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Abstract

We introduce f-statistical connections as a family of statistical connections and study
some geometric objects associated to these connections such as divergence, curvature and
Ricci tensors, Hessian and Laplacian operators. We construct examples of f-statistical
connections and study the introducing concepts on them. Finally we introduce Miao-Tam
statistical manifolds and study properties of them.
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1. Introduction

Recently, the study of spaces consisting of probability measures is getting more atten-
tion. Information geometry as a famous theory in geometry is a tool to investigate such
spaces (of course in finite dimensional sense). Nowadays, this geometry as a combina-
tion of statistics and differential geometry has effective role in science. For instance, a
manifold learning theory in a hypothesis space consisting of models is developed in [15].
The semi-Riemannian metric of this hypothesis space is uniquely derived based on the
information geometry of the probability distributions. In [1], Amari also combined the
statistical and geometrical ideas for studying neural networks including hidden units or
unobservable variables. To see more applications of this geometry in other sciences, can
be referred to [6,8,9].

For an open subset © of R" and a sample space  with parameter § = (91,--- ,0"), we
call the set of probability density functions

S:{p(x;ﬁ):/gp(x;ﬁ):l, p(z;0) >0, 6 € © CR"},

as a statistical model. For a statistical model S, the semi-definite Fisher information
matrix g(6) = [g;;(0)] is defined as

9,(0) = /Q 0,90, Lop(; 0)dx = E,[0:0;0e], (1.1)
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where g = ((z;0) := logp(x;0), 0; = %, and E,[f] is the expectation of f(x) with
respect to p(x;0). Equipping the space S with such information matrices, it is called a
statistical manifold in literature.

Historically, Fisher was the first who introduced relation (1.1) as a mathematical intent
of information in 1920 (see [10]). It is shown that if ¢ is positive-definite and all of its
components are converging to real numbers, then (S, g) will be a Riemannian manifold
and g is called a Fisher metric on S. Using the Fisher metric g, an affine connection V

with respect to p(z;0) is defined by
Lijr= g(Vaiaj, Ok) = Ep[(aiajgg)akfg]. (1.2)

The study of the critical points of the volume functional associated to the space of
smooth Riemannian structures is a useful problem and applicable in Riemannian geometry
that has attracted the attention of many researchers (see [4,5,12,13], for instance). In
[12], P. Miao and L.-F. Tam proved that a Riemannian metric g on a compact manifold
M of dimension at least three with the smooth boundary OM is a critical point of the
volume functional if and only if there is a function ¢ on M such that ¢ =0 on M and

~Ap g+ H, — pRic =g, (1.3)

where A and ﬁso are Laplacian and Hessian operators and Ric is the Ricci tensor on M
with respect to the Levi-Civita connection V. The function @ is known as the potential
function and (1.3) is known as Miao-Tam equation. Due to the significant role of Miao-Tam
equation in the study of critical points of the volume functional on compact Riemannian
manifolds with the smooth boundary, this equation is very important in Riemannian
geometry.

The aim of this paper is to study the Miao-Tam equation for statistical manifolds.
To achieve this goal, it is necessary to introduce and study the elements in Miao-Tam
equation (Laplacian and Hessian operators and Ricci tensor) for statistical manifolds.
Before introducing these concepts, we first introduce and study a family of statistical
connections, which are called f-statistical connections. Then we study some geometric
objects such as divergence, curvature and Ricci tensors, Hessian and Laplacian operators.
We also investigate the Codazzi-coupled property of a f-statistical connection with some
tensor fields. Finally we introduce Miao-Tam equation for f-statistical connections and
study some properties of them. The presentation of various statistical examples covers
the concepts presented in the paper.

2. f-statistical connections

Let M be an n-dimensional manifold and (U,z*), i = 1,...,n, be a local chart of the
point # € U. Considering the coordinates (z°) on M, we have the local field %LB as
frames on T, M.

Let V be an affine connection of M. The torsion tensor of the connection V is a tensor
TV of type (1,2) given by

Tv(Xv Y) =VxY -VyX — [Xa Y]7

for any X,Y € x(M). The connection V is torsion-free, if its torsion tensor vanishes. We
recall that V and a symmetric tensor B of type (0,2) are Codazzi-coupled if the Codazzi
equation holds that is

(VxB)(Y,Z) = (VyB)(X, Z), VX,Y,Z € x(M).

Assume that g is a pseudo-Riemannian metric on M. An affine connection V is called
Codazzi connection if the cubic tensor field ¢ = Vg is totally symmetric; namely the
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Codazzi equations hold:
(Vx9)(Y.Z) = (Vyg)(X,Z),  (=(Vz9)(X,Y)),VX,Y,Z e x(M),  (2.1)
where
(Vxg)(Y,2) = Xg(Y, Z) — g(VxY, Z) — g(Y,Vx Z). (2.2)
In the local coordinates, the components of € have the following form
Cijk = Owgij — Tivgin — Thgin, Cijk = Cjik = Chyj, (2.3)

where 0; = % and F;k are the Christoffel symbols of the Codazzi connection V. The
triplet (M, g, V) also is said to be a statistical manifold if V is a statistical connection,
i.e., a torsion-free Codazzi connection. In particular, it is known that if the cubic tensor
field is zero, a torsion-free Codazzi connection V reduces to the Levi-Civita connection V.
Moreover, the affine connection V* of M defined by

Xg(Y7Z>:g(vXKZ)+g(Y’V§(Z)’ (2'4)

is called the (conjugate) dual connection of V with respect to g. Immediately, one can see
V = 3(V+V*) and

Thus (M, g, V*) forms a statistical manifold.
For a statistical structure (g, V) on M, if we consider a (1,2)-tensor field K : x(M) x
X(M) — x(M) described by

KxY =VYY — VY, (2.5)
it follows that K satisfies
KxY = Ky X, 9(KxY,Z)=g(Y,KxZ), C(X,Y,Z)=g(KxY,Z), (2.6)

for all X,Y,Z € x(M).
For an affine connection V, the curvature tensor RV is defined as

RY(X,Y)Z =VxVyZ —-VyVxZ—Vixy1Z, VYX,Y,Z€x(M). (2.7)

In a statistical manifold (M, g, V), we denote RV, RV and RY by R, R* and R, respec-
tively for short. It is known that the following hold

R(X,Y,Z,W) = —R(Y,X,Z,W), (2.8)
R*(X,Y,Z,W) = —R*(Y, X, Z, W), (2.9)

where R(X,Y,Z, W) = g(R(X,Y)Z,W). Moreover, M is called a flat statistical manifold
if R=0.

Let (M, g) be a pseudo-Riemannian manifold and f € C°°(M). The affine combination
of two affine connections V(© and V) on M is the connection V) given by

v =1 - HvO 4 sy,
Immediately, we see that
19 = (=¥ v Vg = (1 )V Og+ fYWg,

where Tvm, TV and TV are the torsion tensors of V(/ ), VO and vV, respectively
[3].
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Definition 2.1. Let (M, g, V) be a statistical manifold. The family of connections V()
given by affine combination of the conjugate connections V(® := V and V) := V*, i.e.,

VI =1 -HV+fV', feo™(M),
is called f-statistical connection.

Assuming f = %, 0 and 1 in the above definition, we obtain the connections @, V and
V*, respectively. In addition, the components of the f-statistical connection are as follows
f *

L = (1= Ly + /T3, (2.11)
(HHr
i L
Definition 2.1, it follows that the f-statistical connection V{/) is torsion-free, i.e., TvY
and satisfies the following condition

eN(X,Y,2) = (V{9 (V. 2) = (1 —2/)C(X,Y,2), VX,Y.Z e x(M).

and I'77 are the components of V), V and V*, respectively. From
)
=0

where T’

As (g,V) is a statistical structure on M, then (g, V() is also a statistical structure.
Proposition 2.2. On a statistical manifold (M, g, V")), we have
1—
Xg(¥,2) = g(V{'Y. 2) + v,V 2),
for any X,Y,Z € x(M), i.e., VO~ is dual of V.
Proof. Using Definition 2.1, we have
9(VY.2) = (1= Fg(VxY.2) + fg(VY. 2).
The above equation and (2.4) imply
g(VY,2) = (1= )g(VxY. 2) + [Xg(Y. Z) = fg(V,VxZ),
Similarly, it follows
gV 2Y) = fo(VxZ,Y)+ (1 - HXg(Y, Z) - (1 - f)g(Z,VxY).
Adding the last two equations, we obtain the formula claimed by the proposition. O
Corollary 2.3. The f-statistical connection V) satisfies the following

~ 1-2f

v =y K, v 4v0l-h =29y, vi-H_vl) = (1-2/)K.

Proof. As V = $(V + V*), the f-statistical connection V) can be written as
1-2f 1-2f
2

VD =2-2/)V - (1-2/)V' =V + (V-V*)=V-— K. (2.12)

We conclude similarly that

1-2f
2

Therefore, the above equations give the following relations

v 4 v = 2y,

v 4 K.

and
vi-f _ gl = (1-2f)K. (2.13)
O

Proposition 2.4. Let (M, g, V") be a statistical manifold and w € A™(M), where A™(M)
s the space of n-forms on the manifold M. Then

vy = (1 - f)Vw+ fV'w.
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Proof. Considering X,Y7,...,Y, € x(M), we get
n
(VWM. V) = X (@Y, V) = YV, VY, V).
i=1
The above equation and Definition 2.1 yield

n

(VWM. V) = X (@Y, V) = Y (Vi (1= [)VXYi+ [V, V).
=1

By adding and subtracting term fX (w(Y1,...,Y,)) in the last equation, it follows
(V@) (Y1, V) = (1= H(Vxw) (Vi Vo) + F(VE@) (Vi Yo,
which completes the proof. [l

Let V be an affine connection of a pseudo-Riemannian manifold (M, ¢g). The divergence
of X € x(M) is defined as the trace of the covariant derivative VX, i.e.,

divV X = tr{Y — Vy X},
which can be written locally as
divV X = 9;(X") + XT};.
In general for a tensor field A of type (1,n) on M, divV A is given by
divVA =tr{Y — (VyA)(X1,..., X))}, VY, X1,...,X, € x(M).
Now, suppose that (M, g, V() is a statistical manifold. (2.5), (2.12) and the above
equation provide the explicit formula for divv" of X = X 10; € x(M):

div?" X = divV X — %(dwv*x — divV X). (2.14)

The last equation can be expressed in the local coordinates as

. e 1—-92 y
X = 9;(X") + XIT%; — TfXJK;j,

divvm

where fij and Kf] = F;‘]’ — Féj are the components of the Levi-Civita connection V and
the tensor K, respectively. In addition, considering ¢ € C°°(M), it is easy to check that
div¥" (pX) = X(¢) + pdivV" X.
Proposition 2.5. On a statistical manifold (M, g, V")), the following holds
divV" X = (1 — f)divV X + fdiv¥" X, VX € x(M).
Proof. Using (2.14), for f =0 and f =1 we get

o 1 * * S 1 *
divV X = div¥ X — 5(dz‘vV X —divVX), divYV X =divVX + §(dwv X —divVX).
Thus from the above equations, it follows

1- div' X + fdiv ’ X = div? X — - = divc* dwv ivv(f)X,
( f) X X d
(]

On any smooth oriented manifold M of dimension n with a pseudo-Riemannian metric
g, one can define a volume form w, associated to g as

wy = y/|detg|dz A ... A da™.
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An easy computation shows that the Lie derivative £ of the volume form w, with respect
to a vector field X € x(M), satisfies

£xwy = Vw, + (div”" X)w,.

On the other hand, it is well known that £xw, = (dizﬁX)wg (see [7]). Thus we have

Vw, = (divY X — div7"”

According to the above equation and (2.14), it follows

1-2
v, = U200 (2.15)

X)wy.

where 7,(X) = trKx.

Let M be an n-dimensional manifold and V be a torsion-free affine connection on it.
We say that V is equiaffine if there is a parallel volume form on M, i.e., a nonvanishing
n-form w such that Vw = 0 [11,14]. Specially if a statistical structure (g, V() on M is
equiaffine relative to the pseudo-Riemannian volume form wy, it is equivalent to condition
74(X) = 0 for every X € x(M). Such structures are called trace-free. On the other side,
we have Vw, = $7(X)wy (V*wy = —375(X)w,). Thus V) is equiaffine if and only if V
(V*) is equiaffine

3. Curvature of f-statistical connections

Let (g, V) be a statistical structure on M. The f-curvature tensor RYY is obtained
from the following formula

RO(x,v)z =V z vV Pz -V 2, (3.1)
for any X,Y, Z € 3§(M). For short, RV is denoted by RY). Locally, we have
Ry - onyr - oy + e - 02)

where R() (03,0)0k = Rglzr(‘)r. Denote RV' ™" by R~ in the similar fashion. A
statistical manifold is said to be f-flat if R() = 0.
Proposition 3.1. The curvature tensors RY) and RA= satisfy the following
RIX,Y)Z =1 - [)R(X,Y)Z + R (X.Y)Z + f(1 - f)[Ky,Kx]Z
+X(fBEyZ -Y(f)KxZ,
RUD(X.Y)Z =fR(X,Y)Z + (1~ (R (X,Y)Z + f(1 - f)[Ky,Kx]Z
- X(f)KyZ +Y(f)KxZ,
forany X,Y,Z € x(M).
Proof. Applying Definition 2.1, the first term on the right of (3.1) can be obtained as
VOV 72 =V - Vv 2 + £95.2) = X (V2 - X())Vy 2
+ (1 =N =HVxVyZ+ fVXVyZ)+ f(1 - f)Vx VS Z + V5V Z).
By interchanging X and Y in the above equation, we have
VIOV Z =y (£)V5Z - Y(H)VxZ + (1= )1 = f)VyVxZ + fVEVxZ)
+ (1= HVyVXZ + [V VX Z).

Again, using Definition 2.1 we obtain

V[(QY]Z = (1- HVwZ + [Vixy 2.
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Setting the last three equations in (3.1) and using
VxVyZ - VyVXZ+VxVyZ —-VyVxZ = R(X,Y)Z + R*(X,Y)Z + Vixy1Z
+ VFX,Y]Z + [Ky, KX]Z,

we conclude the first formula claimed by the proposition. Similarly, the second part is
proved. ]

Applying the above proposition and (2.8)-(2.10), some properties of f-curvature tensors
are contained in the following corollaries.

Corollary 3.2. In a statistical manifold (M, g, V(f)), the following formulas hold

RY(X,Y,Z,W)=—-RYNY, X, 2, W),
R=IN(X,Y,Z,W)=— RN, X, ZW),

RI(X,Y,z,W) = - ROI(X, Y, W, 2),

where g(R(X,Y)Z, W) = RIN(X,Y,Z, W), for any X,Y,Z,W € x(M).

Corollary 3.3. For a statistical manifold (M, g, V7)), we have

RI(X,Y)Z — RYD(X,Y)Z =(1 — 2f)(R(X,Y)Z — R*(X,Y)Z) + 2X (f) Ky Z
—2Y(f)KxZ,
for any X,Y,Z € x(M).

A statistical manifold (M, g, V) is called conjugate symmetric if the curvature tensors
of the connections V and V*, are equal, i.e.,
R(X,Y)Z = R*(X,Y)Z,

for all X,Y,Z € x(M).
Using the above descriptions, we obtain the following

Theorem 3.4. Let (M, g, V(f)) be a statistical manifold. If M is conjugate symmetric,

then
1
5(R<f> (X, Y)Z - RYD(X,Y)Z) = X(f)KyZ - Y (f)KxZ, VYX,Y,Z e x(M).

Remark 3.5. According to the above theorem, it is worth noting that if M is conjugate

symmetric with a statistical structure (g, v )), then RY) = RU-F) does not necessarily
hold.

Example 3.6. The normal distribution manifold is defined as

1 (z — p)?
Ml :{p(x,,u,a)|p(x,,u,0) = \/ﬁo_efﬂp{—?},MER,0>O}~

Thus M can be considered as a 2-dimensional manifold with a coordinate system (6%, 6%) =
(u,0). According to (1.1) and (1.2), the components of the Fisher metric g and the non-
zero components of I := Fijﬁg’“k are obtained by

L0
) — | o2
(gl]) ( O % )

2 3
F%2:F%1:_E7 F%QZ—;-

and

From (2.4), it follows that I';] = 0,4,j = 1,2, except I'1? =T33 = 1. Hence (2.5) yields

2 1 4
K112:K211:ga K121:;a K222:;-
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Suppose that f = f(u,0) is a function on M. We get the non-zero components of the
f-statistical connection V) as

1 2 f(u,o 2 —3+4f(u,0o
M = = 20 oy, o= L) pge Z3HATGL),

11 . ’ o

The above equations and (2.3) imply

f f f 2(2?(/1,, 0') - [)

egjlc)l e52)1 e51)2 e2(1)1 o3 ’
f 8(21 JiR J) - l)

Gng)Q = (‘32({)2 (‘32(f2)1 = G( ) = ——(

222 o3 )

hence (M, g, V) is a statistical manifold. Using (3.1), we compute the non-zero com-
ponents of the f-curvature tensor field of M; as

4 2
R =20 0(no) =B R == (o)~ F(1.0)) — 20f(n,0) = ~RYL

2 1
RUE = 20if(mo)= B, R = 2 fn0)(1 - f(n0) ~ ~0uf(n0) = ~ B
For f = 0 and f = 1, the above equations imply R = R* = 0. Thus M; is a conjugate

RY) R =0 = 0,(f) K —0;(f) Ko iy, ko = 1,2,

symmetric manifold. We find %( ik ik

unless

_ 2

SR = RUT) = 2017 (1,0) = 01 £ ) Iedy — 0 (1, 0) K,
_ 2

SR~ RE) = =200 (1,0) = 001, 0) Ky — 00 (1,0 Ky,
- 1

SR~ RUT) =~ 200 (1,0) = 0111, 0) Ky — 001 (1, 0) K,

_ 4
S (R — RUZD%) = 201 (n,0) = 01 (1, 0) Ky — 00 (1,0) Ky,
and these Verlfy Theorem 3.4.

In Proposition 3.1, we used Definition 2.1 to obtain the relationships between the cur-
vature tensors R(/) (R(l_f )), R and R*. Now, considering the equivalent formula given
by Corollary 2.3, we present the relationship between the curvature tensors R) (R(l_f ))
and R to study the conditions under which R() = RO~/

Lemma 3.7. On a statistical manifold (M, g, V), the following identities hold
—2f &
2

RUNX,Y)Z =R(X,Y)Z + - f(VyK)(X Z) —

1—2f
2

RY-N(X,Y)Z =R(X,Y)Z —

1—2f
2

(VxK)(Y,Z)

)Q[KX, Ky|Z+X(f)KyZ -Y(f)KxZ,
_of - _of
2

(VxEK)(Y, Z)

(VyK)(X,Z) +

V[Kx, Ky]Z — X(f)KyZ + Y (f)Kx Z,
for any XY, Z € x(M).
Proof. The proof of this is similar to the proof of Proposition 3.1. O
Corollary 3.8. For any X,Y,Z € x(M), we have

RI(X,Y)Z - RYD(X,Y)Z =(1 = 2f)(VyK)(X, Z) — (VxK)(Y, Z))
+2X(f)KyZ - 2Y (f)Kx Z,

N 2
RI(X,Y)Z+RYI(X,Y)Z =2R(X,Y)Z + a 22f) [Kx,Ky|Z.
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Considering Corollaries 3.3 and 3.8, we have the following:
Proposition 3.9. Let (M,g,V(f)) be a statistical manifold. Then
R(X,Y)Z - R*(X,Y)Z = (VyK)(X, Z) - (VxK)(Y, Z),
for any X,Y,Z € x(M). Moreover, R\) = RI=1) if and only if
(5~ DTy E)(X. 2) ~ (VxK)(Y,2)) = Y ()KxZ ~ X()Ev 2,
for any X,Y,Z € x(M).

Recall that a pseudo-Riemannian manifold (M, g) with a connection V has the constant
curvature c if it can be expressed in the form

R(X,V)Z =c{g(Y,2)X — g(X,2)Y}, VX,Y,ZeSLM).

Theorem 3.10. [7] A statistical manifold (M, g, V) with the constant curvature is a con-
jugate symmetric manifold.

Definition 3.11. Let V be an affine connection and K be a tensor of type (1,2) on M
such that KxY = Ky X. We say that V and K are Codazzi-coupled if the following
identity holds

(VxK)(Y,Z) = (VyK)(X, 2),
for all X,Y,Z € x(M).

Corollary 3.12. In a statistical manifold (M,g,V(f)), M is conjugate symmetric with
respect to the statistical connection V if and only if least one of the following holds

(1) f =1 (in this case f = § is covered by the Levi-Civita connection v).

(2) (V,K) is Codazzi-coupled.

(3) VK is zero.

(4) M s a flat statistical manifold.

(5) the statistical manifold (M, g, V) has the constant curvature.

Applying Corollaries 3.2 and 3.8 and Theorem 3.4, we derive the following:

Theorem 3.13. Let (M, g, V")) be a statistical manifold. Then RY) = RO if least
one of the following holds
(1) M is a f-flat statistical manifold.

(2) M is conjugate symmetric and f is constant.
(3) M is conjugate symmetric and Y (f)KxZ = X(f)Ky Z, for any X,Y,Z € x(M).

Example 3.14. Assume that M> is the set of gamma distributions, that is

v—1
I'(v)
Considering (u,v) as a local coordinate system, M, can be regarded as a manifold of
dimensional 2. Setting I(z,u,v) = Inp(z;u,v) and (6%,6%) = (u,v), the manifold M,
admits a Riemannian metric, the Fisher metric g as (1.1). The Fisher metric g has the
arc length function

e uv e R

My = {p(z; p,v)| p(z; p,v) = p”

2
ds? = %d/f — v+ W (v)dv?,

where ¢¥(v) = ?((5)). To compute the f-statistical connection components, we consider
the orthogonal coordinates (3 = +,v). From (1.1) and (1.2) the metric components and

non-zero components of statistical connection are given by

=7 0
(gij) = (% W (v) — 11/> )
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and
2 1
Iy, = 5 [, =Ty = ”
Applying (2.4) and the above equations, it follows
e v o L)
R A e VI I ) S V)
Thus (2.5) gives us
2 1 v 1+ 2" (v)
Kl == Kiy=Kj = —— Ky =——r— Kypy=——F——iv
11 Ba 12 21 v’ 11 BQ(TW(V)V_ 1)7 22 V(’(/J’(I/)V— 1)7

while the other independent components are zero. From Corollary 2.3, the non-zero com-
ponents of I’g)r are obtained by

it = 20— f(B,v)) SALN SCpL 1-f(B,v)
g ’ v
rtn2_ __ viBv) iz _ (L2 () £(8,v)
H B (v)v = 1)’ 2 v vy —1)

The above equations yield

el — _2v(=1+2f(5,v)) o) _elh) _ ety _ —1+2f(B,v)
_ - , _ o) _ el _ J 7
111 ,6 121 112 211 5
(=1 +2f(8,v) (1 +v*"(v))
652)2 = eg{; = egé)l =0, 6%)2 = 2 )

thus (g, V) forms a statistical structure on M. We also obtain

1 2
R = RS = = ouf(B.v) — 0uf (B.v),

B
pO_ _pin __ FBV)(FB,v) = (' (v) + ¢"(v)v) + 02 f (B, v)(1 — ¢ (v)v)
122 212 V(T,ZJ/(V)V IR 1) ;
p02 _ _p2 B V)(FB,v) - D) + 9" ()v) + B f (B, 1) (W' (v)r — 1)}
121 211 Bz(dﬂ(’/)’/ _ 1)2 ’

N2 ph2_ Ouf (B, ) (1 + 9" (v)v?)
R122 - R212 - V<¢/(V)V— 1) .

So, it results that %(Rz(f,zr — Rl(jl];f)r) =0= ai(f)KJTk - 0;(f)K}.,i,7,k,r = 1,2, except

SR = B = =001 (0.0) = Gus(5.0) = T (6. 6b 021 () K,

~
1 — 1
SRS — Ry = ~0uf(8,0) = 01f(8,0) Ky — 02 (B.v) K,

1 _ O f (B,
JMQ—R&W%=5%ﬁgﬁﬂ)=&ﬂ@mK%—®ﬂQWKﬂ
Loz _ RO-12) _ O f(B,v) (1 + " (v)v?)

5( 122 122 v (W) — 1) :31f(5aV)K222—a2f(5aV)K122~
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Moreover, we find
3
2(¢/(v)y — 1)p%’
1
V K12 —V81K21 V82K11 = _@7

S 1
v81K11 =

14

(W' (v —1)B%
V82[(12 —v82K21 V81[(22

o o
Vo, Ki; = —

20/ W)y — 1+ ¢ ()1
22y —1)

20" (W) (P (v)v — 1) = 3" ()* (" (v)v* +2) — 4/ (V)r + 1

202(y (V) — 1)2 ’

As Ry = ka we conclude Ms is conjugate symmetric and flat manifold. Thus it

follows that ka R o =0= Va K7, Va K., i,j,k,r = 1,2 and (V K) is Codazzi-

coupled. Considering f as a constant, we get RY) = RO=F Hence, we have Proposition
3.9, Corollary 3.12 and Theorem 3.13.

deK22 =

Example 3.15. The normal statistical manifold M; in Example 3.6, is a flat statistical
manifold. It is easily seen that ViK;k =0,i,7,k, 7 = 1,2, except V1 K}, = —U% which give

(@, K) is Codazzi-coupled. Furthermore, if f is constant, we conclude that R = rO-1)
because
R = S5 fuo)( = fluo)) = R, RUE = 2 f(n,0)(1 — f(n,0)) = R
The Ricci curvature tensor Riclf) of the f-connection V() is defined by
Ric(Y,2) = tr{X — RV (X,Y)Z}.
Similarly, the Ricci curvature tensor Ricl'=/) of V(1=/) can be described analogously.
Proposition 3.16. Let (M, g, V) be a statistical manifold. Then we have

(1 2f)(

L (V)2 = (@din ¥ K)(Y, 2)) (3.3)

Ric\) (Y, Z) =Ric(Y, Z) +

+ 220y 2) - g0y ) + Ky 25) ~ Y (Dmy(2),
Ricd =Dy, 2) =Rie(v, 2) ~ L2 (S m 2 - @iV k) (v, 2) (3.4
+ 220y 2) - g0y 7)) — K Z0) + Y (P 2),

where Ric is the Ricci tensor on M with respect to the Levi-Civita connection @, for any
Y,Z € x(M).

Proof. Assume that p € M and {e;}]"; is an orthonormal basis around p such that
Ve; = 0 at p. According to Lemma 3.7 and the definition of the Ricci curvature tensor
RicY), we can write

S (O e 7)) - 1Y

Ric(f)(Y, Z) :E\iC(Y, Z)+ g((§6iK)(Y7 Z),€i)

=1
(3.5)

1-2
+ ( 2f

)29([K€i7KY]Z7 ei) + ei(f)g(KY27 62') - Y(f)g(KeiZ, 61)}
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The definition of the divergence operator and 1-form 7, lead to
Zg((ﬁeiK)(Yv Z), 62') = (d“)VK)(K Z)7
i=1

Zn:g([Kei, Ky]Z, 61') = Tg(KyZ) — g(Ky, Kz),
=1

> (ei(N9(KyZ,e)) = Y(f)g(Ke Z,ei) = Ky Z(f) = Y (f)7y(Z).
=1

Considering Y, Z € T, M, we can extend the vectors to vector fields, say Y, Z around p
such that VY =VZ =0 at p. Thus we get

n n

ST 9(VyE) (e, 2),e)) = Yg(Ke Z,e;) = Y1,(Z) = (VyTy) Z.

i=1 1=1
Setting the above four equations in (3.5), we deduce (3.3). Similarly, (3.4) follows. O
From (3.3) and (3.4), it follows

Ric) (Y, Z) + Ric"= (Y, Z) = 2Ric(Y, Z) + “_;W(TQ(KYZ) —g(Ky,Kz)). (3.6)

Assume that (g, \% )) is trace-free and g is positive definite. The above equation implies
Ric) (X, X) + Ric' (X, X) < 2Ric(X, X).

Moreover, we get
Ric(Y, Z) - Ric(z,Y) = (1_22f)d7'g(Y, Z)+ Z(f)ry(Y) =Y (f)ry(Z),  (3.7)

where dr, (Y, Z) = (Vy7,)Z — (V27,)Y . Therefore, Ric\/) is symmetric if and only if

(1-2f)
2

Lemma 3.17. Let (M,g,V(f)) be a statistical manifold and f be a constant function.
Then the Ricci curvature tensor Ric) is symmetric if and only if at least one of the
following holds

(1) f =3 (in this case VDw, = Vw, =0);

(2) VY is equiaffine.

drg(Y, Z) =Y (f)4(Z) = Z(f)79(Y). (3.8)

Proof. To prove, we first let Ricl/) be symmetric. (3.8) implies f = % or dry = 0. If
dty = 0, one can find a function 9 such that dlogy = —7,. It is fairly easy to see that
the volume element vw, satisfies v )wwg = 0. Thus in this case, V() is equiaffine. The
converse is obvious. O

Proposition 3.18. For a statistical manifold (M, g, V(f)), we have
1
Ric(Y,Z) — Ric(Z,Y) :idTg(Y, Z), (3.9)
1
Ric*(Y,Z) — Ric*(Z,Y) = — EdTg(Y, Z), (3.10)

where Ric and Ric* are the Ricci tensors associated with the statistical connections V and
V*, forany Y, Z € x(M).
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Proof. From Proposition 3.1 and the definition of the Ricci curvature tensor Ricf), we
get

RicY)(Y, 2) =(1 = f)Ric(Y, Z) + fRic*(Y, Z) = f(1 = [)(ry(Ky Z) — g(Ky, Kzz) |
3.11

+ Ky Z(f) - Y(f)ry(2),
which gives
Ric (Y, Z) — Ric(2,Y) =(1 — f)(Ric(Y, Z) — Ric(Z,Y)) + f(Ric*(Y, Z) — Ric*(Z,Y))
+Z(N(Y) =Y (f)7(2).
Considering f = 2 in the above equation it follows
Ric(Y,Z) — Ric(Z,Y) = Ric*(Z,Y) — Ric*(Y, Z). (3.12)
The last two equations imply
Ric (Y, Z) — RicY)(2,Y) =(1 — 2f)(Ric(Y, Z) — Ric(Z,Y)) + Z(f)m,(Y) = Y (f)7,(Z).
(3.7) and the above equation yield (3.9). From (3.9) and (3.12), we have (3.10). O

Corollary 3.19. In a statistical manifold (M, g, V(f)), the following conditions are equiv-
alent:

(1) the Ricci tensor Ric is symmetric;
(2) the Ricci tensor Ric* is symmetric.

Moreover, if f is constant, the Ricci tensor Ricl) is symmetric.
Proposition 3.20. The Ricci tensors Riclf) and Ric—1) are related by

RicD(Y,Z) — Ric"=D(Y, Z2) =(1 — 2f)(Ric(Y, Z) — Ric*(Y, Z)) + 2Ky Z(f) — 2Y (f)7,(Z),
forany Y, Z € x(M).
Proof. Similar to (3.11), from Proposition 3.1, it follows

Ric" (Y, Z) =fRic(Y, Z) + (1 = [)Ric* (Y, Z) = f(1 = [)(74(Ky Z) — g(Ky, Kz))

— Ky Z(f) +Y(f)rg(Z).

Subtracting (3.11) and the above equation, we obtain the assertion. g

From Propositions 3.16 and 3.20, we deduce the following:
Corollary 3.21. For a statistical manifold (M, g, V), the following holds
Ric(Y, Z) — Ric"(Y, Z) = (Vyr,)Z — (divV K)(Y, Z),
forany Y, Z € x(M).
A statistical manifold (M, g, V) is called conjugate Ricci-symmetric if
Ric(Y,Z) = Ric* (Y, Z), VY,Z € x(M).

Proposition 3.22. Let (g, V(f)) be a statistical structure on a manifold M. If(M,g,V) is
a conjugate Ricci-symmetric manifold, then we have
(1) the Riccz’ curvature tensors Ric and Ric* are symmetric;
2) V) s equiaﬂine;
) VTg = divVK;
) for any XY, Z € x(M),
Ric(Y, Z) — RicY= (Y, Z2) =2Ky Z(f) — 2V (f)7,(Z).

Moreover, if f is constant, Ric'f) = Ric(1—7).

(
(3
(4
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Proof. As Ric = Ric*, (3.12) implies (1). From (3.9) and (1), we get dry = 0 which is
equivalent to (2). Using Proposition 3.20 and Corollary 3.21, (3) and (4) follow. O

Example 3.23. Consider the statistical manifold (M3, g, v )) in Example 3.6. As R =
R* =0, it follows Ric = Ric* = 0, thus (M, g,V) is a conjugate Ricci-symmetric man-
ifold. We see that 7,(01) = trKs, = 0 and 74(92) = trKp, = £, so (Vy,74)0; = 0 =
(divV K)(8;,05),i,j = 1,2, except

_ 3 e

(Vang)al = —; = (dl’l) K)(@l,al).

We also conclude dr; = 0. Hence V() is equiaffine. The Ricci tensor Ricl/) is given by

(o o (a2 o) (0= f(p,0)) + 202f (1. 0) ~201f(n, 0)
(Ric™(0:,05)) < 200 f(p, ) — 4 f(p,o)(1— f(u,a))—i(?gf(,u,a))

It is easy to check that

Ric)(0y,01) — Ric'~1)(0y,01) =§82fm, o) = 2(Kp,00) f (1t 0) — 201 f (11, 0)79 (D),
Ric)(01,05) — Ric" (04, 02) = — galfw, o) = 2(Kp,0) f (11, 0) — 201 f (11, 0) 7 (Do),
RiclD(03,00) — Ric' 1) (03,01) =011 (1,0) = 2(Ku00)f (1:) — 200 1 7750,
Ric)(0y,05) — Ric'~1)(0,05) = — §62f<u, ) = 2(Kp, ) f (1, 0) = 202 f (1, 0)74(Da).

Therefore Ric) = Ricl=F) if f is constant. Thus we have Proposition 3.22.

Example 3.24. The Ricci curvature tensor Ricl!) of the statistical manifold (Ma, g, v ))
described in Example 3.14 is obtained by

{8 v)(f(B,v) = D) (v) + 4" (v)v) + 0o f (B, V) (' (v)r — 1)}
B2 (v)v — 1) ’
B )
v('(vjy—1)
Ric(00,00) = = S 00 (8.0) = SO0 (B.0),
fBV)(f(B,v) = D' (v) + " (v)v) + 02f (B, v)(1 — ¢’ (v)v)
v(y'(v)y —1) '
For f = 0 and f = 1, the above equations imply Ric = Ric* = 0. Thus (M2, g,V) is a

conjugate Ricci-symmetric manifold. We also obtain

_2_ _ Wy =24
Tg(al) - B - t’l“Kal, Tg(aQ) - V(¢/(l/)l/ — 1)

Ric(f) (81, 81) =

Ric(f) (81, 82) =

RiC(f) (82, 82) = —

= t?“Kaz .

Hence we see that

V() —2—¢"(v)r?
262y (v)v — 1)

~ ~ 1 ~ ~
(Vang)ﬁg :(VQQTg)al = 7% = (diva)(ﬁl,ﬁg) = (diva)(ﬁg,al),

AT ()30 ()R () (T 20 ()04 20" (1) (1= (1)) 2)
220 () —1)?

(Vo,7g)01 = — = (divV K)(01,01),

(§8279)82 =

—(divY K)(8s, D).



f-statistical connections and Miao-Tam statistical manifolds 15

So it follows that dr; = 0 and V) is equiaffine. Moreover, we find

_ _2hf(By) it
B 1) - K00 Bv) = 2005 (8,07 ().
20/ (B )W ()4 1)
v(y'(v)v —1)
2

Ric)(8y,0,)— Ric' =1 (8,,0,) =— %al f(8, u)—gﬁgf(ﬁ, v)=2(Ka,01)f(B,v) 202 f(B,v)74(1),

RicY)(8y,05)— Ric' =1 (05, @):%@f(ﬁ, v) = 2(Ka,02) f(B,v) — 202 (B,v)74(02).

Ric(f) (81, 31) *Ric(lif) (81, 81) =

Ric(f) (81, 82) —R’L.C(lif) (81, 32) =

=2(Kp,02) f(B,v) =201 f(B,v)74(02),

Considering f as a constant in the last equations, we deduce Riclf) = Ric(1=9).
Let (M, g, V) be a statistical manifold. We consider a tensor field SU) of type (1,3)
on M given by
1
SH(X,Y)Z = 5{Rm (X,Y)Z + RY-D(X,Y)Z}.
The tensor field S\ is called the statistical curvature tensor field of (9, v )). Corollary
3.8 implies

(1-2f)?

SUNX,Y)Z =R(X,Y)Z + 1

[Kx,Ky]Z.
From the above equation, one can see that
SU(X,y,z,W)=-SYNy, X, 2, W),
SO(x, Y,z W) =—-SY(X,Y,W, 2),
SO(x,v,z,w) =8z W, X,Y),
where SU(X,Y, Z, W) = g(SU)(X,Y)Z,W), for any X,Y, Z, W € x(M). We set
LYX,Y)=tr{X - SV (X,Y)Z} = %{Rz’c(f) (X,Y)Z + Ric" (X, Y)Z},

which is called the statistical Ricci curvature tensor. Shortly, we denote SO 5@ O

and LM by S, S*, L and L*, respectively. (3.6) leads to
f) B (1 — 2f)2
LOX,Y) = Rie(X,Y) + " (r,(KxY) — g(Kx, Ky)). (3.13)

The last equation implies that the statistical Ricci curvature tensor L) is symmetric, i.e.,
L(X,Y) = LYY, X). Tt is also obvious that L = L*. Moreover, (3.11) implies

LDX,Y) = L(X,Y) = f(1 = f)(rg(ExY) - g(Kx, Ky)). (3.14)

Example 3.25. Let Q = {z = (21,22) € R?|IZ z; > 0} and R2 = {z = (z1,12) €
R?|z; > 0,i = 1,2}. A 2-dimensional statistical manifold is defined by

)\i Aiz?
\ge_ 2 ,x €, )\GR?F}.
s

My = { f(x; NI f(x; ) = 2117,

The distribution in M3 can be rewrite as
2 2
f(x;A) = e? Zlog(—@i) + 292:1:? + log 2 — log V2,
i=1 i=1

where 6;, = —%)\i. This is one member of the exponential family with the natural coordi-
nates (61,60:) and the potential function ¢ = —3 2 log(—6;). It is known that for the



16 E. Peyghan, L. Nourmohammadifar and A. Ali

exponential family, the Fisher information is just the second derivative of the potential
function
0% 11
gi; = - _=
Y 00,00, 20,0;

The matrix expression of metric g given by the above equation is as follows:

5ij.

-5 0
260
202
The non-zero components f‘fj of the the Levi-Civita connection V are given by
~ 1 ~ 1
1 2
Iy = 7071’ Iy = *g- (3.16)
Considering Kj; = 0,7,%,j = 1,2, except K, = —% and K2, = —%, we get
2 2
Dt = =2 £ (61, 62), D5 = == f(61,62).
01 D)

It is easy to check that

ol _ 1—2f(61,02)

1—2f(01,02)
. el — ) — ) = e) — elf) — el o) _

112 211 122 212 221 — 0’ 222 — 93 )
2

thus (M, g, V) forms a statistical manifold. By definition, the non-zero components of
the f-curvature tensor are determined by

2 2 2 2
R = g-0af (00,02) = —Ril),  Ri = —5-00/(01,02) = ~R51)

LR = RUTDT) = 0= ()R, = 0;(F) Ky, ko r = 1,2, except

which gives 5 (R, ik

1 _ 2
§(R§J;)11 - Rglmf)l) = 9*132f(91,92) = 01f(01,02) K3 — Oaf (61,02) K7,

1 _ 2
§(R§J;)22 - Rglzzfp) = _@81f<91a 02) = 01 f(01,02) K35 — 02 f (61,02)K7,.

We get the components of the Ricci curvature tensor Riclf) as

o 0 %81f(91,92)
(Ric f (05,05)) = (921an(91792) 0 0 .

Since 74(01) = —% and 7,4(92) = —2, it follows that

RicD(8;,0;) — Ric'=1(8;,0;) = 0 = 2K[,0, (61, 02) — 20; f (61, 02)74(9;), i, j,r = 1,2,

unless

4

Ric")(01,02) — Ric" =1 (01, 05) =5, 01f (01,02) = 2(Kp,02)f (61, 62) — 201 £ (61,62)7(D2),
4

Ric ) (8y,01) — Ric' =) (0y,8,) :Qflagf(elj 02) = 2(K5,01)f(01,02) — 202 f(01,02)74(81).

As (M3, g,V) is flat, we deduce that it is a conjugate symmetric and a conjugate Ricci-
symmetric manifold. We obtain VK = 0, @Tg = 0 = divVK. According to the above

description, if f is constant, we have RY) = RO= and Ricl) = Ric(*—f). Moreover, we
conclude that S) = 0 and L) = 0.
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4. Hessian and Laplacian operators associated with f-statistical connec-
tions

Assume that V be an affine connection on a manifold M. A tensor field HX of type
(0,2) on M is called Hessian of a function ¢ € C°°(M) with respect to the connection V
if

HJ(X,Y) = (Vxdp)Y, VXY €x(M), (4.1)
where
(Vxdp)Y = Xdp(Y) — dp(VxY) = XY () = (VxY)e. (4.2)
Let (M, g, V) be a statistical manifold. We denote the Hessian Hgm by Hé,f). For
f=0,1land f = %, we use the notations Hy,, HZ and I;EP, respectively. Applying Corollary
2.3 and (4.2), the tensor field Hfof ) can be expressed as

~ 1-2
HD(X,Y) = XY (g) ~ (TxY)p + L (Kx¥)e.
In the local coordinates this becomes
- 1-2f
1Y), = 0,0;0 — Thioe + —5 Ko, (4.3)

It is clear that H((pf Zj is symmetric. In addition, setting ¢ = f in the above equation, it
follows

(f) _ Sk (1 —2f)"
According to (4.1), the dual Hessian Hé,l_f ) is given by
_ 1-
HEDXY) = (Vi dg)y:

Corollary 4.1. The Hessians Hg(pf) and H&l_f) satisfy the following

HP(X,vV)=(1- HHOX,Y) + fHPV(X,Y), (4.4)
HID(X,Y) = FHO(X,Y) + (1 - fIHP(X,Y), (4.5)

for any X, Y € x(M).
Proposition 4.2. Let (M,g, V(f)) be a statistical manifold. Then we have

HY(X,Y) = (v D(gradep),Y), (4.6)
HU-D(X,Y) = (v (gradep),Y), (4.7)

where gradep is the gradient vector field of ¢, for all X, Y € x(M).
Proof. As g(gradep, X) = X (p) for any X € x(M), so (4.2) yields

HY (X, Y) = XY (¢) = (VY )p = Xglgradep, V) — g(gradeg, VYY),
Applying Proposition 2.2 in the above equation, we get

Hé,f) (X,Y) :g(Vg_f)gradego, Y)+g(gradegp, V%)Y) —g(gradeyp, Vg)Y)

=g(VY Dgradep,v),

which gives (4.6). Similarly, we get (4.7). O
()

The above expressions, (2.5) and Definition 2.1 lead to the following formulas of Hg
and Hg_f );
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Corollary 4.3. The tensors Héf) and H&l_f) can be written in the following forms
HYD(X,Y) = g(Vx(gradep),Y) + (1 = f)(KxY)e,
HUD(X,Y) = g(Vx(gradeg),Y) + f(KxY ),
for any X, Y € x(M).
Proposition 4.4. On a statistical manifold (M, g, V")), the following holds
HPD(X,Y) = HY™D(X,Y) = (1= 2f)(Vxg)(gradep,Y),  VX,Y € x(M).
Proof. Substituting the two terms in Corollary 4.3, we obtain
HO(X,Y) - HYD(X,Y) = (1 - 2f)(KxY)p = (1 - 2)g(KxY, gradep).  (4.8)
As g(KxY, gradep) = (Vxg)(gradep,Y ), we conclude the assertion. O
Corollary 4.5. We have
HI(X,Y) + HID(X,Y) = 2HL(X,Y) + (KxY)p = 2Hy(X,Y) — (KxY)g,
_ . 1 1
AL(X,¥) = Hy(X.Y) + 5(KxY)p = Hy(X,Y)  L(Kx¥)p,
for any X,Y € x(M).
4.1. Codazzi Coupling of f-statistical connections V) with Héf)

Let (M, g, V) be a statistical manifold and V) be the f-statistical connection induced
by V. For any X,Y,Z € x(M), we have

VOED)NY, 2) = XHD (Y, 2) - BY (VY 2) - B (v, v 7).
In the local coordinates, the above equation has the following form
f Ds pr(f f
VP, = o)~ rDon), TP,
Applying (4.3) in the above equation, it follows

v, =0:0;000 — 0T 000 — T 0:0,0 — T (0,000 — T 0,0) — T (8,0,

(HHr
- F]s 87‘()0)7
which gives us
VD, ~ VP D, = —ar a0 + TP 06 4 0,0 D70 TP 0,0

The above equation and (3.2) imply

VY, - VY, = R

We summarize the above discussions by the following lemma and theorem.

Lemma 4.6. In a statistical manifold (M, g, V1)), the following holds

(VOHNY, 2) — (VD) (X, 2) = ~(RD(X.7)2)(%), (4.9)

for any X,Y,Z € x(M). In particular, for f =0 and f =1 we have
(VxH,)(Y,Z) = (VyHy)(X, Z) = = (R(X,Y)Z)(¢), (4.10)
(VxHZ)(Y, Z) = (Vy Hg)(X, Z) = — (R*(X,Y)Z)(p). (4.11)

Theorem 4.7. Let (M, g, V) be a statistical manifold. Then (V(f),Héf)) is Codazzi-
coupled if and only if

(RI(X,Y)Z)(p) =0,
forall X,Y,Z € x(M).
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From Theorem 4.7, it is obvious that if M is f-flat or ¢ is constant, then (V(f ), H;f ))
is Codazzi-coupled. The first question that arises is whether the converse is true?

The second question that can arise for anyone here is that if (V( ),Hé,f )) is Codazzi-

coupled in a statistical manifold (M, g, V/)), does the pair (V(l_f),Hg(lef)) carry the
same property? In the example below we see that in general the answer to these questions
are negative.

Example 4.8. Consider f(u,0) = 0‘2’—_2“: and ¢(u, o) = o, for the normal statistical man-

ifold (M, g, V) described in Example 3.6. Note that, in this case M, is not f-flat and
@ is not constant. We obtain

__G 0
1Y = (YY) = ( ) .
® w ij 0 =

2
) () _ (f) 77 (f) (f) 77 (f) () () _ 07 —5c
val H<p 11_07 val Hcp 12_v81 Hgo 21_v82 Hgo 11 — (0'2—|—C)27
304 — 220%¢c + 15¢2
VAL, -  H, VR - v, 0

0?(02 4 ¢)?

(f)r Orp = 0, so Theorem 4.7

Thus (V) H;f)) is Codazzi-coupled. We also see that ka

holds. Moreover, it follows easily that

HID = (g0 Dy = <_0(0§+C> _38,2 +C> .
0 G

Hence we get

(1) (=) -9y (-9 ga-n_c(=502+¢)  ca-p ya-n_c(=0?+¢)
Vi —0, Vi IEI)=v" G700 7Y 0

soll - so21 _02(02+c)2’ 02 e 11 _m’
4N pash 3(50" —20%c + ¢?) U=NgOsh = gU=NgOh — gU-NpOsn
Vo M = S Ve DS = VT = vt <o
The above equations imply
1—f) 17 (1—F 1—f) 7 (1—f 4c
V( 'H g(o 2) —V( )Hg(o 11) BCCET = Rgm 2 (O200),

which gives us that the pair (V15 H&l_f)) isn’t Codazzi-coupled.

Corollary 4.9. The pairs (VI H) and (VO HO=H) are Codazzi-coupled in a
statistical manifold (M, g, V), if least one of the following holds

(1) M is a f-flat statistical manifold.
(2) the function ¢ is constant.

Theorem 4.10. Let (M,g,VY)) be a statistical manifold. If (V,H) and (V*,H*) are
Codazzi-coupleds, then (V(f), Hé,f)) is Codazzi-coupled if and only if
fA=HEy, Kx]Z)() = Y ()(KxZ)(p) — X (/) Ky Z)(p),
for any XY, Z € x(M).
Proof. Applying Proposition 3.1 in (4.9), it follows
(VOHD)(Y.2) = (VWWHD)(X, 2) = = (1= HR(X,Y)Z)(p) = F(R"(X,Y)Z)(p)

= fA = N[Ky,Kx])Z(p) — X(f)(Ky Z)(p)
T Y (/) ExZ)(¢).
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Setting (4.10) and (4.11) in the above equation, we have
(VOHIY, 2) = (VP HD)(X, 2) =(1 = DUV H)(Y, 2) = (Vv Hp)(X, 2)}
+ H(VXH)(Y, Z) — (Vy H) (X, Z2)}
— f(L= N([Ky, Kx])Z(¢) = X (f)(Ky Z)(¢)
+Y (/) ExZ) ().
If (V,H) and (V*, H*) are Codazzi-coupleds, the last equation leads to
(VOHINY, 2) ~ (VP HD)(X, 2) = = £ = DKy, Kx)Z(9) = X())(Ey Z)(%)
+Y (/) ExZ) (),
which gives us the assertion. ([l
Let (M, g) be a pseudo-Riemannian manifold with an affine connection V. The operator
AV = divY (gradey), Vf, o € C®(M), (4.12)
is called Laplacian. In a statistical manifold (M, g, v )), to simplify we denote by A)

the operator Laplacian AV with respect to the connection V). For f = 0,1 and f = %,
we use the notations A, A* and A, respectively.

Proposition 4.11. The Laplacian AY) is obtained by
ADy = tr((X,Y) » HID(X,Y)),
for any X,Y € x(M).
Proof. Applying (4.7), it follows
tr((X,Y) — H((pl_f) (X,)Y) = g(Vg) (gradey),Y)) = divV" (gradep) = A,

Applying (4.3), the Laplacian AU can be written locally as

A= ginélzjf) — g1 (0,050 — TE. 040 — 1 ;szfJ'@ksD)-
(4.12) induces the dual Laplacian A1~ as
ANy = dinV" " (gradep) =tr((X,Y) — HS(Of) (X,Y)).
Therefore, we can see
ADG(X,Y) = (1= f)Dp+ fA%, (4.13)
ANO(XY) = fAp+ (1 - f)A%e. (4.14)
Proposition 4.12. The operators Ay and ANy are related by
AN — AN = (1-2£)K(yp),
where K = tr((X,Y) = (KxY)), for any X,Y € x(M).
Proof. From Proposition 4.11, we have
A Dy ADp =tr((X,Y) - HP (X, Y) — HED(X,Y)).
The above equation and (4.8) imply
AN — AP = tr((X,Y) = (1 - 2f)(ExY)p) = (1 - 2f)K(p). (4.15)

Corollary 4.13. On a statistical manifold (M, g, V), we have
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(1) AW = AC=Hy if and only sz =0.
(2) Dy = 5(Lp + L%).
(3) K(p) =A% —Dp.
(4) A0p = Ap - UFDK(p).
Proof. The proof (1) is a consequence of Proposition 4.12. To prove (2), we have
Ap + N*o = divY (gradep) + divY (gradey). (4.16)
On the other hand, considering f =0 and f =1 in (2.14) we get

divY (gradep) = dive(gradegp) - %(divv*(gradegp) — divY (gradey)),
divY" (gradeg) = div¥ (gradep) + %(divv*(gradegp) — divY (gradey)).
Setting the above two equations in (4.16), it follows
DNp+ Ny = 2div§(gradeg0) =2Ap.

Putting f = 0 in (4.15), (3) follows. Applying (2.14), we have
1-2f

div¥" (gradep) = dz’v$(gradeg0) - (divY" (gradep) — divY (gradey)),

which gives
ADp = Ap - (1—22f)(A*(p —Ay).
So (3) and the last equation imply (4). O

Example 4.14. For the normal statistical manifold (M, g, v )) described in Example
3.6, we consider p(u,0) = %(/ﬂ +a?). So, we get

womant (il ) wreope{lng )
It is easily seen that

A =3f(u,0)0? = gllHSIlf) 22H£)122f),

AN = 3(1 = f(n,0))0? = g HIY, + g2HY ).

As K(p) = g K}, 05(p) + 972 K3,02(¢p) = 302, thus

AOD g — ADp = 3(1 = 2f (1, 0))0® = (1 — 2f (1, 0)) K (),
K(p) = 30" = Ao — Ay,
R, 37"

Np = 5

AN =3f(u,0)0% = Ap —

1 *

1- 2f n,0)) ==
0=2) )
Therefore, we have Proposition 4.12 and Corollary 4.13.

Example 4.15. Considering ¢(3,v) = €5 in Example 3.14, we obtain

f )
H( ) = (Hgo lj)
SBE (r=1)(B+2(1—f (B.))+f(B.v)v} P (=14 f(B.v))
B2 (¢! (v)v—1) v
AV (v=1+f(B.v)) _ (' (vt D+ F(B) ("4 1)} ‘

v v (v)v—1)
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It is easily seen that

N P {B(B+2£ (B, V) (W' (Vv (W' (W)v =20+ 1) +v(1-f (B, 1)) (¥’ (V)2 —4" (W)r* ' (v) 1%}
v(y'(v)y —1)? ’

and hence
B+v(1 _ / o / - " 3
A-p) A, A= 2f(Bv){v(28¢'(v) - (W' (v)v — 2) + 28+ ¢ (v)r°}
A o — AV S0y — 1)

=(1—2f(8, V) K(p).
In particular, for f = 0, it follows

= P EBY ) - )W )y — 2) + 28+ 4" ()}
K= Ay =17

= Ao — Nop.

In addition, we find

A AW )y = 2280 (B 1) +1) + 2AW )y 1) + 288+ 1) — o ()
V(W (V) —1)2

1 *
=§(A¢+ N p),

and
M= BB (B, v) W@ (v (Y (V)v=2)+ D v(1=f (B, 1)) (' (v)v=2—" (v)1?) ' (v) P12}
v/ (v)r—1)?

Definition 4.16. Let (M, g, V() be a statistical manifold and ¢ € C*°(M). The function
¢ is called f-harmonic if Ay = 0.

Corollary 4.17. For a statistical manifold (M, g, V) equipped with a f-harmonic func-
tion ¢ € C*°(M), we have

(1) K(p) = K(¢?) =0.
(2) AD(p?) = 2||gradegl|?, where [|gradep|* = g(gradep, gradey).

Proof. Since APy =0, it follows A0=Ng = 0. Thus (41@ yields %(gp) = 0. On the
other hand, we have K (p?) = K"9,(¢?) = 20K"0,(p) = 20K (¢) = 0, which gives us (1).
Using (4.12), we have

AV (p?) = div¥" (gradeg?).
As gradep?® = 2pgradeyp, the above equation implies
AP (p?) = 2gpdivv(f) (gradep) + 2g(gradey, gradep) = 20AP o + 2||gradey||?.
Considering AY)p = 0 in the last equation, (2) is obtained. O

Theorem 4.18. Let (g, V(f)) be a statistical structure on a compact oriented manifold M
such that OM = 0. If ¢ € C*°(M) is f-harmonic, then p is constant.

Proof. The part (4) of Corollary 4.13 implies

(1—-2f)

AD(P%) = A(e?) -

K ().

Applying Corollary 4.17, it follows
A(#%) = 2||gradegp||*.
Integrating we get
| Bt =2 [ llgradeslo.
M M



f-statistical connections and Miao-Tam statistical manifolds 23

where w is a volume element on M. As M = 0, the divergence theorem leads to
/ A(pH)w :/ divY (gradep)w = 0.
M M
Therefore, we conclude [y, ||gradey|[*w = 0, and consequently gradep = 0. Hence ¢ is
constant. ]

Theorem 4.19. On a compact oriented statistical manifold (M, g, V")) with OM = 0
and a volume element w, if ¢ € C*°(M) is non-constant and

(1) 0-harmonic, then
/ K(o*)w < 0.
M

(2) 1-harmonic, then

/M E(@Q)w > 0.

Proof. To prove (1), Corollary 4.13 shows that A(p?) = A(p?) — %f(/(ch) This and
Corollary 4.17 together the divergence theorem give

1 [ —
5 | K@ =2 [ llgradelPw.
2 /m M
Since ||gradey||? > 0, the above equation leads to (1). By a similar argument, we get
(2). O
5. Miao-Tam statistical manifolds
Proposition 5.1. Let (M, g,V) be a statistical manifold. If p € C*°(M), then we have
1 ~ 1
+ §{K(<P)9(X,Y) - KxY(p) — 580(7'9(KXY)
—9(Kx,Ky))},
for any X,Y € x(M).
Proof. Applying (3.14) and Corollaries 4.5 and 4.13, we obtain the assertion. O

In the above proposition, we note that if (g, ¢) satisfies the Miao-Tam equation, then

—Dpg(X,Y) + Hy(X,Y) = pL(X,Y) =g(X,Y) + %{E(w)g(X, Y) - KxY(p)

N %w(Tg(KXY) —g(Kx,Ky))}.

Definition 5.2. A triplet (g,V,¢) is called a Miao-Tam statistical structure on M if
(g9, V) is a statistical structure, (g, ) satisfies the Miao-Tam equation and the following
condition holds

~ 1

K(p)g(X,Y) = KxY(p) = 5(ry(KxY) = g(Kx, Ky)) =0, (5.1)
for any X, Y € x(M).
Example 5.3. We consider the four-dimensional bivariate Gaussian manifold

1 1 _ 2 _ 2
M4 = {p(:L",y;m,m,m,@)\p(%y; :u171u2a0-170-2) =———F——¢6 7172 (02(1: ) oy )}

2w /0109

defined on —oo < x,y < 00, where —oo < 1, p2 < oo and 0 < 01,02 < 00. My forms an
exponential family with natural coordinate system

)
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and potential function v = log(2mv/D) — D(0203 + 626,), where D = m (see [2]). The
Fisher metric on M, is determined by

01 0 2#10’1 0
N 0 g9 0 2#20'2
(9i3) = 21101 0 201 (202 + 01) 0
0 241209 0 209(203 + 02)

The non-zero components ffj of the Levi-Civita connection V on M, are given by

~ ~ ~ ~ ~ ~ ~ 1 ~
F%l = —Fi?, = _Fgl = —H1, F}3 = Filﬂ =01 — 2;@, F;,:a = —4M:1)’7 F?l = 9 F§3 = 2(#% +01),

~ ~ ~ ~ ~ ~ ~ 1 ~
F%z = _F34 = _Piz = k2, 1"%4 = Fiz =02 — 2N§> F4214 = —4M§’7 F%z DR Fi4 = 2(#% + 02).
The curvature tensor R satisfies the following

Rigis =0}, Ros =03,

while the other independent components are zero. In addition, the Ricci tensor Ric is
described by

% 0 H101 0
— 0 22 0 H202
90 — p)
(Ric(9:,6))) pmor 0 o1(2uf + 01) 0 ' (5:2)
0 U202 0 02(2/13 + 0’2)

Let ¢ = aef1102103101 4 | where a and b are constants. So, it follows
—Apg(81,82) + Hy(81,02) — oRic(d1, By) = aelr020+0s,

Thus ae?1+02+0:+01 — 0 = 4(9;, 3y) if and only if @ = 0. In this case, we also obtain

~ Bpg(on, 1) + Hy(01,01) — oRic(on, 1) = Lo,

— Dpg(01,05) + Hy(01,05) — @Ric(dy,05) = buyon,

— Dpg(n, 02) + Ho (D, 00) — oTic(,05) = 20,

— Npg(D2,04) + Hy(D2,0s) — ©Ric(Da,04) = bugoo,

— Dpg(0s,05) + Hp(0s,05) — pRic(03,05) = boy (4 + o),
— Apg(04,04) + Hp(04,04) — pRic(04,0s) = bora (3 + o3).

According to (1.3) and the above equations, (g, ) satisfies the Miao-Tam equation if and
only if b = 2. Setting the non-zero components of a (1, 2)-tensor field K on My as

K = Kiy = K3 =1, Kg3 =2(2ui + 01),
we can see that (My, g,V = V- %K) is a statistical manifold. On the other hand, we get

1 .
9" Kinrp 9ij = Kijorp = So(K K], = KyKG,) =0, Vi, =1,2,3,4,
i.e., (5.1) holds and (My, g,V, ) is a Miao-Tam statistical manifold.

Lemma 5.4. For a Miao-Tam statistical manifold (M, g,V ,¢), we have

R (o) =50, gyt Y) = (7 (xY) — g(Kx, Ky (5.3)
Ap =~ S R(g) + = (n+ ), (54)

where & = tr{(X,Y) — Ric(X,Y)} is scalar curvature for any X,Y € y(M).
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Proof. According to (5.1), we can write
tr{(X.Y) = K(9)g(X,Y) = KxY(¢)} = Str{(X,Y) = (1(KxY) - g(Kx, Ky))},
which gives
(n—1DE(p) = Sr{(X.Y) = (1 (KxY) - g(Kx. Ky))}.

Thus (5.3) holds. Tracing

—Ap g+ Hy — oL =g, (5.5)
we get
. l1—-—n—
(I —=n)Ayp — @5 + K(p) = n.
From the above equation, (5.4) follows. O

Proposition 5.5. If the pair (V*, L) is Codazzi-coupled in a Miao-Tam statistical mani-
fold (M, g,V , ), then we have

~

(R*(X,Y)Z)(¢) =—— (X (9)9(Y, Z) = Y()g(X, 2)) + Y (¢) L(X, Z)— X (9)L(Y, Z)

(X(K(@)g(Y. 2) = Y (K(2))9(X. 2)).

forany X,Y,Z € x(M).

Proof. Effecting Vx™* on both sides of (5.5), we get

= (Vx2p)g(Y, Z) = (L) C(X,Y, Z)+ (VX HL)(Y, Z) = (Vxo)L(Y, Z) — (VX L)(Y, Z)
=C"(X,Y, 2).

Switching X and Y in the above equation and subtract the result from it, we obtain
e(VXL)(Y, Z) = (VyL)(X, Z)) =((VyLp)g(X, Z) — (Vx Dp)g(Y, Z)) + (VX HZ) (Y, Z)

— (VWH)(X, Z)+ (Vyo)L(X, Z) — (Vi) L(Y, Z).

As the scalar curvature ¢ is constant [12], (5.4) yields

~

* 1 * T g *
Vixlp = —ivxK(SO) + mvx%

The above two equations and (4.11) imply

~

g

P(VXL)Y, 2) = (Vy L)(X, Z)) == (R*(X,Y) Z) (o) + —— (X (9)g(Y, Z) = Y(p)g(X, 2))
1
2

n—1
+Y (P)L(X, Z) = X(9)L(Y, Z)+ - (X (K(9))g(Y, Z)

—Y(K(9))9(X, 2)).
Since (V*, L) is Codazzi-coupled, the last equation gives the assertion. O

Proposition 5.6. Let (M, g,V,p) be a Miao-Tam statistical manifold. Then (M, g,V*, )
is a Miao-Tam statistical manifold if and only if

K(9)X = Kx(gradey), (5.6)
for any X € x(M). Moreover, the following holds

Tg(KxY) = g(Kx, Ky). (5.7)
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Proof. To prove, we first let that (M, g, V*, ) is a Miao-Tam statistical manifold, i.e.,
—N'og+H,—pL" =g. (5.8)
According to (4.8) and (4.15), we have
Hy(X,Y)=H3y(X,Y)+ (KxY)p, A'p=~Ap+K(p).

The above equations imply

—Dpg(X,Y) = K(p)g(X,Y) + Hy(X,Y) + (KxY)p — oL*(X,Y) = g(X,Y).
Thus from L = L* and using (5.5), it follows

K(p)g(X,Y) — (KxY)p = 0.

Applying the non-degenerate property of g, the above equation yields (5.6). On the other
hand, since the above equations are invertible, we have (5.8). (5.1) implies (5.7). Thus
the proof is complete. O

Proposition 5.7. Let (g,V,¢) and (g,V*,¢) be Miao-Tam statistical structures on a
manifold M and f € C®(M). Then the quadruple (M, g, V), ¢) is a Miao-Tam statistical
manifold.

Proof. Using Corollaries 4.5, 4.13 and (3.13), we have
~ADp g(X,Y) + HED(X,Y) = pLU(X,Y) = ~Bpg(X,Y) + Hy(X,Y) — @Ric(X,Y)

= S oy ) — gl )

Applying (1.3), (5.6) and (5.7), the above equation yields
—AVe g(X, V) + H} (X, Y) - oLY(X,Y) = g(X,Y).
Thus this completes the proof. ]

Theorem 5.8. Let (M, g, V) be a statistical manifold. If (g,V,¢) and (g,V*, @) are
the Miao-Tam statistical structures on M, then we have

I 2 R o)X Y) — KxY(p) -

LY) = L = Ric.
Proof. Setting (5.7) in (3.13) and (3.14), we deduce the assertion. O

Example 5.9. For the bivariate Gaussian manifold My with the Miao-Tam statistical
structure (g, V, ), it follows that (5.6) holds. Hence (My,g, V*, o) forms a Miao-Tam
statistical manifold. One can see that

74(Kp,0;) = g(Kai,Kaj), Vi,j=1,2,3,4,
except
79(Ko,01) =2 = g(Kp,, Ko,),
79(Ko,03) =4(2uf + 01) = g(Ka,, Kay),
i.e., (5.7) holds. For any f := f(61,62,65,604) on My, using Corollary 2.3, we obtain

1 3 )3 1 1 f)1 3 4 1
Fg{) — F%) — Fgl) - 1 f, F%) — Fgl) =0 2#%, Fg{) - FgJ;) =,
T 1 9 9 T 2 T 2 9 r 2

:(’,{3) = 4:“’? ( 1 f)( ,u% 01)7 g{;) = 4(12) =02 /1’37 4(1{;) = 4/”3’
T 2 r T T 3 2 r 4 2
gJQC) = 34 = 32 = —H2, i(%{’,) = (1“’% 01)7 A(L{L) = (ﬂ% 02)7

and other components are zero. It is obvious that G,ij,g =0,4,7,k=1,2,3,4, unless
eifl = (1 -2, €ifs = Cif) = i = 2(1 - 2f)mo,

e = 4(1 — 2 mor (13 + o1), eif) = el = ) = 21 — 2f)a (13 + 00),
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so (M,g, v )) is a statistical manifold. The non-zero components of f-curvature tensor
R) are obtained as

R = R = R = ~0of. R =202 +00)daf, R = —moy — dsf +2u3(1 - 2f),

1
R = RYY = RYY = —ouf, REY =223 +00)0af, R =01+ 00f +pu(-1+2f),

2
RYY = RY) = pa, RY)Y = 02243 + o), RUY = poy — 0sf + 263 (—1 + 2f),
1
Ry = 5 oo, R = (01 +248)(201f + 240 (1 = 2f) = 1),
where Rl(ﬂz = R(Z,Z, 4,7, k,r=1,2,3,4. Thus, it follows that
(Ric")(0;,0)))
—%01—81f+u1(1—2j) 0 —U101 +63f+2,u%(1—2f) 0
=20, f —302 0 — 202
o1 =03 f+2uf(1-2f) 0 (01+2u1)(201 f+2pu (1 - 2/)—01) 0
—204f — 202 0 —02(2u3+09)
As LU)(9;,0;) = 2(Ric) + Ric1=1)(9;,0;), we get
Neo. o)) = — 2 H202 — -y
(L (8176])) p101 0 01(2M%+O_1) 0 (L(ahaj))
0  poos 0 02 (213 + 09)

This and (5.2) imply L) = L = Ric. Hence for ¢ = 2, we see that —A(y 9(0;,05) +
Hé,l_f)(@i,aj) — @L(f)(ai,aj) = ¢(0;,05),i,j = 1,2,3,4. Therefore, (M4,g,V(f),2) is a

Miao-Tam statistical manifold.
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