P (2) : ‘? ((Q))
a

satisfying the compound ,-axiom:

( (@) = @) ( o (ﬁo V) - ﬁo,y)
( 0( uel* ) - muel;; o (ﬁo,u))
Ax () ety N7 (U velr Oov) = Uuelgc 5 (Os))  (a=0),
(20 =DA% (04.) € 0
(‘%( vel?, V) = UUGI;C ‘% (6)97”)) (Cl = g) )

is called a T4-space.

On J,-spaces, neither ordinary nor generalized separation axioms are assumed
unless otherwise stated. If a = o (ordinary), then Ax(.7,) stands for an ordinary
topology and if a = g (generalized), then Ax (J;) stands for a generalized topology.
Accordingly, T = (2,.7) = (2, 7%,) =% # Ty = (2, ). f Q € T, then T, is a
strong Jg-space [3, 39] and if T (M,crx Carv) = Nvere Zo (Og,) for any I C I%,
then T, is a quasi Jg-space [40]. ! !

Typically, (I‘,{ﬁa},ya) C Q x T, x T, denotes a triple of a Q-subset, a

unit set containing a J,-open set and a T,-set. By Cq (0,) = #, € =T, def

{A: C(A) € Fu} is meant a Fy-closed set. On the other hand, the operators
intg, clg: Z(Q) — Z(Q)
Fa ity (S), clo (Fa)
operators, respectively. Accordingly,

. def def
inte (Z2) = |J  Oa a(F)=E () A (2.1)
Oa €0 () Ha€CND [Fa]

are called ¥ -interior and ¥ ,-closure
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where C2° (7] € {0a € Tu 2 Oa C S} and C% [S] {Jif A

Ha D Sa}. In general, (intg,clg ) # (int,,cl,) [4I]. Set 7* (2 )_ \{@}
T = T\ {0}, and ~7; = 7,0, [0},

op,: Z(Q) — 2

Fa +—> 0pg ()
is called a generalized operation (g-operation) if and only if the following statements
hold:

(V70 € 2" () (3(00, Ha) € T x ~T) [(0pa ) = 0) V (0D, (0) = 0)
V(e S opg (0a)) V (Fa 2 mop, (Ha))], (2:2)

Definition 2.2 (g-Operation [15] [16]). A mapping

—op,: Z(Q) — Z(Q) . : i )
where Fu s —0p, (L) is called its complementary g-operation,

and for all Ty-sets Sy, Saw, Fap € P*(Q), the following axioms are satisfied:
— AX. L (Sa Sopg (0a)) V (Fa 2 = op, (Ha)),
— AX. 1L (0pg (Fa) € 0P 0 0P (Oa)) V (20, (Fa) 2 ~0p, 010D (Ha)).
AXx. 1. (fa,y C Sap — 0pq(Oay) Cop, (ﬁa,u))
V(Sau © Faw +— 20pa (Hap) 2 70D (Han)),
— AX. V. (0pa(Ugepp Pa0) € Uy 0Pa (Ca0))

\/(_' OPq (Uo=u,u ‘Sﬂavo') 2 Uo:u,u T OPq (‘%/‘7‘7‘7))’
for some Ty-sets Oy, Oy, O4, € T and Ky, Hay, Hau € T3

The formulation of DEF. is based on the Cech closure operator axioms [42]
and the axioms used by other mathematicians to define closure operators [43]. The

class .2, | def {opg, = (0Pg,, 0D, ) : v €I§} C L2 [Q] x ZF 9], where

def
Opa € f:’ [Q] ; {opa,O7 opa,lv opa,Zv opa,S} (23)
= {intu, cly ointg, int, ocly, claoin‘uaocla}7
def
0P Eff [Q] = {ﬁopa,O’ T 0Dq,15 T OPq,25 ﬁOpa,?)} (24)

= {clu, intq ocly, cly ointg, intaoclaomtu},
stands for the class of all possible pairs of g-operators and its complementary
g-operators in the Ji-space T,. In general, Z;[Q] > op, = (opg7ﬁ0pg) #*
(opo, —|0p0) =op, € % [Q].

Definition 2.3 (g-Tq-Sets [I5,[16]). Let (S, {Ou},{H#a}) C Tax Tax T, and let
oP, , € £y [Q] be a g-operator in a Ty-space Tq = (2, Ty). Suppose the predicates

Po(Far Ony #a30P0,;C.2) = Po(Fa, Oa;0D,,:C) V Pa(La, Haiop, i D),
Po(FarOai0Pa,;C) = (3(Cayopy,) € Ta x L2[9)
[Sa C oDy, (6)]
Po(Fas Ha:0Pg,32) = (3(Ham0py,) € 770 x L [0 (25)

)
[ya 2 T 0DPq,u (Jffa)]
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be Boolean-valued on o x (Ty U~Ty) x Za [Q] x {C, D}, then
gr-S[T] ¥ {FC Ta Pa(%ﬁmxfa;opa,y;g,;)},
gr-0[T] ¥ (A CTa: Pa(Fa Gaiopa,iC) ) (2.6)
gv-K[Td] € (S CTa: Po(Su Hasop,,i2)},

respectively, are called the classes of all g-%,-sets, g-T,-open sets and g-%,-closed
sets of category v in T.

def def

In particular, O [T {Fa CFa: Pa(Fa, Fa;0Pg0;C) } and K [T {“cC
Ta: a(ya,ya,opuyo, _)} denote the classes of all T -open and ‘I —closed sets,
respectively, in Ta, with S [Tq] = Uge(o ky E [Ta] [15; 16]. Clearly,

0S[%) € | orS[Ta

uelg
= U gr-E[T]= |J oE[T].
(v,E)eIdx{O,K} Ee{OK}

By virtue of the foregoing descriptions, .7 is g-T4-open or g-T-closed of category
v (g-v-T4-open or g-v-Ty-closed) if and only if there exist (O, %) € Ty x =T,
such that

(‘Sﬂg g Opg,l/ (ﬁg)) \ (yg 2 _'Opg,l/ (%))7 (27)
where
(intg, clg) (r=0),
B det ) (clgointg, intgocly) (r=1),
OPg.s = (0P 70Pg.) = (intg oclg, clgointg) (r=2),
(clgointgocly, intgoclgointy) (v =3).

Thus, %y, Sy, U, Vg C T4 are of categories 0, 1, 2, 3, respectively, if and only if
(%4 Cintg (Of)) V (%4 2 clg (),
(#5 C clgointy (0y)) V (S5 2 intg o clg (H)),
(%, C intgocly (Of)) V (% 2 clgointy (),
(75 C clgointgocly (Oy)) V (¥ 2 intg o clg ointy (A)), (2.8)

for some (Oy, ) € Ty x =Fy. The notions of g-T,-separateness and g-To-
connectedness of category v € I are based on g-T,-sets of the same category
v.

Definition 2.4 (g-%T,-Separation, g-T,-Connected [16]). A g-T,-separation of cat-
egory v of two nonempty Ty-sets X, Lo C Ty of a Ty-space Ty, = (Q, Ty)
is realised if and only if there exists either (Oue, Oqc) € Xaer; g-v-0O [Ta] or

(Hae, Hac) € Xoery 8v-K [Ta] such that:

( || Oanx :@auyu> \/( || Han :%’auyﬂ>. (2.9)

A=E£,¢ A=£,¢
Otherwise, they are said to be g-%,-connected of category v.
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Thus, %, C T, is g-FT-connected if and only if .7, € g-Q [T4] = Uuelg g-v-Q [T4]
and g-T,-separated if and only if ., € g-D [T,] = Uuelg g-v-D [%,] where,

g-Q [T & {y C Ta: (V(Our, Han),_, , € g-v-0[Ta] x g-v-K[To))

A=£,¢

[ﬁ<x|=_gl,<ﬁa’k_ )/\ (J—Jcﬁ“— )” (2.10)

gD [T,] % {ya € T (H(Ouns Hon),_. . € g-0-O[Ta] x g-K[Ta])

<)\|__§|,< Tor = >\/<A|—£|C‘%fA = )” (2.11)

Evidently, by Q € g-v-Q[%4] or Q € g-v-D[T,] is meant a g-T,-connection of
category v or a g-%,-separation of category v of the J,-space T, = (Q, ;) is
realised.

2.2. Sufficient Preliminaries. The dual concepts called g-%,-interior and g-%,-
closure operators of category v in J,-spaces are presented from set-theoretic and
vectorial viewpoints herein.

Definition 2.5 (g-v-%,- Interior g v-Tq-Closure Operators). Let T4 = (2, 7,) be

a Jy-space, let ngo[&z][ = {ﬁ € gv-0[Ta] : Ou € Fu} be the family of
all g-v-% -open subsets of ,5” € X (Q) relative to the class g-v-O [Z4] of g-v-T -
open sets, and let CZ“SK - ] def {: € gv-K[Ta] © o D Fa} be the family

of all g-v-%,-closed supersets of S € P (Q) relative to the class g-v-K|[Zq] of
g-v-%,-closed sets. Then, the one-valued maps of the types

glnt,, 2 (Q) — 2(Q) (2.12)
Se —> U O,
Oa€CYY) oz g [Fa]
oCl:2(Q) — 2(Q) (2.13)
S0 —> ﬂ Ky
HLECTP s [Fal

on Z(Q) ranging in P () are called, respectively, g-%q-interior and g-%,-closure
operators of category v. The classes g-1[T def {g Int, ,: vE IO} and g-C[%,] = def

{g Cl,: ve I3}, respectively, are called the classes of all g-Tq-interior and
g-Tq-closure operators.

y g-Int,, g-Cl,: 2(Q) — Z(Q)

e — g-Int, (S), ¢-Cl, ()
g-Tq-operators because, the first is based on U, C, 041, Oq2, ... while the second
on m) 27 L%/Cl,l) *%/01727

Remark. Note tha are dual
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Definition 2.6 (g-%,-Vector Operator). Let T, = (Q, T) be a Ty-space. Then,
an operator of the type

gle,, : Z(Qx 2(Q) — 2(Q)x2(Q) (2.14)
(%aay) — (g'Intu,u (‘@a)ﬂg'CIa,V(yu))

on Z(Q) x Z () ranging in & (Q) x P (Q) is called a g-Tq-vector operator of

category v. Then, g-1C [T dEf {g Ic, (g—Inta’l,,g—Clavl,) NS Ig} is called the
class of all g-%,-vector opemtors

Remark. Observing that, for every v € I3, the first and second components of
the g-Tq-vector operator g-Ic, , = (g-Intu,y,g-ClaW) are based on g-v-O[%T,4] and

g-v-K [T, respectively, it follows that g-Ic,, = icg def (intu,cla) if based on

ic,: Z2(Q ) Z) — Z(Q)xZ2(Q)
(Ro, So) — (mta (%,) ,clq (Ya))
is called a T4-vector operator in a Ty-space Tq = (R, Tq).

0 [%,] and K[Z,]. In this way,

3. MAIN RESULTS

The essential properties of the g-Tj-interior and g-T4-closure operators in Jg-
spaces are presented below.

Lemma 3.1. If{.7;, C T, : v € I}} bea collection of o > 1 Ty4-sets of a Ty-space
Ty = (Q, Fy), then:

L CSOu[}%g] [ﬂVGI; ygﬂ/] = ﬂ C%l[l‘)zg] Lygw]’

VEI:;

- 1L C;J[pig] [UueI; yﬂﬂ/} = U C;l[pxg] (o]

velx

Proof. Let {#, C%Tq: v eIk} be a collection of o > 1 Ty-sets of a Jy-space
Ty = (Q, Fy), then by virtue of Ty-set-theoretic (N, U)-operation, it results that

Csou[t%g] I:mI/EI; yﬂ,l/] = {ﬁg € O [{ZE] : ﬁg g ﬂVeI;yg’y}
= {0, €0[%y]: Noer: (05 € F40)}
= V{0 €05: 6,C S} = () Cok. [Fol:

IJEI* I/EI*
Csu[p Tql [UueI; yw'] = {‘%/ = K[ ] Ji/ Uuelgygw}
= { A KT Voer (2 H4u)}
= U{HeKE]: 42 %)= U Gk, 7]
vely: vely:
The proof of the lemma is complete. ([

For any (0, #y) € O[T,] x K[T,], Oy C op, (04) and Ky 2 —op, (H;) hold,

or alternatively, O [T4] C g-O [T,] and K [T4] C g-K [T,]. Consequently,
(05 € O[T,] — Oy € g-0[%,) A (g € K[Ty] — A € K [55)).

As a consequence of the above lemma, the corollary follows.
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Corollary 3.2. If {#;, C%y: v €I} be a collection of o > 1 Ty-sets of a Ty-
space Ty = (0, Ty), then:

- L ngu(]%[‘I [mVGI; yg;l’] = m Csub [,5”9 vl

vel}
1 Coie (Uver: Za0] = U Cokie,) ol
vels
Remark. Clearly, CZ‘—JB[TD][DVEI; S =0 = {0} and C*up[ ][UueI; Faw] =
sub su
{Q} hold.  Moreover, C3'd,)[s = Q] = g-0[T,] and Coxis, ][ s = 0] =
g-K [T].
Proposition 3.3. Let %, C Ty be a Ty-set and, let g-Inty, g-Cly : & (Q) —
Z (), respectively, be a g-Tq-interior and a g-Tq-closure operators in a Ty-space

Ty = (2, Fy). Then, the necessary and sufficient conditions for (£, () € g-Int (F5)x
g-Cly (F) C Ty x Ty to hold in Ty are:

~ L ¢egnt, (F) +— (30 € g-0[T]) [Ogc C 4]
— 1L (€ g-Cly (S) «— (VO ¢ € g-0[Tg]) [Ogc NIy #1].
Proof. Let /3 C T4 be a Ty-set and, let g-Inty, g-Cl; : & () — F (1), respec-

tively, be a g-T4-interior and a g-T4-closure operators in a Jg-space Ty = (2, Fy).
Suppose

coerm @@= U a)x( N #)
O ec;ug[(I ][Y] Hy ECZ“I"([T ][5/’9]

Then, since the relations

U Oy +— {&: (30, € Cy%s,1 7)) [€ € 6]},

o eCD“‘(’)[T ][%]
N A G (W e G, ) [C e A}
HyeCsn 1]
hold and g-O [%y] x g-K[T,] 2 C;“gm] BAR C;uﬁ[g 1 [#5], and, on the other

hand, the relation £ € Oy C Sy C K¢ also holds for any (£, 0g¢, Hge) €
g x C38 Olz,] [F6] X C:lfﬁ[%] [-74], it follows that

§eginty (F) +— (30, € CYx,1 [74)) [ € O]
— (304¢ € -0[%,]) [Ope C S5

CegCly () +— (VA € Clye, 7)) [C € A
—

(Vb5 € 9-O[F4]) [Ogc Ny # 0]

Hence, ¢ € g-Int, (#) is equivalent to (30, € g-O[Ty]) [Ty C 7] and ¢ €
g-Cl, () is equivalent to (V04 € g-O[T,]) [Ogc NSy # 0]. The proof of the
proposition is complete. O

Theorem 3.4. If { %, C%y: v €I} be a collection of 0 > 1 Ty-sets of a Ty-
space Ty = (2, Ty) then:
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- LogIntg tepe Lo — () oInty () Ve-Intg € g-T[T,),

velx
~ 11 g-Cly: Upep: Faw — |J 0:C1y(F) Vo-Cly € g-C[T].

velx
Proof. Let { S5, CTy: v €I} be a collection of o > 1 Ty-sets of a F-space
Tg = (2, 7). Then for any (g-Inty, g-Cly) € g-1[Ty] x g-C [Ty, it follows that

g—Intg : ﬂ yg,y — U ﬁg
vel; 0o €0 1 [Muery o]

— U O,

ﬁgeﬂuel(’; Csub [“a.v]

9-0[%¢]
= ﬂ ( U ﬁg> = ﬂ g-Int (S.);
vels: ﬁgecz‘jg[%][yg,,,] vel:
g-Cly : U Fgy — U Sy
velr K €O e ] [UVU; yw]
= U Hy
Ha€U,erx c;u_i[z;g][yg-,l/]
- U( U &)= Usoyh.
vels: %eCZ“_i[TB][yg,V] vel:
The proof of the theorem is complete. O

Theorem 3.5. If 7y C Ty be any Ty-set in a Ty-space Ty = (Q, Ty), then:
(Vg-Ic, € g-IC[T,]) [(g-Inty (F) € F) A (9-Cly (L) 2 F)]- (3.1)

Proof. Let #; C Ty be any Tg-set and g-Ic, € g-IC[T,] be arbitrary in a -
space Ty = (£2, 7). Then, by virtue of the definition of the g-Ty-operators g-Int,
g-Cly : 7 (Q) — Z(Q), it results that,

g-Inty: S — U Oy
Oy€Cys . (4]
gCl, : Sy — N Hg,
Ky €0 e q] [0
respectively. But, for every (0, ;) € C;‘}g[%] BARS CZ?I%[SQ] [-74], the relation
(Og, S4) C (S, Hy) holds. Hence, g-Int, (/) C 74 and g-Cly (F) 2 7. This
completes the proof of the theorem. ([

A consequence of the above theorem is the following corollary.
Corollary 3.6. If %, C Ty be any Ty-set in a Ty-space T4 = (Q, Ty), then:
(Vg-Ic, € g-IC[T4]) [g-Int, (F) € 7 € g-Cly (F)]. (3.2)
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Remark. Employing the terminology of Levine, N. [10], any Ty-set Sy C Ty in
a Jy-space Ty = (S, Ty) which satisfies the relation Oy = g-Int, () C Sy C
0-Cl, (#4) = 9-Cl, (Oy) for some g-Ty-open set Oy € g-O [Ty] may well be termed
a g-T4-semi-open set.
Proposition 3.7. If T, = (2, .9;) be a strong Jy-space, then:

(Vg-Ic, € g-IC[T,]) [g-Ic, : (Q,0) — (2,0)]. (3.3)
Proof. Let g-Ic, € g-IC[T,] in a strong F-space Ty = (2, 7). Then, since T is a
strong Jg-space, (2,0) € g-O [T4] x g-K [T,] and, therefore, 2 is the biggest g-T4-
open subset contained in itself and, ) is the smallest g-%T4-closed superset containing
itself. Consequently,

g-Ic, : (2,0) l—>( U e N m%)

sub sup
e L B CE e

- (U e N om)= e

ﬁge{ﬂ}uczﬁg[%][ﬂ] Jﬁfge{ﬂ}uCZ‘fI’;[%][@)]

Hence, g-Ic, : (Q,0) — (22, 0). The proof of the proposition is complete. O
Proposition 3.8. If ./, C Ty be any Ty-set in a Ty-space Ty = (Q, Ty), then:

— L g-Intgjog-Int, : 4 — g-Int, () Vg-Int, € g-1[T],

— 1. g-Clyog-Cl; : 5+ g-Cl; () Vg-Cl € g-C[T].

Proof. Let .7y C ¥4 be any Ty-set and let (g—Intwg—Clg) € g-1[T,] x g-C[T,] be
arbitrary in a Jg-space Ty = (2, J). Then,

g-Inty : g-Int, () — U Oy;
Oa €0 (=] [o-Tnt o (F5)]

g-Cl, : g-Cly (F) +— N Hy.
Ha€C 1z, [0-Cl, (F)]

But, g-Inty (#) C 7, C g-Cl, () and consequently,

U Oy = U Og;

Oy ecs;g[%] [o-Int o (F5)] Oy ECZ‘}E’)[(SE} [Ze]
N = A
Hy eczﬁ‘g[%] [o-Clg (#)] %ec;‘jg[%] EA

Hence, g-Int; og-Int, : 7 — g-Int, () and g-Cl;0g-Cl; : 7 — g-Cly (F).
This completes the proof of the proposition. O
Proposition 3.9. If %, C %, be any T4-set in o Ty-space Ty = (Q, Ty), then:

- 1L g-Intgog-Cl, : S — g-Int, ()  V(g-Inty, g-Cly) € g-IC [T],

— 1. g-Clyog-Inty : 4 — g-Cly (F) V(g-Intg,g—Clg) € g-IC[%,].
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Proof. Let /3 C T4 be any Ty-set and let g-Ic, € g-IC[T,] be a g-Ty-operator in a
Ty = (R, 7). Then, the first and second components of g-Ic, : & (Q) x Z (Q) —
2 () x Z () operated on g-Cl; (-7), g-Int; () C T, gives

g-Inty : g-Cl (F) +— U O,
ﬁgecztjg[%][g-01g(;ﬂg)]
= U (03N g-Cly (S))
O3€C3 8 1<,] [0-Cly (#%)]
= U (ﬁg N '79) = U O,
Ta€C [zq) s 72€CT S x] ]
g-Cl, : gInt, () N Hy

Ha€C Y x,] [o-Int, ()]

= N (5 U g-Int, (7))
Hy ec;ﬁi[%] [o-Inty ()]

= ﬂ (U F) = ﬂ Ay,

sup sup
‘%/BECQ_K[TD][yB] ‘%/BECQ_K[(IU][yB]

respectively. Hence, g-Int; o g-Cl; : 7 +— g-Int; (/) and g-Clj o g-Int : S5 +—
g-Cl; (7). The proof of the proposition is complete. O

Theorem 3.10. If g-Ic, € g-IC[Z,] be a given pair of g-Ty-operators g-Int g,
g-Cly : Z(Q) — Z(Q) in a Ty-space Ty = (Q, Ty) then, for every (%y,.%4) C
Ty X Ty such that Zy C Fy:

g-leg (Zq, Zy) C g-Icg (4, 74) - (3-4)

Proof. Let Ty = (Q,7;) be a Jy-space. Suppose g-Ic; € g-IC[T,] be given
and (Zg,%3) C Ty x T4 such that Zy C %y be an arbitrary pair of Tg-sets.
Then, since for any 7 € P (Q), (O4, ) C (S, Hy) for every (O, Hy) €

C;‘_lg[gg] B CZ'_le([%] [7], it follows by virtue of the relation %Z, C .7, that

(Og, #y) € (#g,4) (S, Hy) for any (04, Hy) € C;l-ﬂg)[ig] (%] % Cykiz,) [l

Consequently, it results on the one hand that

g-Inty : #Zy +— U Oy = U (Og N Fy)
ﬁgec?g[.xg][%g] ﬁgec?_‘g[fg][%g]
c U (Og N L) = U Oy = g-Int, (S,),
02 €0z 1) Ta€C S )7l
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and on the other hand,

gCl, : Zy N Hy = N (g N Ry)
Ay eCZ‘_‘f([%] ZA Hy ecji[%] [Z4]
- N (AN Fy) = N Hy = 9-Cly (S).
Ko €0 K g 7] Ha €0 kg 7]

These show that the images of %, under g-Intg, g-Cl; : & () — Z(Q), re-
spectively, are subsets of g-Int, (/) and g-Cl; (-#5). Hence, g-Ic, (%, %,) C
g-Ic, (A4, 7). The proof of the theorem is complete. |

Theorem 3.11. If g-Ic, € g-IC[T,] be a given pair of g-T4-operators g-Inty,
g-Cly : Z(Q) — Z(Q) and icy € IC[Ty] be a given pair of Ty-operators intg,
clg : Z(Q) — Z(Q) in a Ty-space Ty = (2, Ty), then:

(V. C Tg) [(intg (L), 8-Cly (7)) € (g-Inty (F4) ,cly (F4))]- (3.5)

Proof. Let T4 = (€2, 7;) be a J-space. Suppose g-Ic; € g-1C [Ty] and icy € IC[T]
be given and .#; C ¥4 be an arbitrary T4-set. Then,

intg : Sy — U Oy C U Oy = g-Int, (%)
ﬁeeCé‘[Zg]Wg] ﬁgeczlf?)[‘zg][yg]
y: Sy +— N Hy D N Hg = g-Cly (S) -
Hy ec;“[g R [F] Hy eciﬁi[%] [F]

Therefore, it follows that the images of .7 under intg, g-Cl; : & (Q) — & (2), re-
spectively, are subsets of g-Int () and clg (#5). Hence, (intq () ,g-Cl, (7)) C
(g-Int, (), clg (7). The proof of the theorem is complete. O

Proposition 3.12. If g-Ic, € g-IC [Tq] be a given pair of g-Ty-operators g-Int g,
g-Cly : Z(Q) — Z(Q) and icy € IC[Ty] be a given pair of Ty-operators intg,
clg : Z(Q) — Z(Q) in a Ty-space Ty = (2, Ty) then, for any Ty-set Sy C Ty,

(g-Inty (Fy) C 74 € g-Cly (Fy)) — (intg (Fy) € 4 C clg (F)). (3.6)

Proof. If g-Ic;, € g-IC[%,] and icy € IC[Ty] be given and, let /5 C Ty be an
arbitrary Tg-set in a Jy-space Tq = (2, 7). Then, g-Int, () € 7, C g-Cl (S).
But since (intg () ,g-Cly (#)) C (g-Intg (), clg (7)) it follows that

inty (#4) C g-Int, () € C g-Cly (F) Cclg (S)-

Hence, g-Int, () € 7 C g-Cl, () implies inty () C 7 C clg (F). The
proof of the proposition is complete. O

Remark. If g-Int; 7 inty stands for g-Int, () 2 intg () and g-Cl; 3 cly, for
0-Cly (F) C clg (F), then the outstanding facts are: g-Inty; : & (Q) — & (Q)
is finer (or, larger, stronger) than inty : &2 (Q) — £ (Q) or, inty : £ () —
P (Q) is coarser (or, smaller, weaker) than g-Int, : & (Q) — 2 (Q); g-Cl :
P () — P (Q) is coarser (or, smaller, weaker) than clg : & () — Z (Q) or,
clg: Z(Q) — Z(Q) is finer (or, larger, stronger) than g-Cl; : & (Q) — & ().
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Proposition 3.13. If g-Ic, € g-IC[Ty] be a given pair of g-T4-operators g-Int,
g-Cly : Z(Q) — Z(Q) and icy € IC[Ty] be a given pair of Ty-operators intg,
clyg: Z(Q) — Z(Q), and (%y,-S3) C TyxTy be any pair of Ty-sets in a Ty-space
Ty = (Q, Fy), then:

(Zy,-75) € O[Tg] x K[Ty] — gleg (%y, ) = icg (#y,7y) - (3.7)
Proof. Let g-Ic, € g-IC[T,] and icy € IC[T] be given and, let (Zy,-%;) C Ty x T4
be arbitrary in a J;-space Ty = (2, F;). Then, since S[T,] = O[T UK [T g] and,
O[%,) C g-O[F,] and g-K [T4] 2 K [T,], it follows that
eyt (R, Sy) — U Oy, %>
0o €05t (1] Ha ec;“f’
(LU w0
Og4eC3uP EZA HaeCiP

O[T4]Ng-O[Tg ] K[%Tg ]ﬁg-K[‘Ig][yg]

(U & 0 =)
ﬁec*“g[ ][%] HGeCP (L]

0-K[Tg]
g-Ic, (%y, %) -

Hence, g-Ic, (Zy,-7y) = icg (#y, 7). The proof of the proposition is complete. [

Proposition 3.14. If g-Ic; € g-IC [Tq] be a given pair of g-Ty-operators g-Int g,
g-Cly: Z(Q) — Z(Q) in a Fy-space Ty = (2, Ty), then:
(V7% € 2(Q)) [(g-Intg (#4) C g-Int, 0 g-Cl, ()
A(g-Cl, (L) 2 g-Cly o g-Int (S))]- (3.8)

Proof. Let Ty = (2, 74) be a Jy-space. Suppose g-Ic,; € g-IC[T,] be given and
Ty € Z(Q) be an arbitrary Tg-set. Then,

g-Int, : g-Cly (F) — U Oy
ﬁgec;\_‘g[%][g_clﬂ(yg)]
2 U Ge=glntg (7);
Oy (4]
g-Cl, @ g-Int, () +—— m Hy
Hy ec*“}i[T ][g_lntg(yg)]
< N =0, (7).
Ho€CY o (1 7]
Hence, the image of g-Cl, (/;) under g-Int : @( ) — P (Q) is a superset of

g-Int, (7;) and that of g-Int, (-75) under g-Cl; : & (Q2) — £ (Q) is a subset of
g-Cly (). The proof of the proposition is complete. a
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Theorem 3.15. If g-Ic, € g-IC[Z,] be a given pair of g-Ty-operators g-Int g,
g-Cly: Z(Q) — Z(Q) in a Fy-space Ty = (2, T), then:

(Vyg S (Q)) [g—Icg () € -0 %] x g-K [‘Zg]]. (3.9)

Proof. Let Ty = (2, 7) be a Fy-space. Suppose g-Ic; € g-IC[T,] be given and
Sy € Z () be an arbitrary Tg-set. Then, by virtue of the definition of g-Icg, it
results that,

g-lnty: Sy — U Oy
O5 €0 5411 e]
g U Opg (ﬁg) = Opg ( U ﬁﬂ)a
03€CH2 [l 04 €05 (7]
gCly: S — ﬂ Hy
Ho €0 i[5 4)[ 7]

1J

N omtm=on( (| #4).

Ky eciu;g [“a] Ky ecs—.uj;g [“a]

But since

( U o N %)e%xﬂ%,

ﬁgecygb EA %eci‘{;ﬂ [Z6]

it follows, consequently, that g-Int, (#5) € g-O [Ty] and g-Int, () € ¢-K[T,].
Hence, g-Ic, (7;) € g-O [T4] x g-K[T,]. This proves the theorem. O

Corollary 3.16. Ifg-Ic, € g-1C [Q} be a given pair of g-T4-operators g-Inty, g-Clg :
Z(Q) — Z(Q) and Sy C Ty be any Tq-set in a Ty-space Ty = (2, .Ty), then
there exists (Og, #y) € Ty x =Ty such that:

[g—Intg () C opy (ﬁg)] A [g—Clg (S) 2 —0pg (%)] (3.10)

In view of THMS and PROPS it follows immediately that the
g-Tg-interior and g-T4-closure operators g-Inty, g-Cl: & () — & (Q2), respec-
tively possess similar properties analogous to the Kuratowski closure Axioms which
can be grouped and stated in the form of a corollary.

Corollary 3.17. Let g-Inty, g-Cl, : Z () — Z () be a g-Ty-interior and a
g-%4-closure operators in a strong Jy-space Ty = (2, Ty). Then:
— For every (%y, ) € Z () x Z(Q),
— L g-Int, () = Q,
— 1. g-Int, (%y) C %y,
— 1L g-Int o g-Int, (%) = g-Int, (%),
— . g-Int, (%4 N Sy) = g-Int; (%) N g-Int; ().
— For every (%y,.-73) € & (Q) x Z(Q),
v. g-Cl (0) =0,
Vi. g-Cl, (%4) 2 %y,
vit. g-Cl; 0g-Cl, (%) = ¢-Cl, (%),
— vt g-Cl, (%, U %) = g-Cly (%) U g-Cl; (S).
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Some nice Mathematical vocabulary follow. In Cor. 317 ITEMS L., IL., I1I. and
V. state that the g-Tg-interior operator g-Int, : & (Q) — & () is Q-grounded,
non-expansive, tdempotent and N-additive, respectively. ITEMS v., VI., VII. and
VIIIL. state that the g-Tg-closure operator g-Cl; : & (Q) — & (Q) is 0-grounded,
expansive, idempotent and U-additive, respectively.

The axiomatic definitions of the concepts of g-T;-interior and g-v-%4-closure
operators in Jg-spaces follow.

Definition 3.1 (Axiomatic Definition: g-T4-Interior Operator). A one-valued map
of the type g-Inty : & (Q) — P (Q) in a Ty-space Ty = (2, Ty) is called a "g-T4-
interior operator” on & (Q) ranging in & () if and only if, for any (%y,-%5) €
P () x P (Q), it satisfies the following azioms:

— AX. 1. g-Inty (%) C %y,

- AX. 1. #y €Sy — g-Inty (%) C g-Int, (S).

Thus, a g-Tg-interior operator g-Int, : & (2) — () in a Fy-space Ty =
(Q, J) is a non-expansive g-Tg-set-valued set map forming a generalization of the
Tg-set-valued set map inty : & () — & () in the Fy-space Tq, provided

[o-Int, (Zy) € Zy] A [g-Int, (Zg N Fy) C g-Int, (Z,) N g-Int, (F;)]
(3.11)
holds for any (%4, %) € & (2) x £ (Q).

Definition 3.2 (Axiomatic Definition: g-T4-Closure Operator). A one-valued map
of the type g-Cl; : Z(Q) — Z(Q) in a strong Ty-space Ty = (Q, Ty) is called
a "g-T4-closure operator” on & (Q) ranging in P () if and only if, for any
(Zy, Sy) € P (Q) x P (Q), it satisfies the following axioms:

— AX. 1. g-Cly (%) 2 %y,

- AX. 1. Zy €y — g-Cly (%) C g-Cly (S)-

Hence, a g-Tg-closure operator g-Cl; : & () — Z () in a Jy-space Ty =
(Q, J,) is an expansive g-Tj-set-valued set map forming a generalization of the
T g-set-valued set map clg : & (Q) — & (Q) in the F;-space Ty, provided

[Q'CIQ (%)g) 2 %g] A [Q'CIQ (%’g U yg) 2 Q'Clg (%)g) U Q‘Clg (yg)]
(3.12)
holds for any (%4, %) € 2 (2) x Z ().

4. DISCUSSION

4.1. Categorical Classifications. The notions of g-T,-interior and g-%,-closure
operators of category v have been defined in terms of g-%,-sets of the same category
v. Having adopted such a categorical approach in the classifications of g-%,-interior
and g-T,-closure operators, the twofold purposes here are, firstly, to establish the
various relationships amongst the classes of g-T,-interior and g-T,-closure oper-
ators, a € {o0,g}, in the Jy-space Ty, and secondly, to illustrate them through
diagrams.

In a Jy-space Ta, 0Py (0a) C 0Pg1 (Oa) € 0Pg3(0a) 2 0Py (Oa) for ev-
ery Oy € O[T4]. Consequently, g-Int, o (-74) C g-Inty ; (F) C g-Int, 3 (Fa) 2
g-Int, 5 (S4) for any .7, € Tq. But, 04 C op, ,, (0a) C op,, (Oa) for every v € I3,
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implying g-Int, , (#) C g-Int,, () for any (v,.%) € I3 x T,. Thus, this dia-
gram, which is to be read horizontally, from left to right and vertically, from top to
bottom, follows:

Oq = O, = Oq = O,
N N N N

Opo,O (ﬁa) g Opo,l (ﬁa) g Opo,3 (ﬁu) 2 Opa,2 (ﬁa) (41)
N N N N

V)

Opg,O (ﬁa) C Opg,l (ﬁﬂ) - Opg,3 (ﬁa) 0pg,2 (ﬁﬂ) .
In Fic. we present the relationships between the elements of the collections
{o-Int, , (S%) : v € I} in the F,-space T, and {g-Int, , (75) : v € I} in the
Ty-space Ty; FIG. may well be called a (g-Int,, g-Int ) -valued diagram.

g-Int, (“)

T T

g-Int, o (Fa)—=>— g-Inty; (Fa) —— g-Int, 5 (Fo)—=<— g-Int, 5 ()

! + ! !

g-Int g (Sa)—>— g-Intg ; (Sa) —>— g-Int 5 (Sy) —— g-Int 5 ()

P

g-Int,, ()

F1cURE 1. Relationships: g-%,-interior operators in ,-spaces and
g-T4-interior operators in Tg-spaces.

In & Fp-space Ta, 0D o (Ha) 2 0Dy 1 (Ha) 2 0Dy 5 (Ha) € —0Dy 5 (Ha) for
every J, € K[Tq]. Consequently, g-Cl, o (L) 2 g-Cly; (F) 2 g-Cly3(S) C
9-Cly 5 (S) for any S, € T, But, #, 2 —op, , (Ha) 2 —~op,, (Ha) for every
v € I3, implying, g-Cl, , (%) 2 ¢-Cl, (%) for any (v,.%) € I x T,. Hence,
this diagram, which is to be read horizontally, from left to right and vertically, from
top to bottom, follows:

At = 4 = o = o
U U V] U

T 0Dg,0 (‘%) 2 - ODPy,1 (C%/Cl) 2 70Dy 3 (%/Cl) - T0Dg 2 (L%/ﬂ) (42)
I U V] U

_‘Opg,O (‘%/Cl) 2 _'Opg,l (‘%/ﬂ) 2 - Opg,3 (‘)i/a) g _‘Opg,Q (‘%/Cl) .

In Fic. we present the relationships between the elements of the collections
{g-Cl, , (F%) : v € I} in the Fy-space T, and {g-Cl, , (Fa) : v € 19} in the
Tg-space Tq; FIG. may well be called a (g—Clo, g—Clg)-valued diagram.

As in the works of other authors [44], [45] [46], 47], the manner we have positioned
the arrows in the (g—Into, g—Intg), (g—Cl, g—Clg)—valued diagrams (FIGS is solely
to stress that, in general, the implications in F1Gs are irreversible.
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9‘010 (ya)

T

g_Cla,O (yu) == g_Cla,l (ya) === 9_010,3 (yu) — 9_010,2 (ya)

+ 4 + 4

G'Clg,o (ya) — g'Clg,l (yu) — g'Clg,S (ycl) —— 9'019,2 (ya)

e

o-Cl, (%)

FIGURE 2. Relationships: g-%,-closure operators in .7,-spaces and
g-T;-closure operators in J-spaces.

4.2. A Nice Application. The focus is on essential concepts from the standpoint
of the theory of g-T4-interior and g-%4-closure operators in an attempt to shed lights
on the essential properties established in the earlier sections. Let 2 = {5,, v el 5‘}
denotes the underlying set and consider the J-space T4 = (Q,7;), where 2 is
topologized by the choice:

T () = {0, {&}, {6,866, Q) (4.3)
= {ﬁg,la Og2, O3, ﬁg,4};
T (Q) = {9, {& & &6} {6, 4}, 0} (4.4)

= (A, Haa, Hys, Hoa)-

Evidently, 7, =7 : 2 (Q) — 2({& : v € I} }) establish the classes of Z;-open
and J-closed sets, respectively. Since conditions g (0) =0, F5 (Oy,,) C O, for
every v € I}, T3 (Q2) = Q, and %(UVEII Ogv) = Uver; 7o (O4,) are satisfied,
Tg: P () — P({& : v eli}) is astrong g-topology and hence, Ty = (2, ;)
is a strong Jy-space. Because T4 (N,er; Ogw) = Nyers To (Ogo) is satisfied, Ty -
Z(Q) — @({EV CVE Ig}) is also an o-topology and thus, T, = (Q, J;) is a ;-
space T, = (Q,.7,). Moreover, 0, , € g—V—O[So] for every (v,u) € I x I. Thus,
the J-open sets forming the g-topology 7 : & () — 3”({&, D VE Ig‘}) of the
Tg-space Ty = (2, ) are g-T,-open sets relative to the J,-space T, = (2, 7).

For convenience of notation, express & () in set-builder notation as a collection
indexed by the Cartesian product I:ard(y(ﬂ)) X Igard(m:

where 7y ) € & () denotes a Ty-set labeled v € I7, 5 ), and containing
p e Ig,
I:ard(y(m) X Igmd(m by the choice: 75 100 = 0, ..., g ) = {51,52, . ,fu},

ey 5’97(3275) = Q
For .7y € &2 (Q2) such that card (.-7) € {0,5}, let 7 1,0y = 0 and 7 (32.5) = Q.
For /3 € &7 (Q) such that card () € {1,4}, let .75 21y = {&1)s S,31) = {62},

rd() elements. Below is established the indexing by the Cartesian product
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yg,(él,l) = {&1, yg,(m) = {&4}, and yg,(&l) = {&h 5@(2774) = {&1,82,83,84},
Ta284) = 162,63,64,85}, Ly 204) = {61,€3,84,85), S 304) = {61,62,83,85),
and 7 31,4) = {£1,82,84,85}. For Ay € &2 (Q) such that card () € {2,3}, let
For2) = 161,81}, Las2) = 8,8 Fao2 = {&,8) Fa02) = {61,6)
Faa12) = 182,83} Ly a2, = &8t Ly ase) = 162,86 a2 = 18,6}
Fa5,2) = 183,85}, and Fy 162) = {4,651 Saam3) = 161,82, 83}, L4083 =
{61, &3, &}, Fg00,3) = 161,84, 85}, Fa,203) = 161,62, 84}, S 1.3 = {61,62,65),
yg,(22,3) = {51,53,55}, «79,(23,3) = {52753,54}, yg,(24,3) = {52’53755}7 yg,(25,3) =
{€3,64,85}, and S (26.3) = {€2,84,&5}-

Then, from a series of calculations it results that
intg (g,wm) € 8-ty (Fo0m) = Lo (4.6)

= gCL (S 0ww) S g (Fa )

for every (v, ) € Lora 2 () % Igard(m. On inspecting EQ. , some interesting
features can be remarked and thus, some interesting conclusions can be drawn.

Having ordered the T, g-Ty-interior operators intg, g-Inty : & () — & (Q),
respectively, by setting g-Int, 7 inty if and only if g-Int, (7;) 2 intg (7)) and
the Ty, g-Ty-closure operators clg, g-Cl; : & () — P (Q), respectively, by
setting g-Cl; 3 cly if and only if g-Cly (&) C clg (F), where ;€ & ()
is arbitrary, EQ. , then, is but a result validating the following outstand-
ing facts: g-Int, : & (Q) — £ (Q) is finer (or, larger, stronger) than intg :
Z Q) — Z(Q) or, inty : Z(Q) — P (Q) is coarser (or, smaller, weaker)
than g-Int; : 2 (Q) — 2(Q); ¢-Cly : Z(Q) — Z(Q) is coarser (or, smaller,
weaker) than clg : & () — Z(Q) or, clg : Z(Q) — P (Q) is finer (or, larger,
stronger) than g-Cl; : & (Q) — £ ().

If the discussions of this nice application be explored a step further, other inter-
esting conclusions can be drawn.

5. CONCLUSION

In this paper, the notions of g-Tg-interior and g-T,-closure operators in Jg-
spaces were presented in as general and unified a manner as possible and, their
essential properties were discussed in such a way as to show that much of the
fundamental structure of J;-spaces is better considered for g-T4-interior and g-%4-
closure operators g-Int,, g-Cl; : & (Q) — £ (Q) than for the Tg-interior and
Tg-closure operators intg, cly : & (Q) — & (1), respectively. If g-Int, = int,
stands for g-Int, (/5) 2 intg (/) and g-Cl; 3 clg, for g-Cl; () C cly (), then
the outstanding facts are: g-Int, : & (Q) — Z(Q) is finer (or, larger, stronger)
than inty : & () — Z(Q) or, inty : Z (Q) — P (Q) is coarser (or, smaller,
weaker) than g-Int; : 2 (Q) — 2 (Q); ¢-Cl, : Z(Q) — P (Q) is coarser (or,
smaller, weaker) than clg : & (Q) — Z(Q) or, clg : P (Q) — P (Q) is finer
(or, larger, stronger) than g-Cl; : 2 (Q) — £ (Q).

Moreover, the paper offers very nice features for the passage from g-Tg-(interior,
closure) to T4-(interior, closure) operators, respectively. Hence, several concepts
and proven results it contained hold equally well when (9, .7;) = (Q, Z,), while
adapting other set-theoretic and topological features accordingly. For instance, the
theoretical framework categorises (g-Inta,V (Z4),9-Cly, () as a pair of g-To-
open and g-T,-closed sets of categories v, where ., C T, and (v,a) € I x {0, g},
and theorises the concepts in a unified way.
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The study of the commutativity of the g-T,-interior and g-%;-closure operators
in Jg-spaces will be presented in a subsequent paper, and the discussion of this
paper ends here.
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