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Abstract − Nuray and Savaş proposed statistical convergence of fuzzy number sequences. Afterward, Tripathy and Baruah 
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1. Introduction 

Thus far, many studies, such as de la Vallée-Poussin, Cesàro, Riesz, and Nörlund convergence [1-3], have 

been conducted on sequences of fuzzy numbers [4,5]. New convergence types for nonconvergent sequences 

of fuzzy numbers via Cesàro, Riesz, and Nörlund means have been proposed in these studies. Another useful 

type of convergence introduced for fuzzy number sequences is statistical convergence [6]. Afterward, 

statistical convergence and statistical Cesàro and 𝑝-Cesàro convergence [7-9] have been investigated. This 

study defines statistical Riesz and Nörlund convergence for fuzzy number sequences. 

Section 2 of the present study provides some basic definitions to be required in the next section. Section 3 

defines statistical Riesz and Nörlund convergence of fuzzy number sequences. Moreover, it shows that 

convergent sequences are statistical Riesz/Nörlund convergent, but the converse is not always correct. Finally, 

we discuss the need for further research. 

2. Preliminaries 

This section presents some basic notions to be needed for the following section. 

Definition 2.1. A fuzzy set 𝜇 over ℝ is called a fuzzy number if 

i. there exists an 𝑥 ∈ ℝ such that 𝜇(𝑥) = 1 

ii. 𝜇(𝜆𝑥 + (1 − 𝜆)𝑦) ≥ min{𝜇(𝑥), 𝜇(𝑦)}, for all 𝑥, 𝑦 ∈ ℝ and for all 𝜆 ∈ [0,1] 

iii. for all 𝜀 > 0, there exists a 𝛿(𝜀) > 0 such that |𝑥 − 𝑎| < 𝛿 ⇒ 𝜇(𝑥) − 𝜇(𝑎) < 𝜀 

iv. the closure of  {𝑥 ∈ ℝ: 𝜇(𝑥) > 0}, denoted by supp(𝜇), in the usual topology of ℝ is compact 
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Throughout this paper, the set of all the fuzzy numbers over ℝ is denoted by 𝐹𝑁(ℝ). 

Definition 2.2. The 𝛼-level set [𝜇]𝛼 of 𝜇 ∈ 𝐹𝑁(ℝ) is defined by 

[𝜇]𝛼: = {
{𝑥 ∈ ℝ:𝜇(𝑥) ≥ 𝛼}, 0 < 𝛼 ≤ 1

supp(𝜇), 𝛼 = 0
 

Proposition 2.3. Let 𝜇 ∈ 𝐹𝑁(ℝ). Then, the set [𝜇]𝛼, denoted by [𝜇−(𝛼), 𝜇+(𝛼)], is a closed, bounded, and 

non-empty interval for all 𝛼 ∈ [0,1]. 

Proposition 2.4. The function 𝐷 defined by, for all 𝜇, 𝜈 ∈ 𝐹𝑁(ℝ), 

𝐷(𝜇, 𝜈) ≔ sup
𝛼∈[0,1]

max{|𝜇−(𝛼) − 𝜈−(𝛼)|, |𝜇+(𝛼) − 𝜈+(𝛼)|} 

is a metric on 𝐹𝑁(ℝ), and (𝐹𝑁(ℝ),𝐷) is a complete metric space. 

Proposition 2.5. Let 𝜇, 𝜈, 𝜂, 𝜔 ∈ 𝐹𝑁(ℝ) and 𝜆 ∈ ℝ. Then, 

i.  𝐷(𝜆𝜇, 𝜆𝜈) = |𝜆|𝐷(𝜇, 𝜈) 

ii.  𝐷(𝜇 + 𝜈, 𝜂 + 𝜈) = 𝐷(𝜇, 𝜂) 

iii.  𝐷(𝜇 + 𝜈, 𝜂 + 𝜔) ≤ 𝐷(𝜇, 𝜂) + 𝐷(𝜈, 𝜔) 

Definition 2.6. A sequence (𝑢𝑘) of fuzzy numbers is a function 𝑢 from ℕ to 𝐹𝑁(ℝ). The fuzzy number 𝑢𝑘 

denotes the value of the function at 𝑘 ∈ ℕ and is called the 𝑘𝑡ℎ term of the sequence. 

Across this study, the set of all the sequences of fuzzy numbers is denoted by 𝑤(𝐹). 

Definition 2.7. A sequence (𝑢𝑘) ∈ 𝑤(𝐹) is called convergent to 𝑢 ∈ 𝐹𝑁(ℝ) if, for all 𝜀 > 0, there exists an 

𝑛0 = 𝑛0(𝜀) ∈ ℕ such that 𝐷(𝑢𝑘, 𝑢) < 𝜀, for all  𝑘 ≥ 𝑛0. 

Hereinafter, the set of all the convergent sequences of fuzzy numbers is denoted by 𝑐(𝐹). 

Definition 2.8. [3] Let (𝑢𝑘) ∈ 𝑤(𝐹), (𝑞𝑘) be a sequence of non-negative real numbers, not all zero and 𝑞1 >

0, and 𝑄𝑛 ≔ 𝑞1 + 𝑞2 +⋯+ 𝑞𝑛, for all 𝑛 ∈ ℕ. If lim
𝑛
𝑅𝑛(𝑞, 𝑢) = 𝑢0 ∈ 𝐹𝑁(ℝ), then (𝑢𝑘) is called Riesz-

convergent to fuzzy number 𝑢0 and denoted by 𝑅-lim
𝑘
𝑢𝑘 = 𝑢0 or 𝑢𝑘

𝑅
→ 𝑢0 where 

𝑅𝑛(𝑞, 𝑢) =
1

𝑄𝑛
∑

𝑛

𝑘=1

𝑞𝑘𝑢𝑘,    𝑛 ∈ ℕ 

Definition 2.9. [3] Let (𝑢𝑘) ∈ 𝑤(𝐹), (𝑞𝑘) be a sequence of non-negative real numbers, not all zero and 𝑞1 >

0, and 𝑄𝑛 ≔ 𝑞1 + 𝑞2 +⋯+ 𝑞𝑛, for all 𝑛 ∈ ℕ. If lim
𝑛
𝑁𝑛(𝑞, 𝑢) = 𝑢0 ∈ 𝐹𝑁(ℝ), then (𝑢𝑘) is called Nörlund-

convergent to fuzzy number 𝑢0 and denoted by 𝑁-lim
𝑘
𝑢𝑘 = 𝑢0 or 𝑢𝑘

𝑁
→ 𝑢0 where 

𝑁𝑛(𝑞, 𝑢) =
1

𝑄𝑛
∑

𝑛

𝑘=1

𝑞𝑛−𝑘+1𝑢𝑘 ,    𝑛 ∈ ℕ 

From now on, the set of all the Riesz and Nörlund convergent sequences of fuzzy numbers are denoted by 

𝑅𝑐(𝐹) and 𝑁𝑐(𝐹), respectively. 

Definition 2.10. The natural density of a set 𝐾 ⊆ ℕ is defined by 𝛿(𝐾) ≔ lim
𝑛

1

𝑛
|{𝑘 ≤ 𝑛 ∶ 𝑘 ∈ 𝐾}| where | . | 

denotes the cardinality of a set. 

Definition 2.11. [6] A sequence (𝑢𝑘) ∈ 𝑤(𝐹) is called statistical convergent (or briefly st-convergent) to 𝑢0 ∈

𝐹𝑁(ℝ) and denoted by st-lim
𝑘
𝑢𝑘 = 𝑢0 or 𝑢𝑘

𝑠𝑡
→ 𝑢0 if 
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for all 𝜀 > 0 and for all 𝑘 except for a set of natural density zero, 𝐷(𝑢𝑘 , 𝑢0) < 𝜀 

or 

for all 𝜀 > 0, 𝛿({𝑘 ≤ 𝑛 ∶ 𝐷(𝑢𝑘, 𝑢0) ≥ 𝜀}) = 0 

or 

there exists a subsequence (𝑢𝑛𝑘) such that lim
𝑘

𝑘

𝑛𝑘
= 1 and 𝑢𝑛𝑘 → 𝑢0 

Proposition 2.12. Let (𝑢𝑘) ∈ 𝑐(𝐹). Then, (𝑢𝑘) ∈ 𝑠𝑐(𝐹), (𝑢𝑘) ∈ 𝑅𝑐(𝐹), and (𝑢𝑘) ∈ 𝑁𝑐(𝐹). 

3. Statistical Riesz and Nörlund Convergence for Fuzzy Number Sequences 

This section proposes statistical Riesz and Nörlund convergence of sequences of fuzzy numbers and 

investigates their properties. 

Definition 3.1. Let (𝑢𝑘) ∈ 𝑤(𝐹) and (𝑢𝑛𝑘) be a Riesz convergent subsequence of (𝑢𝑘) to 𝑢0 ∈ 𝐹𝑁(ℝ) such 

that lim
𝑘

𝑘

𝑛𝑘
= 1. Then, (𝑢𝑘) is called statistical Riesz convergent (or briefly stR-convergent) to 𝑢0 and denoted 

by stR-lim
𝑘
𝑢𝑘 = 𝑢0 or 𝑢𝑘

𝑠𝑡𝑅
→ 𝑢0. In other words, 

stR-lim
𝑘
𝑢𝑘 = 𝑢0⇔ ∃(𝑢𝑛𝑘) ∋ R-lim

𝑛𝑘
𝑢𝑛𝑘 = 𝑢0 ∧ lim𝑘

𝑘

𝑛𝑘
= 1 

Throughout this study, the set of all the stR-convergent sequences of fuzzy numbers is denoted by 𝑠𝑡𝑅𝑐(𝐹). 

Definition 3.2. Let (𝑢𝑘) ∈ 𝑤(𝐹) and (𝑢𝑛𝑘) be a Nörlund convergent subsequence of (𝑢𝑘) to 𝑢0 ∈ 𝐹𝑁(ℝ) 

such that lim
𝑘

𝑘

𝑛𝑘
= 1. Then, (𝑢𝑘) is called statistical Nörlund convergent (or briefly stN-convergent) to 𝑢0 and 

denoted by stN-lim
𝑘
𝑢𝑘 = 𝑢0 or 𝑢𝑘

𝑠𝑡𝑁
→ 𝑢0. In other words, 

stN-lim
𝑘
𝑢𝑘 = 𝑢0⇔ ∃(𝑢𝑛𝑘) ∋ N-lim

𝑛𝑘
𝑢𝑛𝑘 = 𝑢0 ∧ lim𝑘

𝑘

𝑛𝑘
= 1 

Across this study, the set of all the stN-convergent sequences of fuzzy numbers is denoted by 𝑠𝑡𝑁𝑐(𝐹). 

Theorem 3.3. Let (𝑢𝑘) ∈ 𝑠𝑡𝑐(𝐹). Then, (𝑢𝑘) ∈ 𝑠𝑡𝑅𝑐(𝐹). 

Proof. 

Let 𝑢𝑘
𝑠𝑡
→ 𝑢0. Then, there exists a (𝑢𝑛𝑘) such that lim

𝑘

𝑘

𝑛𝑘
= 1 and 𝑢𝑛𝑘 → 𝑢0. From Proposition 2.12, 𝑢𝑛𝑘

𝑅
→ 𝑢0.  

◻ 

The converse of Theorem 3.3 is not always correct. 

Example 3.4.  Let (𝑤𝑘) ∈ 𝑤(ℝ) defined by 

𝑤𝑘(𝑥) = {
𝑣𝑘 , ∃𝑛 ∈ ℕ ∋ 𝑘 = 𝑛2

𝑢𝑘 , ∀𝑛 ∈ ℕ, 𝑘 ≠ 𝑛2
 

such that 

𝑢𝑘(𝑥) = {

𝑘−2+𝑥

𝑘
, 𝑥 ∈ [2 − 𝑘, 2]

𝑘+2−𝑥

𝑘
, 𝑥 ∈ (2,2 + 𝑘]

0, otherwise

       

and 
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𝑣𝑘(𝑥) = {
𝑥 − 𝑘, 𝑥 ∈ [𝑘, 𝑘 + 1]

𝑘 + 2 − 𝑥, 𝑥 ∈ (𝑘 + 1, 𝑘 + 2]
0, otherwise

 

Then, the 𝛼-level sets of 𝑢𝑘 and 𝑣𝑘, for all 𝑘 ∈ ℕ and for all 𝛼 ∈ [0,1], are as follows: 

[𝑢𝑘]𝛼 = [𝑘𝛼 − (𝑘 − 2), (𝑘 + 2) − 𝑘𝛼]     

and 

[𝑣𝑘]𝛼 = [𝛼 + 𝑘, 𝑘 + 2 − 𝛼] 

Therefore, (𝑤𝑘) is not convergent and also not statistical convergent because 

lim
𝑘
[𝑢𝑘]𝛼 = lim

𝑘
[2 − 𝑘(1 − 𝛼), 2 + 𝑘(1 − 𝛼)] = ∞ 

Consider a sequence of real numbers (𝑞𝑘) = (
𝑘

2𝑘
). Thus, 

stR-lim
𝑘
𝑤𝑘 =R-lim

𝑘
𝑢𝑘 = lim

𝑘
𝑅𝑘(𝑞, 𝑢) 

where 

𝑅𝑘(𝑞, 𝑢) =

{
 
 

 
 
2(2𝑘 − 1)(𝑥 + 1) − 𝑘(𝑘 + 𝑥 + 2)

6(2𝑘 − 1) − 𝑘(𝑘 + 4) 
, 𝑥 ∈ [

𝑘(𝑘 + 1)

2𝑘+1 − (𝑘 + 2)
− 1,2]

𝑘(−𝑘 + 𝑥 − 6) − 2(2𝑘 − 1)(𝑥 − 5)

6(2𝑘 − 1) − 𝑘(𝑘 + 4) 
, 𝑥 ∈ (2,

𝑘(𝑘 + 1)

(𝑘 + 2) − 2𝑘+1
+ 5]

0 otherwise

 

and its 𝛼-level sets, for all 𝛼 ∈ [0,1], 

[𝑅𝑘(𝑞, 𝑢)]𝛼 = [3𝛼 − 1 −
(𝛼 − 1)𝑘(𝑘 + 1)

2𝑘+1 − (𝑘 + 2)
, 5 − 3𝛼 +

(𝛼 − 1)𝑘(𝑘 + 1)

2𝑘+1 − (𝑘 + 2)
] 

because 

[𝑢1]𝛼 = [𝛼 + 1,3 − 𝛼] 

[𝑢2]𝛼 = [2𝛼, 4 − 2𝛼] 

[𝑢3]𝛼 = [3𝛼 − 1,5 − 3𝛼] 

[𝑢4]𝛼 = [4𝛼 − 2,6 − 4𝛼] 

[𝑢5]𝛼 = [5𝛼 − 3,7 − 5𝛼] 

[𝑢6]𝛼 = [6𝛼 − 4,8 − 6𝛼] 

⋮ 

[𝑢𝑘]𝛼 = [𝑘𝛼 − (𝑘 − 2), (𝑘 + 2) − 𝑘𝛼] 

and 

[𝑅1(𝑞, 𝑢)]𝛼 =
𝑞1𝑢1
𝑞1

= 𝑢1 = [𝛼 + 1,3 − 𝛼] 

[𝑅2(𝑞, 𝑢)]𝛼 =
𝑞1𝑢1 + 𝑞2𝑢2
𝑞1 + 𝑞2

= [
6𝛼 + 2

4
,
14 − 6𝛼

4
] 

[𝑅3(𝑞, 𝑢)]𝛼 =
𝑞1𝑢1 + 𝑞2𝑢2 + 𝑞3𝑢3
𝑞1 + 𝑞2 + 𝑞3

= [
21𝛼 + 1

11
,
43 − 21𝛼

11
] 
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[𝑅4(𝑞, 𝑢)]𝛼 =
𝑞1𝑢1 + 𝑞2𝑢2 + 𝑞3𝑢3 + 𝑞4𝑢4

𝑞1 + 𝑞2 + 𝑞3 + 𝑞4
= [
58𝛼 − 6

26
,
110 − 58𝛼

26
] 

[𝑅5(𝑞, 𝑢)]𝛼 =
𝑞1𝑢1 + 𝑞2𝑢2 + 𝑞3𝑢3 + 𝑞4𝑢4 + 𝑞5𝑢5

𝑞1 + 𝑞2 + 𝑞3 + 𝑞4 + 𝑞5
= [
141𝛼 − 27

57
,
255 − 141𝛼

57
] 

[𝑅6(𝑞, 𝑢)]𝛼 =
𝑞1𝑢1 + 𝑞2𝑢2 + 𝑞3𝑢3 + 𝑞4𝑢4 + 𝑞5𝑢5 + 𝑞6𝑢6

𝑞1 + 𝑞2 + 𝑞3 + 𝑞4 + 𝑞5 + 𝑞6
= [
318𝛼 − 78

120
,
558 − 318𝛼

120
] 

⋮ 

[𝑅𝑘(𝑞, 𝑢)]𝛼 = [
(3 ⋅ 2𝑘+1 − 𝑘2 − 4𝑘 − 6)𝛼 − (2𝑘+1 − 𝑘2 − 2𝑘 − 2)

2𝑘+1 − (𝑘 + 2)
,
5 ⋅ 2𝑘+1 − 𝑘2 − 6𝑘 − 10 − (3 ⋅ 2𝑘+1 − 𝑘2 − 4𝑘 − 6)𝛼

2𝑘+1 − (𝑘 + 2)
] 

 = [3𝛼 − 1 −
(𝛼 − 1)𝑘(𝑘 + 1)

2𝑘+1 − (𝑘 + 2)
, 5 − 3𝛼 +

(𝛼 − 1)𝑘(𝑘 + 1)

2𝑘+1 − (𝑘 + 2)
] 

Thus, 

lim
𝑘
[𝑅𝑘(𝑞, 𝑢)]𝛼 = lim

𝑘
[3𝛼 − 1 −

(𝛼 − 1)𝑘(𝑘 + 1)

2𝑘+1 − (𝑘 + 2)
, 5 − 3𝛼 +

(𝛼 − 1)𝑘(𝑘 + 1)

2𝑘+1 − (𝑘 + 2)
] 

 = [3𝛼 − 1,5 − 3𝛼] 

Hence, 

lim
𝑘
𝑅𝑘(𝑞, 𝑢) =

{
 
 

 
 
𝑥 + 1

3
, 𝑥 ∈ [−1,2]

5 − 𝑥

3
, 𝑥 ∈ (2,5]

0, otherwise

 

Therefore, 

Rst-lim
𝑘
𝑤𝑘 =

{
 
 

 
 
𝑥+1

3
, 𝑥 ∈ [−1,2]

5−𝑥

3
, 𝑥 ∈ (2,5]

0, otherwise

 

Consequently, although (𝑤𝑘) is not convergent and not statistical convergent, (𝑤𝑘) is statistical Riesz 

convergent. 

Corollary 3.5. Let (𝑢𝑘) ∈ 𝑐(𝐹). Then, (𝑢𝑘) ∈ 𝑠𝑡𝑅𝑐(𝐹). 

Theorem 3.6. Let (𝑢𝑘) ∈ 𝑠𝑐(𝐹). Then, (𝑢𝑘) ∈ 𝑠𝑡𝑁𝑐(𝐹). 

The proof is similar to the proof of Theorem 3.3. The converse of Theorem 3.6 is not always correct. 

Example 3.7.  Consider (𝑤𝑘) provided in Example 3.4 and (𝑞𝑘) = (2
𝑘). Thus, 

stN-lim
𝑘
𝑤𝑘 =N-lim

𝑘
𝑢𝑘 = lim

𝑘
𝑁𝑘(𝑞, 𝑢) 

where 
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𝑁𝑘(𝑞, 𝑢) =

{
 
 

 
 

(2𝑘 − 1)𝑥 − 𝑘

2𝑘+1 − (𝑘 + 2) 
, 𝑥 ∈ [

𝑘

2𝑘 − 1
, 2]

−(2𝑘 − 1)𝑥 + 𝑘

2𝑘+1 − 2 − 𝑘
+ 2, 𝑥 ∈ (2,4 −

𝑘

2𝑘 − 1
]

0 otherwise

 

and its 𝛼-level sets, for all 𝛼 ∈ [0,1], 

[𝑁𝑘(𝑞, 𝑢)]𝛼 = [2𝛼 +
𝑘(1 − 𝛼)

2𝑘 − 1
, 4 − 2𝛼 +

𝑘(𝛼 − 1)

2𝑘 − 1
] 

because 

[𝑢1]𝛼 = [𝛼 + 1,3 − 𝛼] 

[𝑢2]𝛼 = [2𝛼, 4 − 2𝛼] 

[𝑢3]𝛼 = [3𝛼 − 1,5 − 3𝛼] 

[𝑢4]𝛼 = [4𝛼 − 2,6 − 4𝛼] 

[𝑢5]𝛼 = [5𝛼 − 3,7 − 5𝛼] 

[𝑢6]𝛼 = [6𝛼 − 4,8 − 6𝛼] 

⋮ 

[𝑢𝑘]𝛼 = [𝑘𝛼 − (𝑘 − 2), (𝑘 + 2) − 𝑘𝛼] 

and 

[𝑁1(𝑞, 𝑢)]𝛼 =
𝑞1𝑢1
𝑞1

= 𝑢1 = [𝛼 + 1,3 − 𝛼] 

[𝑁2(𝑞, 𝑢)]𝛼 =
𝑞2𝑢1 + 𝑞1𝑢2
𝑞1 + 𝑞2

= [
4𝛼 + 2

3
,
10 − 4𝛼

3
] 

[𝑁3(𝑞, 𝑢)]𝛼 =
𝑞3𝑢1 + 𝑞2𝑢2 + 𝑞1𝑢3
𝑞1 + 𝑞2 + 𝑞3

= [
11𝛼 + 3

7
,
25 − 11𝛼

7
] 

[𝑁4(𝑞, 𝑢)]𝛼 =
𝑞4𝑢1 + 𝑞3𝑢2 + 𝑞2𝑢3 + 𝑞1𝑢4

𝑞1 + 𝑞2 + 𝑞3 + 𝑞4
= [
26𝛼 + 4

15
,
56 − 26𝛼

15
] 

[𝑁5(𝑞, 𝑢)]𝛼 =
𝑞5𝑢1 + 𝑞4𝑢2 + 𝑞3𝑢3 + 𝑞2𝑢4 + 𝑞1𝑢5

𝑞1 + 𝑞2 + 𝑞3 + 𝑞4 + 𝑞5
= [
57𝛼 + 5

31
,
119 − 57𝛼

31
] 

[𝑁6(𝑞, 𝑢)]𝛼 =
𝑞6𝑢1 + 𝑞5𝑢2 + 𝑞4𝑢3 + 𝑞3𝑢4 + 𝑞2𝑢5 + 𝑞1𝑢6

𝑞1 + 𝑞2 + 𝑞3 + 𝑞4 + 𝑞5 + 𝑞6
= [
120𝛼 + 6

63
,
246 − 120𝛼

63
] 

⋮ 

[𝑁𝑘(𝑞, 𝑢)]𝛼 = [
(2𝑘+1 − 2 − 𝑘)𝛼 + 𝑘

2𝑘 − 1
,
2𝑘+2 − 4 − 𝑘 − (2𝑘+1 − 2 − 𝑘)𝛼

2𝑘 − 1
] 

 = [2𝛼 +
𝑘(1 − 𝛼)

2𝑘 − 1
, 4 − 2𝛼 +

𝑘(𝛼 − 1)

2𝑘 − 1
] 

Thus, 

lim
𝑘
[𝑁𝑘(𝑞, 𝑢)]𝛼 = [2𝛼, 4 − 2𝛼] 
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Hence, 

lim
𝑘
𝑁𝑘(𝑞, 𝑢) =

{
 
 

 
 
𝑥

2
, 𝑥 ∈ [0,2]

4 − 𝑥

2
, 𝑥 ∈ (2,4]

0, otherwise

 

Therefore, 

stN-lim
𝑘
𝑤𝑘 =

{
 
 

 
 
𝑥

2
, 𝑥 ∈ [0,2]

4−𝑥

2
, 𝑥 ∈ (2,4]

0, otherwise

 

Consequently, although (𝑤𝑘) is not convergent and not statistical convergent, (𝑤𝑘) is statistical Nörlund 

convergent. 

Corollary 3.8. Let (𝑢𝑘) ∈ 𝑐(𝐹). Then, (𝑢𝑘) ∈ 𝑠𝑡𝑁𝑐(𝐹). 

4. Conclusion 

This paper proposed statistical Riesz and Nörlund convergence of sequences of fuzzy numbers. It then showed 

that if a sequence of fuzzy numbers is convergent, then it is statistical Riesz/Nörlund convergent, and the 

converse is not always correct by two examples. In the future, the Tauberian conditions for a statistical 

Riesz/Nörlund convergent sequence to be convergent/statistical convergent and Korovkin-type theorems can 

be studied.  
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