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Abstract — In this study, the behavior of magnetized strange quark matter (MSQM)
distribution in Lyra theory was investigated for homogeneous anisotropic Bianchi III, locally
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1. Introduction

Recent experiments and observations show that the universe is accelerating and expanding [1,2]. What
caused this accelerating expansion is still unknown. However, scientists have some assumptions about
the causes of the accelerating expansion of the universe. The strongest of these assumptions can be
counted as dark matter - dark energy. Einstein published General Relativity theory in 1916. General
Relativity theory is one of the most important theories explaining the relationship between matter
and space-time geometry. General Relativity Theory tries to explain the universe’s structure on a
large scale. However, General Relativity Theory falls short of explaining the universe’s accelerating
expansion. Edwin Hubble proved with observations that the universe is accelerating and expanding.
After this proof, other theories that could be alternatives to General Relativity Theory were put
forward. Among these alternative theories are Lyra, Brans-Dicke, f(T), f(G), and f(R,T), etc.
These alternative theories are reduced to the General Relative theory in special cases. Lyra theory,
one of these alternative theories, was put forward in 1951 [3]. Lyra is a modified theory created by
adding the term containing the scalar field to the left side of the field equations in theory.

There are many articles in the literature on both Lyra theory and magnetized strange quark matter
dispersion. Some of these can be summarized as follows. Katore and Kapse [4] have investigated
magnetized dark energy model behaviors in Lyra theory for axially symmetric space-time. Mishra et
al. [5] have researched 5D Kaluza-Klein universe with magnetized anisotropic fluid matter distribution
in Lyra theory. Katore and Hatkar [6] have studied magnetized anisotropic dark energy for Kaluza-
Klein universe model in the context of Lyra manifold. Anisotropic dark energy and massive scalar
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field for Bianchi V Iy metric was investigated by Ram and Verma [7] within the framework of Lyra
theory. The holographic Ricci dark energy universe model was analyzed by Das and Bharali [8]
within the framework of Lyra theory in high-dimensional metric. The perfect fluid matter distribution
was studied by Raushan et al. [9] within the framework of Lyra theory for a homogeneous isotropic
Friedmann-Robertson-Walker (FRW) universe. Naidu et al. [10] have investigated massive scalar field
and perfect fluid for Bianchi I universe model in Lyra manifold. Aktag and Aygiin [11] have researched
magnetized strange quark matter (MSQM) distribution for FRW universe model in f(R,T) theory.
Aygiin et al. [12] have investigated scalar field solutions both Lyra geometry and Riemannian geometry
for Marder space-time. Kalkan and Aktag [13] have studied MSQM for 5D Kaluza-Klein metric in
f(R,T) theory. The behavior of MSQM was investigated by Kalkan et al. [14] within the framework
of f(R,T) theory in inhomogeneous anisotropic space-time. In addition, the physical properties of
MSQM for the Bianchi V Iy metric f(R,T) were examined in theory by Kalkan and Aktag [15].
Giidekli et al. [16] have researched strange stars for Krori Barua space-time in f(7,7) theory. Tsallis
dark energy universe model was explored by Khan et al. [17] in the Saez—Ballester theory of gravity for
the locally rotationally symmetric (LRS) Bianchi V metric. Can and Giidekli [18] have analyzed for
conservative and non-conservative f(R,T") models. Abebe et al. [19] have studied viscous fluid matter
distribution for Bianchi V universe model. The role of the jerk parameter in f(R,T") gravitation theory
were analyzed by Tiwari et al. [20].

Our motivation in this study is to investigate the space-time geometry of magnetized strange quark
matter in Lyra theory, one of the alternative gravitational theories, for Bianchi III, LRS Bianchi I,
and Kantowski-Sachs metrics.

This article is organized as follows: In Section 2, the field equations in Lyra theory, the general form
of Bianchi III, LRS Bianchi I, and Kantowski-Sachs metrics in spherical coordinates, and the energy-
momentum tensor of MSQM are provided. In Section 3, solutions are obtained for each metric using
the deceleration parameter, the anisotropy parameter, and the equation of state for the MSQM distri-
bution. In Section 4, the solutions obtained for each metric are analyzed in detail both mathematically
and physically, and their graphs are drawn. The final section discusses the need for further research.

2. Field Equations in Lyra Theory

The field equations in Lyra theory can be written as follows [3,21]:
1 3 1 <
Rix — 9B+ 5 | ¢idk — 5959 ) =T (1)

Here, R, is Ricci tensor, R is Ricci scalar, g;; is metric tensor, T} is energy momentum tensor, and
9 ) Y .g ) gy 9
¢; is the displacement vector, defined by

¢i = (0,0,0,5(t) = &; - B(t) (2)
where i € {1,2,3,4}. The general form of homogeneous anisotropic Bianchi III, LRS Bianchi I, and
Kantowski-Sachs metric in spherical coordinates (r, 6, ®,t) is as follows:

ds? = —dt* + A%dr* + B*(d6* + K} (0)d®d?) (3)

where the metric coefficients A and B are functions of ¢t. Moreover, K?() is a function defined as
follows [22]:

sinh?#, if | = —1 Bianchi IIT model
K (0) =< 62, if I = 0 LRS Bianchi I model

sin?@, if I = 1 Kantowski - Sachs model
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The energy-momentum tensor for magnetized quark matter distribution is
2

h
Tit, = (p + p) wiwg + pgir + (2uiuy + gir) 5 hihy, (4)

where p, p, and h? denote pressure, energy density, and magnetic field, respectively [23,24]. Moreover,
u; and h; denote the 4-velocity and magnetic field vector, respectively. Besides, h; and u’ have the
relations h;u’ = 0 and w;u’ = —1. Due to the condition h;u’ = 0, the magnetic field is selected in the
radial direction.

Kinematic quantities for the given metric; spatial volume (V), Hubble parameter (H), expansion
scalar (), shear scalar (02), deceleration parameter (¢), and mean anisotropy parameter are defined

as follows:
V =a®= AB? (5)
a A 2B
=-=31135 (6)
A 2B
0="2+% (7)
N
1(A B
2_(£_5
7 73\a B> ®)
o d (1) o —3AB(AB + 2AB) + 2(AB — AB)? ()
1= \H - (AB + AB)?
and

1 Hi_1)2:6(AB—AB>2

(248 + AB)2 10

=1

Here, the dot represents the derivative with respect to time and H; is component of Hubble parameter
such that H; = % and Hy = H3 = 3

3. Magnetized Strange Quark Matter Solutions for Bianchi III, LRS Bianchi
I, and Kantowski-Sachs Metrics

From Equations 1, 3, and 4, we obtain the field equations in Lyra theory as follows:

°B B K ) 1,

“h 11
B+B KZB2+ 1= Pty (11)
2 L2 p—=h 12
BTa 4B "1 e 2 (12)
2AB  B? K/ 3 9 1,
/e 2 282 - 1
Bt mmp 1P oty (13)

where K] = d92 As can be seen from Equations 11-13, we have three equations with six unknowns
A, B,p,p, 3%, and h?. We need three additional equations such as anisotropy parameter, deceleration
parameter, and equation of state to solve the system of equations exactly.

Firstly, we can take the deceleration parameter as an additional equation. Deceleration parameter
is known as one of the important parameters showing whether the universe is accelerating or not.
In many studies, the deceleration parameter was taken as constant. However, in studies in recent
years, the deceleration parameter is taken depending on time. One of the deceleration parameters
taken depending on time, especially the one in linear form, has become prominent in recent years.
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The deceleration parameter in linear form was proposed by Akarsu and Dereli [25]. The deceleration

parameter in linear form is
g=—-kt+m—1 (14)

where k and m are constants. From the solution of this equation, the metric potential A is obtained
as follows:

6
tanh—1 [ —kt=m
A/ m2+6(:2k
\/m2+6c2k

(&
A:cl

= (15)

such that c¢; and ¢y are integral constants. Without loss of generality, we can take ¢; = 1 and cg = 0.
In this situation, we get the metric potential A as

3

(L) m
A= 7’“‘;’; (16)
Secondly, we can use the anisotropy parameter as an additional equation. The anisotropy parameter
is a parameter that gives information about the isotropy of the universe. It can take values between
0 and 1. If the anisotropy parameter is zero, then the universe is said to be isotropic. The anisotropy
parameter is defined as follows:

o
e 17
s —¢ a7)
where £ is constant and 0 < £ < 1. From Equations 7, 8, and 17, we get metric potential B
y V3Et1
B=cs[——) " 18
“s <kt — 2m> (18)
where c3 is integral constant. From Equations 16 and 18, we have
3 2v36—1
—1)m (kt—2 m
4o GO (it=2m) a9
c3 t

Finally, we can use the equation of state for strange quark matter as an additional equation. The
equation of state for strange quark matter is defined as follows:

— 4B
= % (20)
where B, is a bag constant [26]. If Equations 18 and 19 are substituted in Equations 11-13, then the
pressure
7 2+2/3¢
p__2(\/§€—2)(kt—m+3)_ K, (kzt—Qm) " op (21)
(kt — 2m)* 2 263K, kt ¢
the energy density,
6 (VBE—2) (kt—m+3) 3K/ /ht—o2m\ 2"
= — — - 2B 22
P (kt — 2m)? 2 263K ( kt > ¢ (22)
the magnetic field,
7 2+2/3¢
h2:12§(kt—m+3)\/§_ K, (kt—?m T (23)
t2 (kt — 2m)* 2K, kt
and the displacement vector component (32
o Mk =9 —am +8) AK] (kt—2m)2_w?£+83 1)
t2(kt — 2m)? 33K kt 3¢
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As can be seen from Equations 21-24, pressure, energy density, magnetic field, and displacement vector
depend on K;(6). According to the states of K;(6), we obtain the solutions in Bianchi III, LRS Bianchi

I, and Kantowski-Sachs universe models as follows:

i. If K;(0) = sinh 6, then solutions are obtained in the Bianchi III universe model for magnetized

strange quark matter distribution:

Pressure
2(\/35—2)(/€t—m+3) 1 (kt—2m\
p=— 5 - () — 2B, (25)
(kt —2m)~ 12 2c3 kt
energy density
6(VBE—2) (bt —m+3) 3kt —om\ 5
Y (), o
(kt — 2m)~ 12 2c3 kt
magnetic field
2+2v/3¢
h2:12§(kt—m+3)\/§_1(kt—2m> m (27)
t2 (kt — 2m)? 3 kt
and displacement vector component
2-3¢
4(4kt — 962 —4m +8) 4 <kt—2m>m 8
2 _ - = i —B, 28
B 2(kt — 2m)? 3c3 kt t3 (28)

ii. If K;(6) = 6, then solutions are obtained in the LRS Bianchi I universe model for magnetized

strange quark matter distribution:

Pressure
2(V3&—2) (kt —m+3)
p=— 5 — 2B, (29)
(kt —2m)~ 2
energy density
6 (V3¢ —2) (kt —m+3)
p=— 5 — 2B, (30)
(kt — 2m)* ¢2
magnetic field
12 —
2 E(kt—m+3)V3 (31)

12 (kt — 2m)*
and displacement vector component

4(4kt — 92 —4m +8) 8
2= -B. 32
P 2(kt — 2m)? "3 (32)

iti. If K;(0) = sin 0, then solutions are obtained in the Kantowski-Sachs universe model for magnetized

strange quark matter distribution:

Pressure
2(VBE—2) (kt—m+3) 1 pp— g TR
= e ag (kt ) _9m, (33)
energy density
6 (VBE—2) (kt—m+3) 3k om 22
= (kt — 2m)? 2 *33 ( kit ) b (34
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magnetic field

s
, 126(kt—m+3)V3 1 [kt—2m\
h* = 3 +5(— (35)
t2 (kt — 2m) c kt
and displacement vector component
2-3¢
4(4kt — 962 —4m +8) 4 (k:t—2m>m 8
2
= — | ——— -B. 36
B 2(kt — 2m)* 3c2 kt t3 (36)

4. Results and Discussions

From Equations 6-8, 10, 18, and 19, some of the kinematic quantities are obtained as follows:

Hubble parameter
2

7 G —
t(2m — kt)

expansion scalar

6
0= ———
t(2m — kt)
shear scalar )
o 86¢
2 (2m — kt)*
and mean anisotropy parameter
AP = 18¢?

As can be seen from Equations 29-36, there are singularities at points ¢t = 0 and ¢t = 27"‘, for all
three universe models (Bianchi III, LRS Bianchi I, and Kantowski-Sachs). In order to be valid these
solutions, it must be t # 0 and t # QTm At these points, kinematic quantities have singularities.
Moreover, c3, k, and m must be non zero. For ¢t — 0, Hubble parameter, expansion scalar, and shear
scalar approach infinity, while they approach zero, for ¢ — oco. The metric potentials A and B increase
with time. Figure of pressure and energy density are presented in Figures 1 and 2. As can be observed
from Figures 1 and 2, pressure and energy density decrease with time.

0.254

0.204

0.10

0.05

) 1Al 13 FAL
F 4
I— LRS Bianchi ] s Bianchi 11

Kantowski-Sachs |

Figure 1. Pressure-time variation
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Figure 2. Energy density-time variation

The graphs of variation of magnetic field and displacement vector component with respect to time are
provided in Figures 3 and 4. When Figures 3 and 4 are investigated, it is observed that the magnetic
field and displacement vector component also decrease with time.
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Figure 3. Magnetic field-time variation
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Figure 4. Displacement vector component-time variation

As can be observed from Equation 31 obtained in case of LRS Bianchi I metric, the magnetic field
becomes zero when £ = 0. £ = 0 indicates that the universe model is isotropic. If we switch from the
homogeneous anisotropic universe model to the homogeneous isotropic universe model, the magnetic
field disappears. This shows that the source of the magnetic field may be the anisotropy of the
universe. In other words, the anisotropy of the universe plays an important role in the formation of
the magnetic field.

5. Conclusion

In this article, the behavior of MSQM distribution in homogeneous anisotropic Bianchi III, LRS
Bianchi I, and Kantowski-Sachs metrics was investigated within the framework of Lyra manifolds.
While investigating the solutions, the time-dependent linear deceleration parameter and anisotropy
parameter were used. In future studies, investigating the space-time geometry of the MSQM distri-
bution using other alternative gravity theories, such as f(G), f(Q), and f(Q,T), or taking different

deceleration parameters is worth studying.
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