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Initially, we establish the existence of at least one and two positive symmetric solutions
for the fourth order problem using Krasnosel’skii fixed point theorem. Subsequently, we
establish the existence of at least three positive symmetric solutions by applying five-
functionals fixed point theorem.

1. Introduction

Boundary value problems (BVPs) associated with ordinary differential equations play a significant role in various fields, including physics,
chemistry, engineering, biotechnology, and social sciences. The higher order differential equations with specific types of iterative differential
equations are important for analyzing the characteristics like monotonicity, convexity, equivariance, smoothness, and numerical solutions
(see [1-5]). It is also worth noting that differential equations with integral boundary conditions are crucial in modeling phenomena such as
plasma physics, underground water flow, chemical engineering, heat conduction, and thermo-elasticity.

In the theory of differential equations, one of the most significant operators is one dimensional p-Laplacian operator and is defined as
0p(2) = |Z|p721., where p > 1, ¢ - ¢q and é + é = 1. Such problems can be found in the mathematical modeling of image processing,
heat radiation, glaciology, biophysics, plasma physics, rheology, plastic molding, etc (see [6,7]). In particular, fourth-order BVPs with the
p-Laplacian operator, have diverse applications in brain warping, fluids in lungs, ice formation, beam theory, and designing special curves on
surfaces. The applications highlight the wide range of uses and significance of the p-Laplacian operator in several fields (see [8—14]). Various
approaches, like fixed point theorems, iterative techniques, and shooting methods, are employed to establish the existence of solutions for
such problems (see [15—17]). In 2000, Avery and Henderson [18] considered the problem

and established the existence of at least three symmetric positive solutions by using the generalization of Leggett-Williams fixed point
theorem. In 2015, Akcan and Hamal [19] established the existence of concave symmetric positive solutions for the BVP

¥'(2) +£(z,5(2),) () =0, 0 <z < 1,
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where y,n € (0,1) by applying monotone iterative technique. In 2016, [20] Ding established the existence of symmetric positive solutions
for the p-Laplacian BVP

(6p(Y(2))) +£(z,5(2),'(2)) =0, 0<z< 1,

= [ ystax
0

by using the fixed point theorem due to Avery and Peterson. In 2020, [21] Asaduzzamana and Ali established the existence of symmetric
positive solutions for the BVP

— () =£(yv), z€0.1],

—vW(2) =£(y,v), z€ [0,1],

y(2) =y(1=2), y"(0) =" (1) =y"(z21) +"(z2),

v(z) =v(1=2), Y (0)=v"(1) =v"(z1) +V"(z2), 0<z1 <2 < 1,

by applying Krasnoselskii’s fixed point theorem. Following that, the researchers have explored the study of symmetric positive solutions,
see [22-30]. Inspired by the works mentioned above, we investigate the existence of multiple positive symmetric solutions for the fourth
order p-Laplacian iterative system with integral boundary conditions

(0o (v(2)¥a(2))" =w(2)fa(z,yn41(2), 1<n<i, 71 <z< 2, m
yir1(2) =y1(2), 71 <z<2, '

satisfying boundary conditions

u(e) = [ glepa(e)s, sn(e) = /“g<s>yn<s>ds, 1<n<i,
2 (1.2)

dp(v(z1)yn (1)) / h(s)@p(v(s)yn(s))ds, 9p(v(z2)yn(22)) / h(s)@p(v(s)yn(s))ds, 1 <n<i

where i € N with 2z < 22, ¢p(2) = |2[P7%2z, p > 1, ¢1;1 = g, % + é = 1. The following conditions are presumed to be valid in the entire
paper:

(I1) £q:[z1,22] X [z1,90) = [21,°0) is continuous, £y (22 +21 —2z,¥) = £a(z,y), 1 <n<iforall (z,y) € [z1,22] X [z1,°0). (For existence of
solution)

(12) v(z),w(z) € L'[z1,22] are positive, symmetric on [z1,22] (i.e.,v(z2 +21 —2z) = v(z) for z € [z1,22]). (For positive symmetric solution)

(13) g(z),h(z) € L! [z1,22] are non-negative, symmetric on [z1,25], and py, W € (z1,22), U1 = fzzlz g(s)ds, U= fzzlz h(s)ds. (For positive
symmetric solution)

The organization of the remaining part of the paper is as follows. In Section 2, we construct Green’s function and estimate the bounds for
Green’s function for the problem (1.1)-(1.2). In section 3, we establish the existence of at least one and two positive symmetric solutions by
using Krasnoselskii’s fixed point theorem. Using the five-functional fixed point theorem, we establish the existence of at least three positive
symmetric solutions. In Section 4, we provide examples to check the validity of the results.

2. Green’s Function and Its Bounds

Here, we determine the solution of (1.1)-(1.2) as a solution of the integral equation that includes Green’s function. After that, we establish a
few characteristics of the Green’s function which are useful in establishing our main results.

Lemma 2.1. Assume that (12) — (I3) hold. Then for any u(z) € C([z1,22],R), the BVP

(@] (2) =u1(z), 21 <2< 2, @2.1)
) = / " g(s)yi(s)ds, yi(2) = fg<s>y1<s>ds, 22)

has one and only one solution

3@ == [ 1 Ol (),

21

where Hi(z,1) is the Green’s function and is given by

22
() =G+ o ./m G(s,1)g(s)ds, 23)
in which
1 (z—z)(z2—1), z<1,
Glz,1) = 24
S sz{(tm)(zzz), 1<z @9
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Proof. Integrating (2.1) twice from z; to z, we get
"z
1@ = [ =0y Oyl (a4 ei - a1)
21
By using boundary conditions (2.2), we get
"22

= [T O, and &= [~ g(s)y(s)as,

21

So, we have

7@ = [ v eyt ——— [z -0v O+ [~ glem (s)as

2 =2 Jzy

—— [T Gle v (0)6g(r (1)ar+ /fg<s>y1<s>ds.

21

After certain computations, we obtain

® g(e)y1(s)ds = ’lm / ® G, v (1) (11 (1) .

21 - 2

Therefore,

n@ == [ Gl ()t - | [ ey 0640 (@) aras

Jz 1=

— /:2 |:G(Z,l) + ljul /ZIZ2 G(S,t)g(s)ds] Vﬁl(t)(Pq(M](t))d[
== _/:2H1(z,t)v’l(t)(pq(ul(t))dt_

Lemma 2.2. Suppose (I3) holds. For A € (z1,%), let 6(A) = Z’tiﬁ‘l ,

o= ]_—lﬂl Then G(z,t), Hi(z,t) have the following properties:

< G(z,t) <G(1,1), Vz,t € [z1,22],

<Hi(z,1) < uG(t,1), ¥ 2,1 € [21,22],

G(z,t) 2 0(A)G(t,1), Vz € [A,zp—A] and t € [z1,22],

1(z,0) =2 0(A)oyG(t,1), Vz € [A,zp — A and t € [z1,22],

G(za+z1 —z,20+21 —1) =G(z,1), Hi (o +21 — 2,22 +21 — 1) = Hi(z,1), V 2,1 € [21,22].

Proof. From (2.3) and (2.4), it is clear that the properties (A1) and (A2) hold.

For inequality (A3), letz € [A,zp —A] and z < ¢, then

G(z,t)  (z—z)(z2—1)
G~ i—eGn -

and for 7 < z,

G(zt)  (t—z1)(z2—2)
Gt () —n) > )

Hence, the inequality (A3). For the inequality (A4), consider

22
G(s,t)g(s)ds
= | ateete)

>6(A)G(t,1) + 1—1u1 /ZZG(A)G(r,z)g(s)ds.

21

Hi(z,t) = G(z,1) +

Hence, H|(z,t) > o(A)a;G(z,t). For inequality (A5), consider

n+u—z—zu)(—(2t+zu-1), 2+u—z<2+z -1,
1<

(
22—z | (nt+za—t—z)(n2—(24+21—2), 2+u—-t<n+2 -2
(
(

1
_Z2_Z1

=G(z,1).

1
Glzptzi—z0+z1—1) = {

z—21)(z2—1), z<1t,

t—721)(z2—2), t<z,
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Consider

H(nn+z—-z22+z2—1)=Glzn+z—-z2+za—1)+

G(s,zo+z1 -t ds
o [ Glsata -0k

=G(z,1)

1—s,20+21 —1)g(z2+z1 —s)d(zp+21 —8)

“ G(s,1)g(s)ds

=G(z,1) +
( ) 1_/J'l 21

=Hi(z,1).

Lemma 2.3. Assume that (I2) — (I3) hold. Then for any u(z) € C([z1,22],R), the BVP

(0o (v(2)y{(2))" = ua(2), 21 <2< 22,

satisfying boundary conditions

ne)= [ g@m(e)s, ()= / (e (e)as

o0 )) = [ h@)p((a] ()ds. op(v(ea{ () = [ hla)gp(v(ehe)ds,

21

has a unique solution

0@ = [“man0n] [ s o

21

where Hy (z,t) is given in (2.3) and

Hy(z,t) = G(z,1) +

Proof. Let, u; (z) = ¢p(v(2)y](z)) for z; < z < zp. Then the BVP

(@ (v(2)y[(2))" =12(2), 11 <2< 2,

b)) = [ h(e)op(v(s)y(s))ds. dy(v()y](z2)) / h(s)9p(v(s)y(s))ds

21

is equivalent to the problem

Uy (z2) =ua(z), 21 <z< 20, (2.5)

ui(z1) = .Zz h(s)ui(s)ds, ui(z2) = N h(s)u(s)ds. 2.6)

21 21
By Lemma 2.1, the BVP (2.5)-(2.6) has unique solution u; (z) = — [ Hy(z,)ua(t)dz. That is
I 22
Pp(v(2)y) (2)) = — / Hy (2, )up(r)dt 2.7)
21

Again by Lemma 2.1, the differential equation (2.7) with boundary conditions

yi(z1) =y1(z2) = '/:zg(s)yl (s)ds
has a unique solution
yi(2) = / " @y (10 { /Z o, s)ug(s)ds} ar.

21

This completes the proof. O

Lemma 2.4. Suppose (I3) holds. For A € (z1,%), let 6(A) = AU gy = . Then, Hy(z,t) has the following properties:

72— Zl
(A6) 0< HZ(Z l) aZG(t7t)7 Vzte [117Z2]7

(A7) Hy(z,2) = 0(A)0pG(t,t), Vz €A, 20— A] and t € [z1,22],
(A8) Ha(zo+z1 —2,220+721 —1) =Ha(z,2), V2,1 € [21,22]-
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Note that an i-tuple (y(z),y2(z),- -+ ,yi(z)) is a solution of (1.1)-(1.2) if and only if

yn(Z) = \/Z2 Hl(zvtl)vil(tl)(pq {/ZzH2(tlJ2)W(t2)fn(t2»)’n+l(Q))dtZ} dth n= 1727"' 7i7

21 21

yir1(z) =y1(2), z€[z1,22), 1 <n<i,

22

y1(z) :/Z2H1(Z,t1)v71(t1)¢q{./:2 Hz(tl,tz)w(tz)fl(tz,/:zHl(tz,tg)v’l(g)q)qU Hy(t3,14)w(tg)

21 21

22 22
fo-fi (l2i—27/ Hl(IZi—ZatZi—l)V_l(t2i—1)¢q|:/ Hy (ti—1, 12i)w(t2i) £ (20, y1 (12:))

21 21

d.l‘2,'j| dlz,’,l) e dl4] dl3) dl‘2:| dry.

3. Existence of Positive Symmetric Solutions

Let B = {y:y € C([z1,22],R)} be a Banach space with norm ||y|| = max |y(z)|. For A € (z,%), we define the cone K C B as
Z€|21,22

K= {y € B :y(z) = 0,y(z) is concave, symmetric on [z1,z3] and [inin y(z) > G(?L)HyH}.
ZEN, 2 —

Al
Define operator T: K — B by

22

Ty (2) :/Z] Hl(z,tl)v’l(tl)qbq[/:2 Hz(tl,tz)w(tz)fl(tz,/szl (tz,tg)v’l(g)(pq{/:z Ha(t3,14)w(t4)E0 - £1_y (tz,-,z,

1 1 1

21 21

22 22
/ Hi(ti—2,12i-1)v " (12i-1)$q {/ HZ(tZi—l7t2i)W(t2i)fi(l‘2iay1(tZi))dei:| dtzm) '-'dt4} dt3)dt2} dry.

Let,

21 1

"22 22
m< 061/ G(t;,4)v " (1)) {/ fG(tj+17U+1)W(tj+l)dtj+1:|dfﬁj: 1,2,---2i—1,
z

r2—A

M=ol /;H G 1:)v ™ (17)9q [/z

Lemma 3.1. For each A € (z1,%), T(K) C Kand T: K — K is completely continuous.

G(A)szG(fjH7tj+1)W(fj+1)dtj+1}dtj-,j: 1,2,---2i— 1.

Proof. Since Hj(z,1) >0, Hy(z,2) >0, V z,¢ € [z1,22], (Ty1)(z) = 0. Lety; € K, then consider

(Ty1)(z2 +21 —2) :/Zz Hi(z2+z21 —Z,tl)vfl(fl)q)q{/Zsz(lhtz)W(fz)ﬁ <t2,[h H1(¢2J3)V71(f3)¢q[/Zzﬁz(f&m)

z 21 <1 21

<1

22 %)
w(ty)fa - £i (t2i727/ Hy (f2i-2,12i—1)v " (12i-1) g {/ Hy (t2i—1,t2:)w(t2i) £i (121, y1(12:))
Z 7

1

dt2i:| dtzi_l) . ~dt4} dt3) dl2:| dn

21 22 22
=/ Hi(za+z1 —zz2+z —0)v Nz +21—1)ég {/ Hy(z2 421 —t1,02)w(t2) £ (127/ Hi(t,13)
22

21 21

<1

22
g {/ Hy (t2i1,t2i)w(t2i)£i(t2i, 01 (tZi))dZZi:| dtzH) - -dt4} dt3) dlz} d(za+z1—11)

21

22 Z1
:/ H1(th1)vfl(t1)¢q[/ Hy(z2+21 —t1,22+21 —)w(za +21 — b))y (Zz +21 -1,
J22

21

22 22
/ Hi(z2+21 —12,13) - g {/ H2(12i—1,t2i)W(t2i)fi(t2i»)’l(ZZi))dtZi:| dlzi—l) “-dt4} dls)
21

<1

d(z2 421 *lz)} dry

21 1 21 21

:/Z2H1(Z711)V71(t1)¢q[/;2 Hy(t1,2)w(t2)f1 (%/ZZ Hi(t2,13)v "' (13) g U.ZZHz(tmm)W(M)fz'“
fiq (l2i—27 /ZZHI (t2i-2,12i-1)v " (t2i-1)¢q {/Zz Hy(t2i—1,t2i)w(t2;)£i(t2i, 31 (tzi))dtz,} dtZi_l)

‘1 -1

e dl4:| d[3) dt2:| dn

=(Ty1)(2)-
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Hence Ty; is symmetric on [z1,z]. From Lemma 2.2, we get

(Ty1)(z) = /ZzHl(ZJl)Vfl(fl)(Pq [/: Hy(t1,02)w(t2)f1 (tz,/:z Hi(t2,13)v " (13) g U: Hy(t3,14)w(t4) - £ 1 (t25727

21

/ZZ Hi(fi—2,12i-1)v " (t2i-1)$q [ /:2 Hy (tai—1,t2:)w(t2i) i (21, y1 (tzi))dtm} dtzi—1> x 'dt4} dl3) dlz} dr
Otl/ G(r,n)v ll)¢q{/ Hy(t1,12)w(t2)f) (fz,/ZZHI(12713)"_1(’3)%{/Z2 Hy(t3,14)w(tg)f2 - £ (Izi—z,

21 21
22
/ Hy (tyi—2,t2i— 1)V (ZZi—l)q)q[/ H2(12i71:t2i)W(t2i)fi(t2i7y1(t2i))dt2i:| d12i71>"'dt4:| dl3>dlz}dt1-
21 21

So,

22

(ITy1 ]| <oy ./;2 G(t1,01)v " (t1)¢q {/ZZZHz(llJz)W(tz)fl (tz,/

J21

Hi(12,13)v" ' (13)¢q {/jz Hy(t3,14)w(ta)f2 -+ £, (tzl‘fz,

21 21

22 22
/ Hi(fio2,12i-1)v " (t2i-1)$q {/ Hy (t2i—1,10i)w(t2i) £i(t2i5 )1 (t2i))dt2i:| dfzi—1) '“dt4} dls)dlz] dry.

Again from Lemma 2.2, we get

min_ (@} =_min [ oe] [T e (o[ e e [ wen)

€A, —A] z€[A,—A]Jz

22 22
W(l4)f2"'fi71(t2i727/ H (t2i—2,t2i-1)v " (t2i1 ¢’q|:/ Hy (t2i—1, 1) w(t2:) i (21, y1 (t2:))

Y21

dl‘2i:| dl‘z,'_]) e dl‘4:| dl3> dlz] dr

s 02) [ 000y )6y [t (o |

21

22

1

Hy (t2,13)v 1(13)¢q[/221'12(13,t4)

21
"22

22
w(ty)fr---£i1 (121'727/ Hi (fai—2,12i—1)v " (12i-1) g {/ Hy (t2i—1, 02i)w(t2:) i (21, y1 (t2:))
21 Z

1
dt2,2| dl‘21;1> . ~dt4:| dt3) dlz] dry.

By using above two inequalities one can write

min ()@} > o ()Tl

So, Ty; € K and thus T(K) C K. By using Arzela-Ascoli theorem and standard methods it can be prove T is completely continuous. O

Theorem 3.2. Ler (I1) — (I3) hold. Also assume that the following hold,

f f
(14) tim &Y o pim BEY i e L)

y=0t Bp(y) Ty Gp(y)

Then the BVP (1.1)-(1.2) has at least one positive symmetric solution.

£
Proof. Since lim n(2.))

y=0t @p(¥)

= 0, there exists /; > 0 such that

m

1
£a(23) < M0p(3), 0<y < Iy 2€ [1,22], where 7 < ¢p( )

Let® ={yeB:|y| <}, ify; € KNIdOy, and for tp;_» € [z1,22], we have

22 r22
/ Hi (fai—2,12i-1)v " (12i-1)¢q [/ Hy (t2i—1,02i)w(t2) i (120,31 (tZi))dIZi} dtyi_1
z 21

1
22

22
< | ouG(taio1,t2i-1)v  (t2i-1)9g {/ 0 G(t2i, 12i)w(t2i) N Pp (V1 (tZi))dl2i:| dni_

21
22

22
<gmanly [ Gltaioi,t2im1)v ' (t2i-1)8g {/ OlzG(fziJzi)W(lzi)dlzi} dni
21

21
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Similarly for tp;_4 € [11 ,zﬂ

22 22 22
/ Hi(fi—a,12i3)v" " (t2im )¢q[/ H2(’2i—3:t2i72)w(t2i—2)fi71(ZZi—Za/ Hi (fi—2,t2i-1)v " (t2i-1)

“lL

21

22
< /
21

< oq(n)auly

2

21

Hy(t2i—1,t2i)w(t2i)Ei (12171 (t2i))dt2i] dtzm) dtzH} dni_3

22 22
</ Hl(l2i—47t2i73)"71(t2i—3)¢q|:/ Hz(t2i737t2i—2)W(t2i72)fi—1(tZifzall)dl‘Zi—lj|dt2i73
21

22
o1G(ti—4,0i-3)v " (12i-3)9q {/ 0 G(t2i—3,t0i2)w(t2i2)NPp(I1)dt;i - 1} drpi_3
21

21

<himgg(n) <1p.

Continuing in this fashion, we get

22
G(tai—3,12i-3)v " (t2im )‘Pq{/ aZG(t2i727[2i72)w(12i72)dt2i71:|df2i73
21

)= w06 [ (o B 0] [T o

21

21

2 21

22 22
/ Hi (fi—2,12i-1)v " (12i-1)$q {/ Hy (t2i 1, t0:)w(t2i) £ (12i5 )1 (t2i))d[2i:| dt2i—l) "'dt4} dta)dtz} dr

21

= oo, there exists [, > 0 such that

1

<l =l
So | Tyt || < ||ly1]| forally; € KNd®.
Since lim n(z7)
y=teo @p(y)
fn(Z:}’) > €¢p(y)7 y 257

Letl, = max{ZZl7 o

min

z€[A,z2—A]

x)’l&)?

For 1 5 € [Z] ,Zz], we have

7 € [z1,22], where § > q)p(M).

} and @, = {y € B: |ly| < l»}. Fory; € KNdO,, we have

o(M)lyill > e(A)n > b.

JZ

22 22
/ Hl(t2i72>t2i71)V71(t2i71)¢’q[/ HZ(ZZi—l7t2i)W(t2i)fi(t2i-,y1(tZi))dIZi}dt2i—1
21

Z.Z*A
> /
A

> gu(§oRents [

= hbM

¢q(§) 2 h

Similarly for #,;_4 € [Zl ,zﬂ

22 22
/ Hi (fai—a,12i-3)v" (t2im )¢q[/ 2(ti—3, i )W(IZi—Z)fFl(lZi—Za/ Hi (fai—2,t2i—1)v " (12i-1)

—A

(W) Gltair i v~ (1210 { / 2 () eaGlis 1w (t20) Ly (m))dzz,} diiy

-2
G(tai—1,12i-1)v " (t2i-1)¢q {/}1 G(/l)azG(fzulzi)W(lzi)dlzz} dnij

21

0q / Hy (i1, 12i)w (tZi)fi(t2i7y1(tZi))dtZi:|dtZifl)dtZifl]dtZif3

- [u
S

> 64(§)o(2 >alzz/f

22
Hy (t2i—4, i S)V_l(tZi—3)¢q|:/ Hy (ti—3,12i—2)W(tai—2)fi—1 (tZi—Zalz)dZZi—1:|dt2i—3

A

= hM¢q(8) > b.

Continuing in this fashion, we get

Tyi(z) =

v 21

21

—A

[ mGny e { [t iy (rz, [t @, { [ Bl twieses 1

Z b= [nll.

21

2—A
)0 G(tai—a,12i—3)v " (t2i )¢q{/ G(l)azG(lzi—z,fzi—z)W(fzi—z)Cq)p(ll)dfzi—l}dtzi—a

22—A
G(ti—3,12i-3)v " (t2im )‘Pq{/ G(A)O‘ZG(QFL[2i—2)w(12i—2)dt2i71}dtZi—S

1 21

(Qi—z,

1 (tZifz,

22 22
/ H(f2i2,t2i-1)v " (2i-1)9q {/ Hy (t2i1,10:)w(t2i) £i(t2i, )1 (tZi))dIZi:| dfzi—1> “-dt4} dl‘3>dlz] dr
21

So ([ Ty1]| = [ly1]| for all y; € KN d®,. Consequently, Krasnoselskii’s fixed point theorem [31,32] guarantees that T has a fixed point

KN(©2\0y).

O
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Theorem 3.3. Let (I1) — (I3) hold. Also assume that the following conditions hold,

fn(Z7y) oo 3 fl‘l(zvy)

(I5) lim

, =0, 1 <n<i for z€ |z1,22]
B 0000) A4 0) e,

Then the BVP (1.1)-(1.2) has at least one positive symmetric solution.
Proof. We can establish the result by using the previous argument is in Theorem 3.2. O

Theorem 3.4. Ler (I1) — (I3) hold. Also assume that the following conditions hold,

o @y L fa@y)

=07 9p(y) Tyt ()
(17) There exists a constant ry such that £4(z,y) < @p(5L) fory € [0,r1], z € [z1,22).

(16)

=+oo, 1 <n<i for z€ [z1,22].

Then the BVP (1.1)-(1.2) has at least two positive symmetric solutions y| and y;* such that 0 < ||y}|| <ri < |ly{*|.

f
Proof. Since lim n(2,)
y—=0t Pp(y)

given in the proof of Theorem 3.2. Set @3 = {y € B : ||y|| < r«}. Fory; € KNdO3, and tp;_7 € [z1,22], we have

= oo, there exists 7, € (0,r1) such that £5(z,y) > {1 @p(y), for 0 <y < ry, 2 € [21,22], where {; > {; here { is

22 22
/ Hl(fzifszifl)WI(f2i71)¢q[/ H2([2i71:t2i)W(t2i)fi(t2i7y1(t2i))dt2i}dlZifl
21

21

22— 2—A
2/1 G(l)alG(IZi—latZi—l)‘Fl(t2i71)¢q{/h G()L)aZG(ZZiat2i)w(t2i)gl¢p()’1(tZi))dZZi:| di_j

22—A

22—A
> ¢q(§1)0(/1)0¢1r*/l G(tai—1,12i-1)v " (12i-1)¢q {//1

2 "*M(pq(Cl) 2 Iy

o(A) Gty f2i)w(t2i)dt25:| dni_i

Similarly for #p;_4 € [11 ,zﬂ

/21 21

22 22 22 22
/ Hl(t2i747t2i73)V71(t2i73)¢’q[/ Hy (t2i—3,t2i—2)W(t2i—2)Ei_1 (t2i727/ H (t2i—2,t2i-1)v " (t2i-1)9q {/ Hy(t2i—1,12)
JZ1 . J21
w(t)Ei(t2i, 71 (lzi))dle} droi— ) dt2i—l:| dni_3

22 22
2/ Hl([2i—4712i—3)"71(IZi—S)q)q{/ H2(t2i737t2i72)w(t2i72)fifl(t2i727r*)d12i71}d12i73
21

7
-7

2—A
> / (M) a1 G(tai—a,t2i3)v" " (t2i-3)9q {/

A A G()")aZG(ZZi—37t2i72)w(t2i72)€1¢p(r*)d12i71:|dt2i73

22—A -2
> ¢q(§1)0(l)a1r*A G(tai—3,12i-3)v " (12i-3)¢q {//1 G(l)aZG(tZifzvt2i—2)W(t2i—2)dt2571}df2i—3

2 "*M(pq(CI) 2 Iy

Continuing in this fashion, we get

Ty (z) = /ZZHI(Zutl)V_l(tl)(Pq {/zz Hy(t1,02)w(t)f) <t2,/ZZH1(tzyls)v_l(f3)¢q {/Zz Hy(t3,14)w(tg)f2 - £y (fzi—z,

21 21 21 21

22 22
/ Hi(fi—2,12i-1)v " (t2i-1)$q [/ HZ(ZZi—lat2i)W(t2i)fi(t2i7)’l(t2i))dt21} dt2i71> "'df4} dl3>dlz} dr
21

Z 21

2 re = |nll-
So,
[Tyi[| = [[y1]| for all y; € KNIOs. (3.1)
£
Since liT % = oo, there exists r* > ry such that £,(z,y) > &@p(y), fory > r*, z € [z1,22], where § > {; here { is given in the
y=rteo Pp(y

proof of Theorem 3.2. Choose r* > max{#;),rl} and set ®4 = {y € B : ||y|| < r*}. For any y; € KN 0Oy, we get

Vv

min  yi(z) > 6(A)[y1ll = o (A)r* > r".

1
) €A, —A]

Fort); o € [Z] ,22], we have
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22 22
/Hl(tzi—27t2i—l)v_1(f2i—l)q)q[/ Hz(lzi—l,tzi)W(tzi)fi(fzi,yl(fzi))dfzz}dl‘zi—l
21

21

22—A 2—A
> A G()’)alG(IZiflat2i71)V71(t2i71)¢q{/x G()*)aZG(IZiat2i)w(t2i)§2¢p()’l(t2i))d[21}dt2i71
_ =X | =M
> <l>q(§2)<7(7~)061r*/;L G(tai—1,1i-1)v" " (t2i-1)¢q {/A 0'(/1)062G(lzi7tzi)W(fzi)dlzi] dni_i
TM‘Pq(Cl)

Continuing in this fashion, we get

Tyi(z) = /ZzHl(Z,fl)Vfl(fl)% {/zzzﬂz(ll,tz)w(fz)fl <t2,/z2 H1(12J3)V71(f3)¢q{/zzzﬂz(f3yf4)w(f4)f2"'

21 21

22 22
fifl(IZi—Za/ Hl(t2i—27t2i—1)"71(t2i—1)¢q{/ H2(12i717tZi)W(IZi)fi(IZbyl(I2i))dt2i:|

21 21

dlzl;l) . -dt4] dt3) dt2:| dn

=r* =yl

So,
(ITy1]l = [ly1]| forally; € KNoBy. (3.2)

Let®s ={yeB:|y|| <r}, ify; € KNdOs, and for 15;_» € [z],22], we have

22
/ Hi(ti—2,12i-1)v " (12i1) g [/
21 JZ
<

22

Hy (t2i—1,t2:)w(t2i) i (21,31 (t2i))dt2i} dtyi_1

9l

22 _ 22 r
/alG(lzi—latZi—l)V ](t2i—1)¢q{/ O‘ZG(Qhlzi)W(ZZi)¢p(%1)dt21}dtzi—l
21

2
r

22 22
<o G(taim1, i)V (t2im1) g {/ aZG(t2i>t2i)W(12i)dt2i:| dni_i
21 21

N

<

Continuing in this fashion, we get

Ty (z) =/ZZ Hi(z,01)v™" (1) g [/Z2 Hy(t1,02)w(t2)f1 (%/jzﬂl (t2.13)v"" (13)¢g {/Zz Hy(t3,14)w(t4)f0 - £y (12#27

21 21 1 21

%) 22
/ Hi (fai—2,12i-1)v " (12i-1)¢q [/ H2(12i71:t2i)w(t2i)fi(t2i7y1(t2i))d52i:| dt2i71> "'dt4} dl3>dlz] dr
21 21

<=yl

So,
[ITy1]l < [ly1] for all y; € KNdOs. (3.3)

Sincel* < rp < r* and from (3.1), (3.2), aIEi (3.3) it follows from Krasnoselskii’s fixed point theorem [31,32] T has a fixed point y] in
KN (®s\ ©3) and a fixed point y{* in KN (04 \ Os) such that 0 < ||y|| < ri < [lyj*]. O

Theorem 3.5. Let (I1) — (I3) hold. Also assume that the following conditions hold,

(18) lim £n(2,y) . fa(z,y)

, lim =0, 1<n<i for z€[z1,22]
=0t () vt @p(y)
(I9) There exists a constant ry such that £4(z,y) = ¢p(33) fory € [6(A)ra, 1], z € [21,22]-
Then the BVP (1.1)-(1.2) has at least two positive symmetric solutions y; and y;* such that 0 < ||y}|| < ry <||y}*||.

Proof. We can establish the result by using the previous argument is in Theorem 3.4. O

Next, we establish sufficient conditions for the existence of at least three positive symmetric solutions for the BVP (1.1)-(1.2) by using

the five functionals fixed point theorem. For that we define the nonnegative continuous concave functionals Yy, ¥, and the nonnegative
continuous convex functionals 7;, 7,73 on K by

vi(y) =minly[, y2(y)=minly|, n()= max [y|, () =max|y, (y)=maxly,
zel zel z€l zel

2€[z1,22

y1(y) = min|y| < max |y| = p(y), (3.4)
zel zel,
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1 l

2€[z1,22]

where I = [A,20 — A], I} = [A1,A2], A <A1 <Ay < zp — A. Then for nonnegative numbers d;,d,,d3,dy, and ds, convex sets are defined as
follows

K(n,d3) ={y€K:n(y) <ds},

K(71,v1,d1,d3) = {y e K:di <y1(y);n(y) <ds},

K(1,%,d4,d3) = {y e K: pa(y) <dgsn(y) <ds},
K(n,%,v1,d1,d2,d3) ={y e K:di <y1(y):15(y) < dasvi(y) < ds}, and
K7, 72, ¥2,ds5,dg,d3) = {y € K:ds < (y); 2(y) < dasn (v) < ds}.

Theorem 3.6. Suppose that 0 < d; <dj < % < d3 such that £, satisfies the following conditions:

(110) £a(z,y) < 9p(D) fory € [6(A)d1,d1], z € [z1,22],
(111) £a(e,) > Gp(§5) for y € [do, 555 2 € 1.
(112) £a(z,) < 9p(L) fory € [0,d3], z € 21,22,

Then the BVP (1.1)-(1.2) has at least three positive symmetric solutions y§,yt*, and y{** such that v (y}) < di, dy < w1 (y}*) and
d] < ')/2( ***) with l[/l( ***) < d2

Proof. From Lemma 3.1 the operator T is completely continuous. From (3.4) and (3.5), for each y € K, y;(y) < %(y) and ||y|| < ﬁyl ().

Now to show that T: K(71,d3) — K(71,d3). Let y € K(71,d3), then 0 < [y| < d3
By (I12), and for 15, € [z1,22], we have

22 22
/Hl(t2i727t2ifl)V_I(IZifl)q)q[/ H2(12i—l,tzi)w(tzi)fi(hh)’l(Qi))dth}dt%—l

21 21

22 "22
</ alG(ZZifl7121'71)"71(t2i71)¢q{/ 0 G(to;, ti)w (lzz)ﬂfi’p( )dt2t:|d121 1
21

21

d3 22 - 22
< G(ti—1,0i—1)v 1(tzl‘71)¢q[/ a2G(t2i7t2i)W(t2i)dt2i} diyi < ds.
JZ1

J21

Continuing in this fashion, we get

7 (Ty1(z)) = max [/ZAIZZHl(M)V*l(ﬁ)(l’q U:z Hy(t1,12)w(t2)f1 (m/zzHl(fz,ts)"*l(fs)fl’q {/Zz Hy(t3,14)w(tg)f2 -

2€[21,22) 1 2 |

22 22
fio (t2i72»/ Hy (f2i-2,t2i-1)v " (2i-1)9q {/ Hz(tzmJzi)W(fzi)fi(tznyl(t2i))dt2i} dt2i71)
21

J21
dl‘4:| dl3) d12:| dl‘]:|

<ds.

Therefore T : K(y1,d3) — K(7;,d3). It obvious that
oWl ¢ gy ek do.—2 . d3): Y (y) > da} £0 and
o(1) y 7,1, Y1, 2’0(&)’ 3)- Y1y 2 al

d](c(l)-ﬂ—l) € {yEK(}’h'}’%‘l’%“(l)dlvdl»dﬁ : Yz(y) < dl} #0

,d3) ory € K(11,%, ¥2,06(A)d1,dy,d3). Then, ds < |y
, we have

Next, let y € K(71,%, ¥1,da, -
By (I11) and for fp; 5 € [z1,22

0-( G?i) anddjo(A) < |y <d;.

)’

22 22
/ H (t2i-2,12i-1)v " (t2i-1)9q {/ Hz(tzH7t2i)W(t25)fi(t2i7y1(Qi))dtzl} dtyi_q
Jz1 J21

-2 = 2= ds
2/ o(A)aiG(ti—1,t2i-1)v (Qi—l)%{/}l o(A) Gty t2i)w (121)¢P(M)dt21:| dty;_

Zz—l Zz—l
> MG(M(X'/;L G(tai1,ti—1)v " (t2i-1) g {/A O-()*)OQG(IZ:}fzi)w(tzi)dt%} droi
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Continuing in this fashion, we get

(@) =nin | [“mar 00| [ (i oy @] [ ams-

21 21 J2 21

22 22
fi ([21'72,/ HI(ZZi—ZatZi—l)Vil(t2i—1)¢q{/ H (t2i—1,t2i)w(t2i)Ei (12171 (lzi))dIZi] dlZi—l)

21 <1

dt4:| dl‘3) dl‘z:l d11:|

> ds.

By (I10), and for t5;_5 € [z1,22], we have

22 22
/ Hi (fai—2,12i-1)v " (12i-1)¢q [/ Hy (t2i—1,12i)w(t2i) £ (121,01 (tZi))dtZi:| dtpi_j
Z 21

1
22

< /ZZ 1 G(tai—1,t2i-1)v"  (t2i 1)¢q{/ G (t2i, i) w(t2i) NP (— )dle} dtyi 1

21
22
*061/ G(t2i—1,ti—1)v" (t2i—l)¢'q[/ a2G(12i7t2i)W(t2i)dt2i:|dlz;‘—]
Z 21
<d;.

Continuing in this fashion, we get

7(Ty1(2)) = max [/Z2H1(2711)V71(f1)¢q {/Zz Hy(t1,2)w(t2)f1 (127/:21‘1102»[3)"7](’3)¢q {/lzz Hy(t3,14)w(14)f2 -

21 <1

22 22
fifl(tZi—Za/ Hl(t2i—27t2i—1)V71(t2i—1)¢q{/ H2(l2i717t2i)w(t2i)fi(t2i7y1(IZi))in:ldtZi—l)"'

Z1 21

dt4] dt3) dt2:| dtl}

<d.

Next, let y € K(71, y1,dz,d3) with 13(Ty;(z)) > %. Then

v1(Ty1(z)) :f?el;l {/Zz Hi(z,0)v (1) 9q {/: Hy(t1,12)w(t2)f1 (t27 /zz Hl(l27t3)‘71(t3)<25q[/Zz Hy(t3,14)w(tg)f2 -

Jzi J21 721

22 22
fi (12;‘—2,/ Hy (22, 121V (t2i-1)9q [/ H2(72i—]7t2i)w(t2i)fi(t2i7}’l(t2i))dt2i:| dfzi—1>
21

21
dl‘4:| dl‘3) dt2:| dll]

> o) | [" ity ooy [“r i (. [y @ [Tmime -

1

22 22
fi1 (12i727/ Hy (t2i-2,12i-1)v " (t2i-1)9q {/ Hz(tZH,lzi)w(lzi)fi(l‘zuyl(tzi))dtzi] dt2i71)
21

21

dl‘4:| dl‘3> dt2:| dll]

> o(A) max [/ZZZ alG(Ihtl)V*l(ﬁ)(Pq{/Zsz(lhtz)W(fz)h(m/z Hi (o, 3)v" (13 ¢q[/ZZZH2 B3, 14)w(tg)f -

2€[21,22) 21 1

22 "22
fi (521'72/ Hi(t2im2, i)V (f2im1) 9 {/ H2(t2i—l7t2i)W(t2i)fi(t2i»yl(Qi))dtb} dt2i71)
21

21
dt4:| dt3) dl‘z} dll]

/ZZ (le(t],tl)v—l(tl)q)q{/Zsz(z],tz)w(tz)f] <t2,/z2 H, (t27z3)v—](t3)¢q{/zz Hy(13,14)w(tg)fn - -

21 21 <1 21

> o(A)max {
zel

22 22
fiog (121'—2:/ Hi (fai—2,12i-1)v " (t2i-1)$q {/ Hy (t2i 1, t2i)w(t2i) £i(t2i, 71 (fzi))dfzi] dtzm) e
21 21

dt4:| dl‘3) dt2:| dtl]

=0o(A)5(Ty(z) > da.

Lety € K(y1,%,d1,d3) with w»(Ty) < 6(A)d;. Then we have



140 Universal Journal of Mathematics and Applications

22

o :
Hy(13,14)w(ts)f2 -

(@) =max | [“mn 0o [ et (i [ we e @] [

€l 4l 4 4 d

22 22
fi ([21'—2:/ Hi (fi—2,12i-1)v " (t2i-1)$q {/ Hz(fzi—l,lzi)W(lzi)fi(IZi,YI(fzi))dlzi] dfzi—l)
z

1 21

dt4:| dt3) dlz:l d11:|

< max {/:Hl(z?tl)vfl(ll)q)q{/QHz(tl»tz)W(lz)ﬁ(m/:zH1(¢2,t3)vfl(t3)¢q[/zsz(f3,t4)W(t4)f2“'

z€[z1,22] 2 Jzy

22 22
fi (l2i—27/ Hi(fi—2,12i-1)v " (t2i-1)$q {/ HZ(tZi—l7l2i)W(l2i)fi(12i7yl(t2i))d12i] dtzi—l)
J21

21
dl‘4:| dl‘3) dl‘z:| d11:|

< sagmin | Lm0 [ (o By 0o [T

21 1 21

22 22
fi1 (t2i727/ Hy (tai—2,tai—1)v " (tai—1) g {/ Hy (ti—1, 12i)w(t2:)£i (20, y1 (tZi))dtZi] dt2i71)
B J21

21

dl‘4:| dl‘3> dl‘2:| d11:|

s | [ o] [ (o [ men o] [Trwmes:

G(ﬂ,) z€lh 2 21 21

N

22 22
fii (1‘21'727/ Hi (f2i—2,12i-1)v " (12i-1)$q {/ Hy(toi—1,t2i)w(t2;) £i(t2i, 1 (tzi))dZZi:| dtZi—l) e
Z Z

1 1

dt4:| dt3) dl‘z} dl1:|

— () <dr.

o(4)
So, proved all the conditions of the five functionals fixed point theorem [33]. Therefore, the BVP (1.1)-(1.2) has at least three positive
symmetric solutions y],y7*, and y7** such that p»(y]) < di, do < y1(y]*) and d; < p(y7**) with y; (y7**) < d». O

4. Examples

In this section, as an application, the results are demonstrated with examples.
Example 4.1.

Consider the following problem

(@ (v(2)ya(2)" = w(@)fa(e,yn+1(2), 1<0<2, 0<2<1, @
3(2) = y1(2), ’
satisfying boundary conditions
1 1
yn(0) = g(s)yn(s)ds, yu(l) = g(s)yn(s)ds,
/0 -/0 4.2)

(0000 = [ h(E0p0(e)ids, dpr(13A1) = [ (@) 0(e) ),

where v(z) =2+2z—22, w(z) = 10, g(z) = 1. h(2)

f1(zy) =f2(z,y) = {612(1 —2%%, (2.y)

After algebraic computations, we get U] = %, W = %, o = ‘3—‘, f= %,

1

Hi(z,1) = G(z,1) + G(s,1)g(s)ds,

I—w Jo
1
Hy(z,1) = G(z,1) + G(s,1)h(s)ds,
11— Jo
in which
Z(l_t)v Z<t,
G(z,1) =
(z,1) {t(l—z, <z
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G(z,t)
Figure 4.1: Pictorial representation of G(z,?)
Let A = 1® then 6(4) = 12 and M = 0.3790187963, M = 0.01103127360
£ 201 — )23 4
fim 2@ _ o TN L ( ) ¥ =0,
y=0" @p(y)  y=0* y y=0t \ 2
f.(z 6 2 1—z 2.2
fim 22 62N n 6% (0.0423)y =
yoe Pp(y) oy y y=
fa(z,y) S MPp(y) =2,z € [0,1], 0<y <5,
fa(z,y) = Ep(y) = 101y,Vz € [0, 1], y > 53.
Hence by Theorem 3.2, the BVP (4.1)-(4.2) has at least one positive symmetric solution.
Example 4.2.
Consider the following problem
(0p(v(2)y2(2)))" = w(@)En(z,ya11(2), 1<n<2, 1<2<3, 43
3(2) =y1(2),
satisfying boundary conditions
/ g(s)yn(s)ds, ya(3 / g(s)yn(s
4.4)

(A1) = [ h(E00(ele)ds, GG = [ hiodgp(v(aile)as
where v(z) =2, w(z) =2%(4—2)*, g(z) = 7, h(2) = 3,

%2(472))1, (z,¥) €[1,3] x (0,20];
4z(4—z2)+ (y —20)e”, (z,y) €[1,3] x [20,0).

f1(z,y) = f2(z,y) =

After algebraic computations, we get ] = %, U = %, o = %, f=

[1i9]

k]

Hi(z,t) = G(z,t) +

Hy(z,1) = G(z,1) +

in which
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G(z0)

Figure 4.2: Pictorial representation of G(z,t)

Let A = 1.5 then 6(A) = 0.25 and m = 11.276666,

1

14— B B y
li T2 Sy Ea(y) 442+ (=200
y=07 Pp(y) y vt 0p(y) Y

Choose a constant | = 20 such that

£a(2,3) < dp (51 ) = 76.07776843 for y € [0,20], z € [1,3].

= +oo forz € [1,3].

Hence by Theorem 3.4, the BVP (4.3)-(4.4) has at least two positive symmetric solutions y] and y}*. such that
0 < Iyill <20 < |Iyi"l.
Example 4.3.

Consider the following problem

(@ ((2)ya(2)" = w(@)fa(e,yn+1(2), 1<0<2, 0<2< 1, “5)
3(2) =»1(3), ’
satisfying boundary conditions
/ g(s)yn(s)ds, yn(l / g(s)yn(s
(4.6)

(v O00) = [ h(&0p(0(e)ds, dpr (131 = [ (@) e ),

where v(z) = %, w(z) =15, g(z) = sz =3 h(z) = 19,
- 4
17 ¢ Sm4(y) + 67, (z,y) €10, 1] x (0,5];
fl(Z:y) = fZ(Zvy) = sm( ) 3750
Z(] Z)+ 4y 7 (Zay)e [0,1]X[5,°°)

7
_10 _12 _17
After algebraic computations, we get UL =13, =17, 04 f=

H)(z,1) = s)ds,

Hy(z,t) = G(z,1) +

in which

Gler) = {Z(l—t , Z

<t
<

)
t(1—2z), ¢

Let A = { then 6(A) =  and m = .1471861472, M = 0.003791260308. Choose d; = 1.5, dp =5, d3 = 100 then
fa(z,y) < Pp =10.19117647 for y € [0.5,1.5], z € [0, 1],
tn(2,) = 0p =211.6628959 for y € [5,15], z€ 1,

=679.4521 for y € [0,100], z € [0, 1],

/\/\/\
|8 RIS 32
N—— —— —

fa (Zvy) < ¢P

Hence by Theorem 3.6, the BVP has (4.5)-(4.6) has at least three positive symmetric solutions y},y}*, and y;**. such that ,(y}) < 1.5,
5 <yi(y7") and 1.5 <y (y7™) with g (y]**) < 5.
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5. Conclusion

The current research work is devoted to establish the presence and characteristics of positive symmetric solutions for iterative system of
p-Laplacian problem with integral boundary conditions based on the Krasnoselskii’s and five functionals fixed point theorems. We anticipate
that our findings will inspire and serve as a reference for future developments in this field.
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