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ABSTRACT 

 
Dynamic Financial Analysis (DFA) is used by insurance companies for an efficient asset liability management and profit 
optimization; to measure ruin probability and reduce various risks. In this paper, the influence of the dependence between 
compulsory motor insurance and motor own damage insurance, that are two really important lines of business for nonlife 
insurance, on the risk, return and performance in a nonlife insurer’s DFA is investigated. The dependency is integrated to the 
DFA framework using copulas. In the application non-life insurance data of Turkey is used. 
 
Keywords: Dynamic Financial Analysis, Dependency between lines of business in insurance, Copulas, Non-life insurance, 

Simulation 
 

 
1. INTRODUCTION 
 
Financial modeling has an important role for insurance companies to predict the future. Thereby they 
can do risk assessment, estimate their future/next term’s profit, make performance evaluation. 
Nowadays, one of the most efficient and common used financial models is DFA. 
 
DFA is used more often in non-life insurance because severity of claims and  the time of occurrence in 
non-life insurance products are less certain than life insurance products. 
 
For the first time, the Casualty Actuarial Society has built a DFA model for property-casualty insurers 
[1]. Since then, many articles have been published on DFA [2-5]. Each company can build a DFA 
model which includes the useful components for itself. In this study, a DFA model is used which 
contains the basic components that may be required and enough for a non-life insurance company. [6].  
 
One of the most important components in DFA of a nonlife insurance company is claims.It is important 
for companies to examine the claims in terms of business lines. This situation makes this necessary to 
investigate the dependency between the business lines and to intagrate it into the financial analysis. 
 
The purpose of this study is to analyze the effects of correlation between compulsory motor (CM) 
insurance and  motor own damage (MOD) insurance which are the biggest shares of claims in 
Turkey’s nonlife insurance claims data and have important effects on the insurer’s asset liability 
management. The dependence structure is integrated into the DFA model with copula functions. 
 
Theterm copula was first used in the work of Sklar [7]. Since then about insurance and analyzing of 
capital markets many studies have been done with copulas [8-13] 
 
In this study both elliptical copulas (Student-t and Gaussian) and most popular Archimedian copulas 
(Gumbel, Clayton and Frank) are used. 
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This paper is organized as follows: DFA methodology is introduced and DFA model framework which 
includes the basic components for a nonlife insurance company is presented in section 2. Section 3 
“Copula Methodology”, consists of some important families of copulas and their properties. In section 
4, Turkey insurance data is used in the simulation study to analyze the effects of the dependency 
between MOD insurance and CM insurance on DFA. Section 5 concludes the study with the obtained 
results and certain suggestions for further research. 
 
2. DFA METHODOLOGY 
 
DFA is a financial modeling approach and helps the users   about performance measurement, capital 
allocation, pricing decisions, product designing and valuation, analysis of major risks. DFA based on 
large-scale computer simulations. DFA is a useful tool for financial analysis of nonlife insurance 
companies. They should pay close attention to both assets and liabilities. Therefore they can integrate 
the interest rates, premium rates, the choice of investment tools and their proportion, the proportion of 
lines of business into the model dynamically. 
 
There is not a unique methodology for DFA. Companies can construct different models that include 
necessary components for themselves. A general DFA process will follow these steps respectively; set 
goals and objectives, collect data, parameterize model, generate model runs, analyze output, test 
sensitivity and present findings [14]. 
 
The most important issue when you want to construct a DFA model is choosing the right components 
that must be in the model and integrate them into the model correctly. 
 
Now we present the DFA model framework which is used in the application. In this paper we use a 
DFA model which contains the basic components for a non-life insurance company and created by 
Martin Eling and Denis Toplek [15]. We extend this framework with lines of business (compulsory 
motor ‘CM’ and motor own damage ‘MOD’) and make some modifications for premium level. 

	
	 is used as the equity capital of the insurance company at the end of time period t ்ܥܧ
ሺݐ ∈ 1, … . , ܶሻ and ܧ௧ the company’s earnings in t. Therefore, the development of the equity capital 
overtime is as shown below; 
              	

்ܥܧ ൌ ௧ିଵܥܧ   ௧ܧ
(1)

 
To find the company’s earning ሺܧ௧ሻ we add the investment result ሺܫ௧ሻ and underwriting result ሺ ௧ܷሻ  
and subtract the taxes ሺݎݐሻ . In case of positive earnings we pay for taxis, otherwise we pay nothing. 
We pay taxes as a portion of the sum of investment result and underwriting result.  
 

௧ܧ ൌ ௧ܷ  ௧ܫ െ ሺݎݐሺݔܽ݉ ௧ܷ  ,௧ሻܫ 0ሻ (2)
 
The insurance company can choose two investment options for the assets; high-risk investments or low-
risk investments. The portions of high-risk and low-risk investments in the time period t are denoted 
respectively by ߙ௧ିଵ  and  1 െ  ௧ିଵ  and the return of high-risk and low-risk investments are denoted byߙ
respectively  ݎଵ௧   and ݎଶ௧. The rate of return of the company’s investment portfolio in t, ݎ௧; 
 

௧ݎ ൌ ଵ௧ݎ௧ିଵߙ  ሺ1 െ ଶ௧ (3)ݎ௧ିଵሻߙ
 
To calculate the investment results we multiply the portfolio return (ݎ௧) with the funds available for 
investments ሺܥܧ௧ିଵ  ௧ܲିଵ െ   .௧ିଵ is the upfront costsݔܧ  ௧ିଵሻ. ௧ܲିଵ is the premium income andݔܧ
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௧ܫ ൌ ௧ݎ ሺݐܥܧെ1  ܲ௧ିଵ െ ௧െ1ሻᇣᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇥܲݔܧ
௧௪ ௧ ௧ିଵ ௗ ௧

௨ௗ௦ ௩  ௩௦௧௧௦

 
(4)

 
To calculate the premium level we use an underwriting cycle that follows a Markov process. This 
cycle comprises three possible states. In State 1, there is a strong market and company can have high 
premium income, in State 2 the company can have medium premium income and in State 3 the market 
is really soft with low premium income. In the transition probability matrix  ௦  is used for the 
transition probabilities from state s to state j. For example ଵଶ denotes the probability of moving from 
State 1 to State 2. The transition matrix that includes all possible probabilities; 
 

௦ ൌ

ۉ

ۇ
11 12 13

21 22 23

31 32 33

   

   

   

p p p

p p p

p p p ی

(5) ۊ

 
The premium income ௧ܲିଵ  in period t depends on the premium rate level ߎ௦. Depending on 
underwriting cycle premium rate level ߎ௦ has three different values for s=1,2,3 . 
 
The premium income is also connected to consumer response function, cr. The consumer response 
function is used for the link between the company’s safety level and the written premiums. At the end 
of the previous term if the equity capital of company is enough, it means company has solvency and is 
safe for consumers, consumer response function will be equal to 1. Therefore, for the next term the 
reliable company expect to obtain all the written premiums. So the premium income; 
 

௧ܲିଵ ൌ ௧ିଵݎܿ
ாషభߎ௧ିଵ

௦ ሺ1ܸܯ௧ିଵߚ  ݅ሻ௧ିଵ (6)
 

In the above equation ܸܯ is the market value (all written premiums), ߚ௧ିଵ  is the company’s portion 
of the relevant market in t-1 and i denotes the average market growth. 
 

We denote expenses with ܧ௫ and we have two types of expenses; ݔܧ௧ିଵ
  upfront costs and ; ݔܧ௧

  claim 
settlement costs. Upfront cost depend linearly on the level of written market volume (modeled with the 
factor γ). 
 

௧ିଵݔܧ
 ൌ ሺ1ܸܯ௧ିଵߚߛ  ݅ሻ௧ିଵ (7)

 
Claim settlement costs are given as a portion δ of the claims; ݔ௧

 ൌ  ௧ . We have two different linesܥߜ
of business and so two different types of claims; ܥெ

 compulsory motor ınsurance claims and  ܥெை  
motor own damage claims. ܥ௧ ൌ ெைܥ  ெܥ

 
 
The underwriting result (premium income minus claims and expense) is thus given by:    	
 

௧ܷ ൌ ௧ܲିଵ െ ௧ܥ െ ሺݔܧ௧ିଵ
  ௧ݔܧ

ሻ (8)
 
3. COPULA METHODOLOGY 
 
The copula word is used in grammar as “the part of a proposition which connects the subject and 
predicate” [16]. 
 
Sklar states that if H is a bivariate distribution which margins are Fሺݔሻ and Gሺݕሻ. Then there exists a 
copula C such that H(x,y)=C(F(x),G(y)). If F and G is continuous then there is a unique C copula.  
 
Let ିܨଵሺݔሻ,  ;ሻ  be inverse distributions, following equations are validݕଵሺିܩ
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U=Fሺݔሻ~ܷሺ0,1ሻ, 
 V=Gሺݕሻ~ܷሺ0,1ሻ 

,ݑሺܥ ሻݒ ൌ ܲሺܷ  ,ݑ ܸ  ሻݒ ൌ ܲሺܺ  ,ሻݑଵሺିܨ ܻ   ሻሻݒଵሺିܩ
,ݑሺܥ ሻݒ ൌ ,ሻݑଵሺିܨ	ሺܪ  ሻሻݒଵሺିܩ

 
Copulas are preferable for who will study dependency because of lots of reasons. 
 

 They are useful to study on nonlinear dependency because they are flexible. 
 They allow us to see the potential pitfalls of approaches to dependence that focus only on 

correlation and shows how to define a number of useful alternative dependence measures. 
 Can be more probabilistic or more statistical than the other dependency constructions.  

 
Some similarity transformations and solutions will be constructed from the symmetries.  
 
A large number of copula types are used in the literature. In this section, we present two of the most 
commonly used families of copula.  
 
Elliptical Copulas 
 
The normal copula and t copula or Gaussian copula and Student’s copula, respectively are two most 
popular elliptical copulas and they can be easily synthesized numerically [17]. 
 

 Gaussian Copula:  
 

The Gaussian copula is derived from the multivariate normal distribution. Let Φ be the standard 
normal distribution function and ,Φρ n   be the n-dimensional standard normal distribution function with 

correlation matrix ρ. Then, the n-dimensional Gaussian copula with correlation ρ is: 
 

,ଵݑఘ,ீ௨௦௦ሺܥ	 … , ሻݑ ൌ
1 1

, 1( ( ),..., ( ))n nu u     (9)

 
and density function; 
 

,ଵݑఘ,ீ௨௦௦ሺܥ	 … , ሻݑ ൌ
1

, 1( )

...
n

Gauss
n n

u u

C u ,...,u
 

 ൌ 11 1
exp ( )( ) ( )

2
t

dy u I y u   
 




 (10)

 

In the above equation
1 1

1( ) (Φ ( ),...,Φ ( ))t
ny u u u  , dI  identity matrix,  shows determinant. 

 T copula: 
 

The t copula is derived from the multivariate student distribution and exhibits upper and lower tail 

dependence. We have a n-dimensional student distribution , ,n ρ υT  with v    degree of freedom and ρ  

corelation matrix; 

ܶ,ఘ,௩ሺݔሻ ൌ

 

1

/2 1 2

1 2
...

12

nxx

v n
n t

v n
dx

v
v x x

v


 

  
 

        
 

   
 (11)

Therefore the relevant t copula is: 
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,ఘ,௩௧ܥ
1( )nu ,...,u ൌ 1 1

, 1( ( ),..., ( ))n, v v v nT T u T u 
  (12)

 
and the density of t-copula is 

,ఘ,௩௧ܥ
1( )nu ,...,u ൌ

1
1 2 2

1

1 2

1
2 21

1
12

v
n

n k
k

n v n
t

yv n v
v

v y y
v









                   
            


 

 (13)

1 1
1( ( ),..., ( ))t

v v ny T u T u 
 

 
Archimedian Copulas 
 
This copula family includes a very large number of copulas enjoying a certain number of interesting 
properties. They can be used for different dependence structures and lots of them have closed for 
expressions [17]. 
 
The most useful and common used Archimedean copulas: 
 

 Clayton Copula; 
 

    1,θ   ఏܥ
 ቀ ,u v ቁ ൌ  1/

max 1 ,0
θθ θu v

     , [ 1, ]θ   				 with generator   ߮ሺݐሻ ൌ
௧షഇିଵ

ఏ
      

 
When 1θ    , Clayton copula is equal to the lower Fréchet-Hoeffding  bound. 
 

 Gumbel Copula;  
 

ఏܥ
ீቀ ,u v ቁ ൌ    

1/

exp ln ln
θθ θ

u v        
,			 [1, ]θ  						with generator  )ln()( tt  . 

 
 Frank  Copula;  

 

ఏܥ
ிቀ ,u v ቁ ൌ

1 ( 1)( 1)
ln 1

1

θu θv

θ

e e

θ e

 



  
   

,			θ R 	  with generator   ߮ሺݐሻ ൌ
1

ln
1

θt

θ

e

e









.    

 
The Clayton copula has dependence in the lower tail, Gumbel copula exhibits upper tail dependence 
and the Frank copula exhibits no tail dependence. In this study the Survival Gumbel and Survival 
Clayton copulas are also considered. Kendall's tau  and Spearman's rho ߩ௦ and Pearson's linear 
correlation coefficient ߩ have the following relations: 
 

2
arcsin( )  or  sin( )

2
6

arcsin( )  or  2sin( )
2 6s s

 

 

   


   
  

 



Karagül and Büyükyazıcı / Anadolu Univ. J. of Sci. and Technology A – Appl. Sci. and Eng. 18 (5) – 2017 
 

956 

Therefore we can find Kendall’s tau by using the Spearman's rho or Pearson's linear correlation 
coefficient. Using Kendall's rank correlation coefficient, we can make Archimedean copulas available 
for the data.There are some expressions of Kendall’s τ for three Archimedean copulas in Table 1.   
 

Table 1. Kendall’s Tau correlation of Archimedian Copulas 
 

Copula τ range 
Clayton )2/(   1  

  Gumbel  /11           1  

Frank ))(1(41 1
1  D            R  

 
Therefore the parameter value θ can be obtained for any given value of . 
 
4. APPLICATION 
 
4.1. Assumptions and Parameters of the Model  
 
The purpose of this study is to show the importance of the dependency between different lines of 
business for non-life insurance in DFA. In the application we use the real-word data (Turkey non-life 
insurance data). In the model there are two lines of business; compulsory motor insurance and motor 
own damage insurance. We have two main reasons for choosing these lines of business. The first 
reason is the direct premium divisions for non-life branches. These two lines of business have the 
biggest portions in direct premium divisions for non-life branches for Turkey 2014 (%25 CM and %23 
MOD) [18]. The data in the table comes from 2014 Annual Report about Insurance and Private 
Pension Activities that Republic of Turkey Prime Ministry Under-secretariat of Treasury published. 
Similar to premiums, these two lines of business have the biggest portions of paid loss in nonlife 
insurance. The second reason is the high correlation between CM and MOD.  We examine the annual 
reports about insurance and private pension activities that Republic of Turkey Prime Ministry Under 
secretariat of Treasury published between 2002 and 2014.  The paid loss data for CM and MOD have 
been deflated to 2014. The Kendall’s Tau correlation coefficient between CM and MOD is 0,2051. 
This correlation was higher in the previous years and can have important effects in DFA.  
 
The dependencies between CM and MOD can be integrated in DFA by generating correlated random 
numbers.  We use copulas to model dependencies and Kendall’s tau correlation coefficient. We use 
different copulas such as; Gaussian copula, T copula, and Gumbel, Clayton and Frank copulas which 
are Archimedean copulas and survival Gumbel and survival Clayton copulas to model correlations. 
We prefer these copulas because of their ease of use like parameterized easily and extensively used in 
the literature. 
 
The simulation study is conducted for a five-year period starting in 2014.The initial market value is 
10.043.613.000TL (the total written premium for CM and MOD in the beginning of 2014 in Turkey). 
We examine Turkey CM and MOD insurance market growth for last ten years “2005-2014”.  The 
growth is not linear so we use the average of ten years market growth (-0.0527425). Company’s 
underwriting market share 1tβ   is assumed as 0,15 (this value is rather close to the market share of the 

biggest nonlife insurance company of Turkey in 2014)  and the equity capital is 413.809.207 TL. 
Investment returns are normally distributed [15]. For the best estimate of the mean and the standard 
deviations of returns, the last 5 years high risk and low risk investments reel returns of Turkey are 
observed. CM and MOD claims are log-normally distributed [19, 20]. We assume the company is safe 
and has enough equity capital so the consumer response function is “1”. For assuming the portion 
invested in high-risk investments we study on how the assets of non-life insurance companies in 
Turkey are divided in high risk investments and low risk investments from 2010 to 2014. Then the 
initial value of portion invested in low-risk investments is selected as %75 in simulation.To denote the 
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probabilities of switching from one state to another in the transition matrix, the previous years’ 
markets should be determined as State 1, State 2 and State 3 and then the transitions should be 
observed. This requires a long term study and such a study for Turkey is not available so we use the 
transition matrix which is given in Eling, Parnitzke, and Schmeiser’s paper [6] 
 

0.1  0.5  0.4

0.2  0.6  0.2

0.3  0.5  0.2
sjp

 
   
 
   

 
We have 3 different premium levels for 3 states. For state 1 (weak competition in the market) 
companies get higher premiums than they expect, so premium rate level 1Π 1,05 . For state 2 (normal 

competition) premium rate level is equal 1, 2Π 1 . For the state 3 (strong competition) insurance 
companies cannot get the whole premium that they expect so 3Π 0,95 . We assume the initial state as 
State 2. We can find the model parameters in Table 2. 

 
Table 2. Model parameters 

 
Symbol  Initial value (t=0) Symbol   Initial value (t=0)

T  5  1
1

tEC
tcr 


1 

tEC  413.809.207 TL  0,05 

tr 0,25   MODE C 476.103.574 TL 
1t   0,25   MODC 104.368.760 TL 

 1tE r 0,072  0,05 
 1tr 0,3223  CME C 299.950.096 TL 

 2tE r 0,076  CMC 137.189.024 TL 
 2tr 0,065  0,2051 

fr 0,03  s  

MV 10.043.613.000 TL 1 1,05 

i -0,052 2 1 

1t  0,15  3 1 

 

4.2. Results of the Simulation  
 
The financial ratios which are used for the measurement of performance, risk and return are shown in 
Table 3 [6]. 

Table 3. Financial ratios 
 

 Symbol Measure                                         

Return  E G  expected gain per annum 

Risk  G  standart deviation of gain per annum 

 R P  ruin probability                                    

 EPD expected policyholder deficit                         

Performance SR  sharpe ratio                                       

 RPSR modified sharpe ratio (RP)                    

 EPDSR modified sharpe ratio (EPD)                          
 

For the measure of the return expected gain per annum is used and the formulas; 
 

ሻܩሺܧ ൌ 0( )TE EC EC

T


 (14)
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For the measure of the risk standard deviation of gain per annum σ(G) , ruin probability RP and expected 
policyholder deficit EPD are used and their formulas respectively;     /Tσ G σ EC T

ˆPr( )RP τ T  ˆ inf{ 0; 0}    1,2,...,tτ t EC t T    describes the first occurrence of ruin and

 
1

max( ,0) (1 )
T

t
T f

t

EPD E EC r 



      fr  stands for the risk-free rate of return. 

 

For the measure of the performance we use Sharpe ratios.The Sharpe ratio σSR  is a widely known 

performance measure and measures the relationship between the risk premium and the standard 

deviation of returns. The formula for the sharpe ratio is  0( ) .(1 )

( )

T
T f

σ
T

E EC EC r
SR

σ EC

 
  and modified 

sharpe ratio (RP) and modified sharpe ratio (EPD) are defined as respectively; 

0( ) .(1 )
,

T
T f

RP

E EC EC r
SR

RP

 
   0( ) .(1 )

.
T

T f
EPD

E EC EC r
SR

EPD

 
            

 
The results of the simulation for the financial ratios are shown in Table 4. Table shows the simulation 
results which we get from MATLAB with 100.000 iterations. The results are shown for 7 different 
copulas and also for the case without correlation. We evaluate the results in the sense of financial ratios. 
Firstly we consider the case without correlation. We find an expected gain of 494.300.000 TL per annum 
with a standard deviation 139.300.000 TL. The ruin probability is 0,0060 and the expected policyholder 
deficit is 1.802.600 TL. Later we compare the case with correlation and without correlation.  In the sense 
of expected gain per annum as a measure of return there is not a big difference between these cases. 
However, we find considerable differences in risk and performance. Standard deviation of gain per 
annum σ(G), ruin probability RP and expected policyholder deficit EPD are much higher than in the case 
without correlation and the measurements of performance are much lower than in the case without 
correlation. . In the case with correlation; measurements of risk are much higher, on the contrary 
measurements of performance are much lower than in the case without correlation. 
 
In the case that exhibit upper tail dependence, the ruin probability is higher than in the case that 
exhibit lower tail dependence. This finding shows while integrating the dependency between lines of 
business in DFA, tail dependence of data should be considered for selecting of ideal copula.   

 
Table 4. The results of the simulation 
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Focusing on tail dependence, Figure 1 compares three total claims data sets which include 1 million 
CM insurance and MOD insurance claims that are simulated using the Gumbel (upper tail), the 
Clayton (lower tail) , and the Frank (none) copulas.  
Figure 1 and Figure 2 show us the total claims which are simulated with the Gumbel copula (upper 
tail) are higher than the others and have the higher ruin probability. CM insurance claims’ frequencies 
and MOD insurance claims data have the upper tail dependency. We believe that, if we want to 
simulate an upper tail dependent data set but use a lower tail dependent copula the results will not 
reflect the truth (lower or higher EPD, RP,etc), vice versa. Consequently selecting the right copula is 
require and significant.  
 

 
 

Figure 1. Total claims which are simulated with Gumbel,  Frank and Clayton Copulas 
 

 
 

Figure 2. Tails of three total claims distributions 
 
5. CONCLUSION 
 
In this study we considered real World data from Turkey by using DFA with copulas for modelling 
dependency. The integration of the correlation between CM and MOD in DFA for a non-life insurance 
company has important effects on the risk and performance. This result is also relevant for rating 
agencies and regulators because we find large differences in risk assessment for different risk 
measures between the case with correlation and the case without correlation. 
 
As mentioned in the DFA section there is not a unique methodology for DFA and insurance 
companies can construct different models that include necessary components for themselves. In this 
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way they can consider the dependency between all lines of business which are relevent for them. In 
this paper we just consider the correlation between the MOD insurance and CM insurance and 
integrate into DFA. The reason of this choice is the importance of these two lines of business in a non-
life insurance company. They have the biggest share in premiums and claims. For future studies we 
can include all the lines of business and the correlation between them in DFA.  
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