Yuzuncu Yil University Journal of the Institute of Natural & Applied Sciences, Volume 29, Issue 3 (December), 882-889, 2024

) IZ)
@Q@ Yuzuncu Yil University e

< 4

$ Journal of the Institute of Natural & Applied Sciences eyl

@ @ YUZUNCD YiL ONIVERSITY. |
7/ Jiderai s
® https://dergipark.org.tr/en/pub/yyufbed o

Research Article
A Computation Method for a Projection of a Projective Variety

Ugur USTAOGLU”, Erol YILMAZ

Bolu Abant Izzet Baysal University, Arts and Science Faculty, Mathematics Department, 14300, Bolu, Tiirkiye
Ugur USTAOGLU, ORCID No: 0000-0001-7375-0652, Erol YILMAZ, ORCID No: 0000-0003-0763-9408

* Corresponding author e-mail: ugur.ustaoglu@ibu.edu.tr

Article Info Abstract: Consider a projective variety W € P™ and a point p € P™\IW. The
Received: 11.03.2024 projection at point p onto P"~! is represented by the mapping m,: P"\{p} —»
eceived: 11.03. n—1 . . . L
Accepted: 26.08.2024 P*=%, where m,(q) do_enote_s the pomt_ of intersection between j[he line pq and
Online December 2024 P"~1, for g # p. In this article, we derive a generator set for the ideal I(m,(W))

when W is defined as the set of zero points of certain homogeneous polynomials.
DOI:10.53433/yyufbed.1450739

Keywords
Elimination theory,
Grobner bases,
Projection,
Projective space

Projektif Variyetinin Bir izdiisiimii Icin Hesaplama Metodu

Makale Bilgileri Oz: P™de bir projektif variyeti W ve bu variyetinin iizerinde olmayan bir p
) noktast alalim. p noktasindan P""1’ e bir izdiisiim T, P"\{p} -
Ezmlzlsogszzog; 4 P*~t fonksiyonu ile gosterilir burada m,(q) , pq dogrusunun q # p igin
Online December 2024 P"1°deki kestigi noktay: ifade etmektedir. Bu makalede, W belirli homojen
polinomlarin sifir noktalarimin kiimesi oldugunda, biz I(m,(W)) ideali igin

DOI:10.53433/yyufbed.1450739 {irete¢ kiimesi bulacagiz.

Anahtar Kelimeler
Eliminasyon teorisi,
Grobner tabanlari,
[zdiisiim,

[zdiisiim uzay1

1. Introduction

Let k stand for an algebraically closed field. The projective space over k, denoted as Py or
simply P™, represents the collection of one-dimensional subspaces of k™+1

A pointp = [xg,Xq,...,X,] In P™ corresponds to a line passing through the origin and the
point (xg, xq,...,xy,) in k"*1. Therefore, a polynomial H € K[x,, x4, ..., x,] defines a function on P™
if and only if it is a homogeneous polynomial.

Given homogeneous polynomials Hy, H,,...,Hs in K[xq,x,...,x,], @ projective variety
defined by these polynomials is the set
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V(Hy,H,,...,H;) = {p € P" | H;(p) = 0wherel1 <i < s}. 1)
For a given projective variety W, the ideal of this is defined as
I(W) =< hek[xg,xq,...,x] | VD € W,h(p) =0 >. 2

It is well-known that I(W) is a homogeneous ideal, meaning it has a generating set containing
homogeneous polynomials.

Consider a point p in P™\ P™*~1. For another point g € P", the projective line along p and q is
denoted as pq. The projection map

m,: P™\ {p} - P"1 3)
is defined by
m,(q) = pqn P (4)
Following a projective linear transformation, one can set p = [0,0,...,1].

Assume W = V(Hq, H,,..., Hy) is a projective variety, and let p be a point not lying on W.
Then, 7, (W) is termed a projection of V from p to P"~*. It is established that ,,(W) is a projective
variety in P*~1, (see Harris (1992) , Theorem 3.5).

In the paper, we try to find homogeneous polynomials G;, G, ..., G; such that I(m,(W)) =<

Gy,Gy,...,G; > from given W =V(Hy,H,,...,H;). To do this we use the elimination theory and
Grobner bases.

This problem is stated (Harris, 1992). The relation between projection and resultants is also
given in (Harris, 1992). The resultant is related to elimination theory in (Cox et al., 1996).

In this paper, we present a constractive method for determining the ideal of ,, (W) utilizing
elimination theory and Grdbner basis techniques. The structure of the paper is outlined as follows.
Section 2 compiles pertinent results on resultants. The primary findings are expounded upon in Section
3. Towards the conclusion of Section 3, there is an elucidation on the generalization of projection from
a linear space and the process of identifying its ideal.

2. Materials and Methods

To reach our goal, we obtain a relation between a projection of projective variety and elimination
theory via resultants. After that using the computation technique of the elimination ideal with the
Grobner basis, we find a method for to obtain the ideal of 7, (W). We explain our methods by examples.
3. Resultant

Resultants are important in the elimination theory. The multipolynomial resultant can be used
to eliminate variables from the system of equations and it is also a powerful to for finding solution of

polynomial equations.

Definition 3.1. (Harris, 1992) Let two polynomials be H; and H, in k[x, x4,...,x,], We can
express them as
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Hy = apxj++a, , ay* 0 and H, = byxy, +--+bs , by # 0, where a;b; €
Kk[xg, x1,...,Xn_1]. The resultant of H; and H, with respect to x,, is defined as

a 0 = 0 by 0O - 0
a1 (10 ‘o . b1 bO ‘ .
i a0 it by w0
: : . Ao : : . bo
Res(Hy,Hy,x,) = | ¢ a.1 : b.1 ©)

as H . : bt H . :
0 ag 0 b,
0 - 0 a 0 - 0 b

In (Harris, 1992), Harris asserts that 7, (W) = V(J), where

J =< Res(H{,H;,x,) | H,H, € (W) and H{, H, are homogeneous > (6)

However, due to the infinite nature of homogeneous polynomials in I(W) this result does not
provide a finite set of polynomials that define the projection.

Lemma 31 ReS(Hl,Hz,xn) = AlHl +A2H2 fOI’ some Al’AZ € ]]\S[XO, xl,...,xn].

Proof. If Res(H;,Hy,x,) = 0 then A; = A, = 0 . Hence, we may assume
Res(Hy, Hy, x,) # 0. To find A;and 4, in k(xg,xq,...,Xpn—1)[X,] Such that A;H; + A,H, = 1
where

H, = agx} + - +asand H, = box* + -+ a.

Al = coxtl+ 4+ cttand A, = doxsTt + -+ dSTE (7)

and cgy, ¢y, ..., Ct—1,dg, dq, ..., ds_q are unknowns in k[xg, x4, ..., X,_1]. By substituting these formulas
into (7) and comparing the coefficients of powers of x,,, we obtain the following system:

aogCo + body = 0

a,co+apgcy +bydg+byd;, = 0
: = (8)

AsCeq + beds_4 = 1

The coefficient matrix corresponds to the matrix in the definition of the resultant of H, and H,.
The condition Res(Hy, H,,x;,) # 0 ensures that this linear system possesses a unique solution.
Applying Cramer's rule,

0 0 0 b, O 0
P a -~ 0 ¢ by - 0
1 E E " ao E S S bO
© = Res(Hy, Hy, xy) a:s asl b:t b1 9)
0 0 0 b,
1 0 a O 0 b
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Similar formulas can be derived for the other ¢;’s and d;'s. Given that 4; = C_oxﬁ_l + -4
ct=1, it is possible to factor out the common denominator Res(H,, H,, x,,) and express 4, in the form

AT = — A i ikewi A = 42 i
A = Res(Hl,HZ,xn)Wheri‘ll in ]k[io,xl,...,xl_l]. LIEWISG, we have 4, = Res Hdon) where A4, in
k[, xq,...,%,_1] . As A; and A, satisfy A;H,+ A,H, = 1, it follows that A,H, + A,H, =
Res(Hq, Hy, xp,). [ ]

Lemma 3.2. For any q[xg,Xq,...,Xn—1] € P*1, Res(Hy,H,,x,)(q) = 0 if and only if
H,(q,xy,) and H,(q, x,) have a common root as polynomials in x,, or leading coefficients of both
H; and H, vanish at q.

Proof. If ag # 0 and by # 0, then

a(q@) 0 = 0  b(q) O - 0
a;(q) ae(q) ™ : bi(q) bo(q) ™ :
: a; (@) 0 : bi(q) ™ 0
: ao(q) : : bo(q)
Res(Hy, Hy, xp)(q) = | ¢ : a:(q) : 5 ~ bi(q) (10)
as(q) : : b:(q) : :
0 a(q) -~ 5 0 be(q)
0 w0 as(q) O w0 be(q)

The determinant is equal to Res(H,, Hy, x,,). If Res(Hy, Hy, x,) = 0, it implies that H; (g, x,,)
and H,(q, x;,) share a common root as polynomials over k. Consequently, Res(H;, H,, x,)(q) = 0 if
and only if H,(q, x,,) and H,(q, x,)have a common zero.

In cases where both ay(q) = 0 and by(q) = 0 the condition Res(H,,H,,x,)(q) = 0 is
evident.

Now, let's consider the scenario where aq(q) # 0 and by(q) = 0. If by(q) # 0, then
Hy(q,%n) = by(q)xq~' + -+ be(q) and

as(q) 0 0 0 0 0
a;(q) ae(q) ™ : b1(q) 0 :
: a; (@) - 0 : bi(q) ™ 0

: ~ ae(q) : : bo(q)

Res(Hy, Hy, x0)(q) = : : ~aq(q) : : ~ bi(q) (11)
as(q) ¢ N M C) ?
0 as(q) - 5 0  b(q)
0 w0 as(q) 0 w0 be(q)

The determinant is incorrectly sized to serve as the resultant of H,(q,x,) and H,(q, x;,).
Expanding by minors along the first-row yields

Res(Hy, Hy, %) (@) = ao(q)Res(Hy (4, %), Ha (4, %), ). (12)

In a more general setting, it is reasonable to assume that H,(q, x,,) has a degree of m — p where
p = 1. Insuch a scenario, expanding by minors along the first p rows results in

Res(Hy, Hp, xn)(@)P = ao(q)Res(H1(q, Xp), Hz2(q, Xn), Xp). (13)
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Once again, Res(H,, H,, x,) = 0ifandonlyif H,(q,x,) and H,(q, x,) share a common zero
as polynomials in x,,.

The case where ay(q) = 0and by(q) # 0 can be similarly addressed. ]
4.  Theoretical Result

Lemma 4.1. If g € P" — {p}, the linel = pq intersects V if and only if every pair H; and
H, of homogeneous polynomials in (V) has a common zero on L.

Proof. If the line [ and the variety V intersect at a point x, it is evident that x serves asacommon
zero for every pair of homogeneous polynomials in I(V). Conversely, if [ does not intersect V, then
there exists a polynomial H; € I(V) that vanishes at a finite number of points on [, denoted as
Xq,X5,...,%Xy. Since x; € V, there exists a polynomial H, € I(V) that does not vanish at x; fori =
1,2,...,m. Consequently, H; and H, have no common zero on [. [ ]

Lemma 4.2. For any g € P™ 1, every pair H,, H, of homogeneous polynomials in I(V) has a
common zero of the type [aq,B8] on | = pq if and only if the homogeneous polynomial
Res(H,, H,, x;,) vanishes at g for every pair of homogeneous polynomials.

Proof. Given q = [xg, ..., x,—1] € P*" 1 the line | = pq is defined as [ax,, ..., ax,_1, B] €
P!, If every pair of homogeneous polynomials Hy, H, € I(V) has a common point on [, according to
Lemma 2.1., l intersects V Let [@xo, ..., @xp—1, ] €V N 1. Since pis not on V, @ # 0. This implies

that [a@xg, ..., @x,_1, f] IS @ common zero of H; and H, on L. Theng is a common zero of H;(q, x,)

and H,(q,x,) as polynomials in x, . Therefore, Res(H(q,x,), H>(q,x,),x,) = 0, implying
Res(Hq,H,,x,)(q) = 0.

Conversely, assume Res(Hq, H,, x,) = 0. Let H; be a homogeneous polynomial of degree S
and H, a homogeneous polynomial of degree T'. If both leading terms vanish at g, then s < Sand t <
Tandp = [0,...,0,1] € L is a common zero for H; and H,. Otherwise, H,(q, x,,) and H,(q, x,,) have
a common zero as polynomials in x,,, denoted as £3; then [q, 8] is the common zero of H; and H,. on I.

[ ]

Combining these two lemmas, the image V of the projection : V — P™~ 1 is the common zero
locus of the polynomials Res(Hy, H,) where H, and H, range over all pairs of homogeneous elements
of I(V). In other words, V = V(J), where ] =< Res(H,,H,)|H,,H, € I(V) > is a homogeneous
ideal. However, it is essential to note that this yields a set of generators with infinitely many elements,
and it is not immediately evident why J = I(V).

In cases where I(V) =< fi,..., fm >, the collection of Res(f;,fj,x,) for1<i<j<m
does not necessarily form a set of generators for I(V). In other words, given a basis for 1(V), obtaining
a basis for 1(V7) cannot be achieved using this method in finitely many steps. The following theorem,
however, implicitly provides an algorithm for such a purpose:

Theorem 4.1. I1(V) = J = I(V) nK[xg, X1, .., Xp_1]-
Proof. Let Res(Hy, H,,xy,) € {Res(Hq,H,,x,) ¢ Hy,H, € [(V)} for some Hy,H, € I(V) .
According to Lemma 2.1.,

Res(H{,H,,x,) = A{H, + A,H, for some A4, 4, € K[xq, X1, ..., Xpn]- (14)

Therefore, Res(Hy, H,, x,,) € 1. As Res(Hq, Hy, x,,) € K[xg, x4, ..., Xn_1] DY the definition of
the resultant, it follows that

Res(Hq, Hy, x,) € I(V) NK[xg, xq,..., %] (15)
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This impliesthat ] ¢ I(V) nKk[xg, x1,...,Xp_1]-
Conversely, forany H; € I(V) nk[xg, xq,...,x,—1] both H; and x,, H,belong to I. Then,

H, = Res(Hq,x,H;,x,,) € {Res(Hy,H,,x,),Hy, H, € 13. (16)
Therefore, I(V) NK[xg, Xq,-..,Xn_1] € J. Since I[(V) isradical, I(V) nk[xq,xq,...,Xp_1] IS
also radical. Therefore,

VO = 1) = 1) 0 K[xo, %, Xna] = J. an

]
5. Grobner Bases and Elimination Theory

Definition 5.1. (Cox et al., 1996), A well ordering < on the set of polynomials H is termed a
monomial ordering if it satisfies the condition that for any polynomials h,and h,in H:

hl > hZ = xihlxj > xihzxj (18)
This implies that the ordering is consistent with both left and right multiplications by x; and x;
on polynomials in H.

Definition 5.2 (Cox et al., 1996), LetI c Kk[xq, x4,...,X,—1] be anideal and consider a fixed
monomial order. A finite subset {hq, h,,...,hs} € I, where < LT (hy),LT(hy),...,LT(hy) > =<
LT(I) > is referred to as a Grobner basis.

Definition 5.3. (Cox et al., 1996), Given I =< fi,f5,..., fs >C K[xq, x5...,x,] the t-th
elimination ideal I; is the ideal of k[x;,q,Xq,...,x,] defined by

It =] ﬂk[xt+1,x1,...,xn]. (17)

Theorem 5.1. (The Elimination Theorem) (Cox et al., 1996) LetI c K[ x4, x5..., x,] be an
ideal and let G be a Grobner basis of I with respect to lex order where x; > x, > -+ > x,,. Then for
every 0 < t < n, the set

Gt =G NK[Xp4q, %1, Xn] (18)

is a Grobner basis of t-th elimination ideal I,.

Theorem 3.1. provides a method using Grébner basis techniques to derive a basis for 1(V) from
a given basis I(V).

Corollary 5.1. If G = {g1,9,---,9¢} is a Grobner basis for I(V) with respect to an order <
such that x,, > x; forany i = 1,2,...,n — 1, then G; = GNk[xg, x1,...,Xp—1] forms a Grobner basis
for 1(V).

Proof. After relabeling if necessary, one can assume that G, = {g1,9>,...,9-}. It is evident
that G, c I(V)Nk[xg, x4,...,xn_1]. Consider an arbitrary polynomial f € I(V)Nk[xg, x1,..., Xpn_1]-
Since G is a Grobner basis for (V) and f € I(V) the remainder on division by G is zero. Furthermore,
due to the monomial order with x, >x; for any i = 1,2,...,n—1, the leading terms of
9r+1 Gre2,---» Gm INVOIVE x,, and are greater than every monomial in f. Thus, when applying the
division algorithm, g, 11, gr+2,---, gm Will not appear. Consequently, the division of f by G results in
an equation of the form:

887



YYU JINAS 29(3): 882-889
Ustaoglu and Yilmaz / A Computation Method for a Projection of a Projective Variety

T
F= ) higi+ Gria0+ Graz0+ =+ 10 (19)

=1

which implies f €< g4, 92,..., g, >. This establishes that G, is a basis for I(V)Nk[xq, x4, ..., Xp_1]-
In fact, since the division of any f € I(V)Nk[xg, X4,...,X,_1] by G, leavesazero remainder, G, serves
as a Grobner basis for (V). n

Example 5.1. The twisted cubic in P3(C) is defined by V(I), where I = {I;, I,, I;}and I; =
XoX, — xZ, I, = xox3 — x1X, and I3 = x;x3 — x5. Let p = [0,1,0,0]. Using lex order with x, >
Xo > X; > x3, a Grobner basis for I is {x3 — x3x3, x;%, — XoX3, X¥ — XoX2, X5 — x1x3}. Therefore,
(V) = V(x} — xix3).

Generalizing the result to projection from a linear space is straightforward.

Corollary 5.2. Let L be a linear subspace of P", and let L’ be the complementary subspace of
L . Up to a projective linear transformation, assume L = V(xq, xq,...,%;) and L' =
V(Xi41, Xiz2, -+, Xn). Let V be a variety in P" suchthat V. n L = @ . Let r; be the projection from L
toL',and V = m;. Then G N K[xo,xy,..., x;] is a Grobner basis of I(V) under an order such that x; >

xj, forip = i+1,...,nand j, = 0,...,1L.

Theorem 5.2. (Coxetal., 1996) Let I c k[xg,xq,...,%,] be anideal, and let G be a Grébner
basis of I with respect to the lexicographic order where x,, > x,_; > > x; > x,. Then, the
polynomial in G that does not contain the variable x,, generates I N k[xg, X1, ..., Xp_1].

Another application of Grobner bases is to find a generating set for the radical of an ideal from
a given generating set of the ideal (see Decker et al. (1999) and Kemper (2002))

Now, we can describe the method for finding the generating set for the ideal of the projection
of a projective variety. Given W =V (F,,..., F,) first find a generating set {H,, H,, ..., H;} for the
radical ideal \/< F;,..., F; >. Then, using lexicographic order with x,, > x,_; > ---> x; > x,, find
a Grobner basis G for the ideal < Hy, H,, ..., Hy >.

Since I(mp(W)) = < Fy,..., F; >N K[xg, X4, ..., X, ] the polynomials in G not containing the
variable x,, form a generating set for I (mp (W)).

Example 5.2. Consider W = V(xqx3 — X2, XgXp — X1X3,X1X; — x2) in P3(C). It is well-
known that I = < xgx3 — x%, XoXy — X1 X3, X1X, — X5 > is a radical ideal. A Grobner basis for I with
respect to the lexicographic order where x3 > x, > x; > xo, IS G = {xix, —x3,x0%3 —
X2, x1X3 — XoXp, X3 — X1X,} . Since G N Clxg, x1,%x,] = {xéx, —x3}, mp(W) = V(x3x, — x3)
where p = [0,0,0,1].

6. Discussion and Conclusion

In the literature, the projection is related to resultant theory (see Harris (1992)). However, the
computing the resultant can be very complicated. In this article, using relation between resultant and
elimination theory given in (Cox et al., 1996), we give a method finding projection using Grobner bases.
Since Grobner basis computation is adopted in almost every computer algebra system, the projection
can be easily computed using our method. In our examples, we use lexicographic orders.

In some cases, Grobner bases with respect to lexicographic order can be huge. In this case, other
elimination orders can be used. The detail of elimination orders can be form in (Greuel & Pfister, 2008).
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