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Absolute Parallelism in The Bainchi-Type IX Taub Solution

Murat KORUNUR!

ABSTRACT: In this work, we study one of the famous gravitation problems in an alternative point of view
which is known as the absolute parallelism. Considering Taub solution of the Bainchi-Type IX space-time and
the Hamiltonian approach technique of absolute parallelism, we obtain corresponding angular momentum, total
energy and momentum distributions. It is seen that our main results agree with those ones published in the literature
by other author.
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Bianchi-Tipi IX Taub Coziiminde Mutlak Paralelizm

FBED

OZET: Bu calismada, mutlak paralellizm olarak bilinen alternatifbir bak1s agistyla iinlii kiitlegekim problemlerinden
birini inceliyoruz. Bainchi-Type IX uzay-zamanin Taub ¢dziimii ve mutlak paralellizmde Hamilton yaklasimi
teknigi g6z Oniine alindiginda, bu duruma karsilik gelen agisal momentum, toplam enerji ve momentum dagilimlari
elde edilmektedir. Temel sonuglarimizin diger bir yazar tarafindan literatiirde yayinlanan sonuglarla uyumlu
oldugu goriilmektedir.
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INTRODUCTION

The energy-momentum localization is one of the
interesting and unsolved phenomenons both in the
general relativity and the absolute parallelism. The first
attempt was done by Einstein himself (Einstein, 1915).
Thereafter many prescriptions have been used and
improved to solve and understand this puzzle (Tolman,
1934; Papapetrou, 1948; Landau and Liftshitz, 1951;
Bergmann and Thompson, 1953; Mboller, 1958;
Weinberg, 1972; Qadir and Sharif, 1992, Abedi and
Salti, 2015). Using the absolute parallelism description
of Einstein’s general relativity, Maluf (Maluf, 1994)
established Hamilton approach. Later, Maluf and his
collaborators (Maluf and Rocha-Neto, 1999, 2001)
found the localized energy density of rotating black holes
and null surfaces in the absolute parallelism. Next, in
the context of Kerr black hole, the gravitational energy,
momentum and angular momentum distributions
were calculated (Maluf et al., 2002). Making use of
the Banados-Teitelboim-Zanelli (BTZ) black hole and
the Hamilton approach of three dimensional absolute

_ (
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parallelism, total angular momentum distribution
associated with the spacetime model is found (Sousa
and Pareira, 2006). Recently, many scientist have
interested in this interesting approach to discuss the
four-momentum localization problem in various space-
time models (Nashed, 2008, 2010; Sousas et al., 2010;
Maluf and Ulhoa, 2009; Sharif and Taj, 2010; Ulhoa
and Rocha, 2013; Maluf, 2013; Salt1 and Acikgoz,
2013; Rocha Neto and Maluf, 2014).

Here, we use the following representations: the
space-time indices defined by the Greek alphabet
(o, B, ) while the tangent space indices described by
the Latin alphabet ((a), (b), (¢) ...) All indices run from
0 to 3. Time and space indices are denoted according to
where 4 = 0,4 where g = 1,2,3.

MATERIAL AND METHODS

The basic geometry of absolute parallelism is the
tetrad field hff) and the absolute parallelism is defined
on Weitzenbock space-time (Weitzenbock, 1923):

(1

b
where Juv = U(a)(b)h;(ia)hf; ) with M(a)(p) is the Minkowski metric. The torsion tensor can be defined in the

absolute parallelism as given below (Hehl, 1980):

T = 9,hl - 3,h%. )

The Lagrangian density in absolute parallelism (Maluf, 1994) is written as

1 1
L= —xh [;T(“)“’)(“)T(a) e + gT(“)(”)(C)T(m @ — T(a)T(a)] — Ly, (3)

Here h = det(h!(ta)), K= ﬁ and the trace of torsion tensor is defined by T(q) = T(%)(a).

Variation of the Equation 3. with respect to tetrad components (h(®#) gives the

corresponding field equations

St B . i
Sh@n hT(@yu = 4Kh(a)ah( 9, (R B

b 1
~4xh (20" Ty = 3 T wmmEP ™) @
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Here, the T(@®)©) jgan antisymmetric tensor according to the last two indices;

y@®E) =1 [T(a)(b)(C) + TO@E©) _ T(C)(a)(b)]
4

@@ ®) _ p@®) 1@

+3 [ @OT® - y@OTE] (5)
Next, the total Hamiltonian density is given by (Maluf and Rocha-Neto, 2001)
H = h@yo)F @ + by PP + 1Py + 03 (h@)oll@?) (6)
where T@®) and T® are constrains, and
1

P =3 [Twow) + Twyow):

Yy = Toow) (7
are known as the Lagrangian multipliers. On the other hand, the total Lagrangian density is

also given by
F@ = @1 4 37(@),

with

M@ = —4yhy (@01 (8)
where (@ denotes a vector constraint which is obtained from F@ = (.

Furthermore, for an arbitrary space volume, the energy-momentum density is defined by
- ainwﬁ while the total energy-momentum is given as (Maluf and Rocha-Neto, 2001)

P@ = — [ [9;1@*]d3x. ©)
In addition to this, the four-angular momentum of gravitational fields is defined by (Maluf
et al., 2006)

() = _ (a)(b) 43
LO®) = — [ M@®) g3y (10)
where M@ ®) represents angular momentum density and it is given by

M@O®) = 24 az[h(h(aﬁh(b)o — h(b)ih(a)o)]_ (11)
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Inthe present work, we consider the Hamiltonian
formulation in the absolute parallelism to obtain
angular momentum, total energy and momentum
distributions associated with the Taub type space-
time model. In the next section, the total angular
momentum and four-momentum densities are
calculated. We also plot these quantities versus time
coordinate to discuss their evolutionary behaviors.

The last section is devoted to the summary and final
remarks.

RESULTS AND DISCUSSION

In the holonomic coordinate system the special
case of homogenous isotropic Bianchi Type IX model
is given by (Taub, 1954):

ds? = F(t)dt? — Y(t)dx? — [Y(t)sin?(x) + H(t)cos?(x)]dy?

—H(t)dz? — 2H(t)cos(x)dydz, (12)
where
__ wcosh(wt+¢)
Y(t) N 4cosh2($)' (13)
w
H(t) = W. (14)
F(t) = Y2(t)H(t). (15)
Here w, &, o show there constants, x, y and z ranges within:
0<x<m 0<y<d4m 0<z<2m. (16)
Now, the metric tensor can be written as
F 0 0 0
0 =Y O 0
gw=|0 0 —[Vsin®(x) + Hcos*(x)] —Hcos(x) |. (17)
0 0 —Hcos(x) —-H

In order to obtain tetrad fields, we use the Equations 13., 14., 15., the metric tensor 17., and

the relationship g, = hff‘)h(a)v. Hence, one can easily obtain the following components

0) _ [ w3/?cosh/?(wt+&)
hﬂ - ( 4cosh2(wt'2+0') ) 01010 )

2cosh

1/2 1/2
hlgl) _ (0’ w*/“cosh wt(+a()ft+§) ’ 0,0),
2

)
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h;(LZ) _ <0,0, wl/ZSin(x)coi)}i/j(wt+€), 0)'
2cosh( B )

3) _ cos(x) wl/?
B =(0,0,- ) (18)

w1/2coshl/2(wt+&)’ coshl/2(wt+§)
Next, considering h¥ . = g*vh , the inverse tetrad components are found as in the
g Ny = 9" Ny p

following forms

w3/2coshl/2(wt+&)’

B (0' 2cosh(wt2+a) 0,0>'

1) wl/2cosh1/2(wt+&)’
h“ 00 2cosh(wt2+a) 2c0t(x)cosh(wt2+a)
(2) "7 w1/2sin(x)coshl/2(wt+£&)’ "~ w1/2cosh1/2 (wt+&) )’
Lo (1)1/2 )
h(3) - (0’0'0’ coshl/2(wt+&)/)’ (19)

It is concluded that tetrad fields satisfy héo) = 0. So, the three velocity conditions is

ensured and the frame is static.
Thus, the non-vanishing components of torsion tensor are calculated as

wt+o . wt g
Zcosh(T)smh(Thc—E)
wl/2cosh3/2(wt+&) '’

TWO® = _p@@®©) —

2cosh(wt2+g)sinh(m7t+$—%)

wl/2cosh3/2(wt+&) '

T@O@) — _T@@)0) =

2cosh($)cot(x)

@M@ = 7@ =
T T w1/2coshl/2(wt+&)’

wt+o

2cosh2( B )sinh(wt+f)
wl/2cosh3/2(wt+&) '

TROG) = _TEEO0) = _

4cosh2($)

BGM@) = _ TR =
T T w3/2cosh3/2(wt+&)’

(20)
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while the surviving components of T* is found as given below

cosh(wt;a) [sinh(gw“;&a)—35inh(w7t+f—%)]

0 —
T w1/2cosh3/2(wt+§) ’ 2h
T(l) _ Zcosh(w?’a)cot(x) 2
"~ w1/2coshl/2(wt+§)’ (22)
Additionally, the non-vanishing components of X(®®)(©) become:
1
SOOM — _sOMO) — $GMOE — _y@@E) _ _ oot

w1/2coshl/2(wt+&)’

1
2(1)(0)(1) —_ _2(1)(1)(0) — 2(2)(0)(2) — _2(2)(2)(0) _ COSh[E(a)t+o)]
2w1/2cosh3/2(wt+&)
; wt o . 3wt o
X [ssinh (% + ¢ =) —sinh (2 + € +)]
TM@B) = _yME@) = _3@MEB) = 3@E)@)
1
_ _s®OmO) = g@@0) - __setto)]
w3/2cosh3/2(wt+&)
@ OB) — _yB)(B3)(0) — _ __ sinh(wt+o)
> Z wl/2coshl/2(wt+§)’ (23)

Therefore, one can easily get the TT(Y®) components

O@ — _@Cosx
16mcosh(wt+a)’

. 3wt (2 . wt o
COICONMENCO NN L i ) i ) O
32ncosh(wt+f)cosh(7+5)

NG = %tanh(%t + g)sin(x). (24)
Now, making use of the relation
n@u = hé‘b)n(a)(b)' (25)
it can be obtained that

o1 — w'/2cos(x)
" 8mcosh/2(wt+&)

wl/2 [Sinh(3th+f+%)—Ssinh(w?t+f—%)]

16mcosh3/2(wt+§)

H(l)l =

sin(x),
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wl/? [sinh(3wt+f+%)—Ssinh(%t+§—;i)]

16mcosh3/2(wt+§)

2

H(2)3 =

w~1/2 [sinh(gwt+§+%)—55inh(w7t+f—g)]

)

2

16mcosh3/2(wt+§)

1/2
M®3 = 22 osh1/2(wt + f)tanh(w?t + %)sin(x).

81

cos(x),

(26)

When we use the results given in Equation 19. with the Equation 11., it can be calculated that the angular

momentum density becomes

M(O)(l) — _M(l)(o) — Kwcos(x) .
cosh wt;'a)

27

From this point of view, for the total angular momentum, we obtain

L% = 0.

(28)

In addition to this, the total energy associated with the Taub type space-time solution is found as

E=—[, d*x0,N® = 2nw?sech'/?(wt + ).

Besides, the corresponding momentum becomes

Pl =0.

CONCLUSION

In this work, we mainly consider the absolute
parallelism instead of Einstein’s theory of general
relativity. Making use of the Hamiltonian approach, we
calculate the total angular momentum, energy and the

E = 2nw'/?sech'’?(wt + &)

which is similar that one published already in the
literature previously by Halpern (Halpern, 2006).
Halpern performed corresponding calculations by using
the Einstein, Papapetrou, Landau-Lifshitz and Mdller
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(29)

(30)

momentum for the Taub solution of Bainchi-Type IX
Spacetime.

For the total energy distribution, the localized
relation is found as:

€2))

prescriptions in the general theory of relativity. That’s
why, we have shown also that two different points of
view proposed to discuss the nature of gravitation are
agree with each other.
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Figure 1: The total energy distribution versus time. Black line corresponds our results and dashed line corresponds Halpern results. Here,

we have taken the constants as w=2,6=1, 6 =1

Figure 1 shows us both Halpern and our results
obtained for the total energy according to the time
coordinate. It is obviously seen that the total energy
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