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ABSTRACT. The paper deals with the non-homogeneous boundary value prob-
lems established in the multiplicative calculus. For this problem, the multi-
plicative meanings of concepts such as adjoint operator, self-adjoint operator,
Lagrange identity, Green’s formula are obtained. Then, a criterion, called
multiplicative Fredholm alternative, is given for the existence of solutions to
non-homogeneous multiplicative boundary value problems.

1. INTRODUCTION

The concept of the classical calculus was developed independently by Newton and
Leibniz in the late 17th century when modern science was born [3,8]. Subsequent
studies, including the creation of the idea of limits, placed these developments
on a more solid conceptual basis. The classical calculus is widely used today in
engineering, science and social sciences [19]. Since the operations of addition and
subtraction are the basis of all concepts defined and all theorems established in
classical calculus, this calculus is also called additive calculus or Newtonian calculus.

The roles of the operations used between the elements are important in estab-
lishing different calculus. Therefore, the various alternative calculus to the classical
calculus have been defined with the help of different arithmetic operations. These
calculus are defined as Non-Newtonian calculus by Grossman and Katz [15, 16].
Geometric calculus, bigeometric calculus and anaquadratic calculus can be given
as examples of these calculus. The concept of geometric calculus was studied
widely and related to multiplication, is called multiplicative calculus [9,24]. In
different areas such as biomedical applications [13], differential and integral equa-
tions [2,25-31] , finance [10-12], geometry [1,17,18], machine learning [7], numerical
applications [21,22,32,35], social sciences [5] and spectral theory [14,23,33,34], sig-
nificant contributions have been made by multiplicative calculus [4,6,24].
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In the literature, some calculus are called multiplicative calculus because the el-
ements in the domain and/or range sets are defined by exponential function arith-
metic. Moreover, multiplicative derivatives and integrals are defined in this cal-
culus. Due to the existence of various application areas mentioned above and the
existence of provable properties, the multiplicative calculus shown with the help
of the multiplicative derivative, whose definition is given in the next section, is
preferred.

2. PRELIMINARIES

Definition 2.1. [4,24] Suppose that A C R, f : A — R*. The multiplicative
derivative of the function f at z is given by

(2.1) f*(z) = lim [f(;fm} <,

if the limit exists and positive.
Suppose that A C R, f: A — RT be differentiable in usual case. Then, there is
a relation between classical and derivatives as follows:

fH(x) = o) @),
Repeating this procedure n times, it can be obtained the relation between the n—th
order classical derivative and n—th *derivative as
frm (z) = pmof)™ (z)
Theorem 2.2. [/, 2] Suppose that f,g be multiplicative differentiable and h be

usual differentiable at x. If c € RT is an arbitrary constant, then the functions cf,
fa, 5, fr, foh and f + g have multiplicative derivatives given by

i (ef)” (@) = £(a).
ii. (fg) (z) = [*(2)g"(2),
iii. (g) ()= £,
v, (£1)" (@) = £ (@)@ (@),
(ol (@) = (e,
vi. (f+ g)* () = f*(x)T@+a@ g*(x) OETIE) .
Definition 2.3. [4,24] Suppose that A C R, f: A — R" bounded on [a,b]. The

V.

b
multiplicative integral of the function f on [a,b] is given by [ f (z)d=.

If f is positive and Riemann integrable on [a,b], then it is also multiplicative
integrable on [a, b]. Additionally, the following equality is satisfied.

b b
/f( )d:c [(Inof)(z)dx
xr = e .

On the contrary,

/b f(@)dz = In /b (efm)d””

if the function f is multiplicative integrable on [a, b].
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Theorem 2.4. [/, 24] Suppose that f,g be bounded functions on [a,b]. If f,g are
*integrable on [a,b], then the functions f¢, fg, 5 have multiplicative integrals on
[a,b] given by

b
iii. [
a

iv. [ £y = J f@)® [ f@ya<e <o,

V.
b
dz b 1
[ 7@ )™ = s 7
a @@ ™
b f(p)9 (D)
where, f(a:)g(z)‘a = 7]’:((2;5(&) .

This equality (v) is known as multiplicative integration by parts method.

b
Lemma 2.5. [14,20] L3[a,b] = {f f [f(x)f(“)]dm < oo} is an multiplicative in-

ner product space with
b

dz
< Lila] x Lifa,b] 5 B < fug>o= [ 1)),

where f,g € Li[a,b] are positive functions.

Definition 2.6. [6,27-30] n—th order linear multiplicative differential equation is
defined by

an(x) an—1(z) as(xz *\a1(x) ag(z
(2.2) (y*(n)> <y*(n71)) (™) 2( )(y ) 1( )y o(z) — ¢ (z),

where ¢ (z) > 0 and ag(z), k=0,1,2,--- ,n — 1,n are functions of x.

In equation (2.2), when ¢ (z) = 1, this equation is called homogeneous multi-
plicative linear differential equation, otherwise it is called non-homogeneous multi-
plicative linear differential equation.

3. MAIN RESULTS

In spectral theory, the Lagrange identity is a foundational result that connects
a differential operator with its formal adjoint. Through integration, this leads
directly to Green’s formula. Green’s formula helps determine when an operator is
self-adjoint by examining the boundary terms. Here, self-adjointness is crucial in
spectral theory for several reasons such as all eigenvalues are real, eigenfunctions
corresponding to different eigenvalues are orthogonal, and the spectrum is bounded
below.
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3.1. Non-Homogeneous Multiplicative Boundary Value Problems. In this
section, non-homogeneous multiplicative boundary value problems are discussed.
The multiplicative counterparts of concepts such as the adjoint operator, self-
adjoint operator, Lagrange identity and Green’s formula are defined for this prob-
lem.

Consider the non-homogeneous multiplicative boundary value problem

(3.1) Ty)(x) = {y** 1y} @y = p(2),

Bily] = y(a)™y" ()™ y(0)™y" ()" =1,
Boly] = y(a)™'y*(a) " y(b)"' y" (0)" = 1

where the functions a; := a; (x) for ¢ = 0,1,2 on the exponentials are continuous
real valued functions on the interval [a, b]; a;j, bi;, for 4, j = 1,2 are real constants
and ag (z) # 0 for all z € [a,b].

(3.2)

Definition 3.1. (Multiplicative Formal Adjoint Operator) Let the operator T' be
the multiplicative differential operator defined by the left-hand side of equation
(3.1). In other words, let it be

(3.3) Tyl = {y™ }*{y* }* y*=.
Then, the multiplicative differential operator JN“ defined in the form
~ @\ ** aiviy—1 g
(3.4) Tyl = @) ((y™)) y*

is called the multiplicative formal adjoint operator of the operator T'.

Example 3.2. The multiplicative formal adjoint operator of the multiplicative
differential operator T[y] = {y**} {y*}°y'® is of the form

Tlyl = {y~} v}y
for ap = 1,a1 = 6,a2 = 10 according to formula (3.4).

Example 3.3. The multiplicative formal adjoint operator of the multiplicative
2
differential operator T[y] = {y**}** {y*} 2 is of the form

Tl = ™) (™)) v
= [ ) 1))y
_ (y**)2w2 (y*)wy—5
for ag = 222, a1 = Tx,ay = —2 according to formula (3.4).
The relationship between the mulﬁiplicative differential operator T and its mul-

tiplicative formal adjoint operator T are defined as the multiplicative Lagrange
identity.

Theorem 3.4. Suppose that the multiplicative differential operator T is the oper-
ator defined by equation (3.1), and the multiplicative differential operator T s the
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multiplicative formal adjoint of T. Therefore, the multiplicative Lagrange identity
is of the form

~ d*
(3.5) {{Tlov} e {uoTh}} = TP @),
where,

{u*}ln'uao {u}ln vl

(3.6) P(u,v) = R

{u}
Proof. From Lemma 2.5, formulas (3.3) and (3.4), the proof can be easily shown
similarly to that in [14]. O

Theorem 3.5. (Multiplicative Green’s Formula) The multiplicative differential op-
erator T is the operator defined by equation (3.1), and the multiplicative differential

operator % 18 the multiplicative formal adjoint of T. Therefore, the multiplicative
Green’s formula is of the form

(37) j{(wwq@w@{u@fM})mﬁm=fwwmuma

where, P (u,v) (z)|} = 200

Proof. The proof is easily obtained by multiplicative integrating equality (3.5) from
a to b similarly to that in [14]. O

Corollary 3.6. From Lemma 2.5, the multiplicative Green’s formula can be also
expressed in the form

(3.8) (T[] ), = P (w,0) @) (u T [o]) .
Example 3.7. Suppose that T is the multiplicative differential operator defined
by equation (3.1), and T is the multiplicative formal adjoint of T. Therefore,

/b{T [u] © v} :/b{(T [U])h”’}dx z/b{({u**}aO{u*}aluaz)lnv}dw
COLE . !
:a/{{u**}lnruao }da:a/{{u*}lnval}dxa/{{u}lnva2}dz.

If multiplicative integration by parts method is applied twice to the first integral
and once to the second integral on the right of (3.9), the following integrals are

obtained
b d { }ln v?0 b d
wxqInv®0 | 4F _ u* (Inv®0)** *
IR R e I R (U

a q

b
b —In (v91)* dz
' / {{u} } .
a

b

/b{{u*}ln'ual }dm _ {u}lnval
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If these expressions are substituted into (3.9),

b b
%7 1nv?0 Inv -
/{T [U] o) ,U}dx _ {U } {’LL} / {uln[(vao)**((val)*)711)‘12] }d

{uym""
b b
b ln’IN“[v] b i d
=P (u,v)|, [ u dz = P (u,v)|, {u@T[v]}

is found. Consequently, equality (3.8) is obtained.

b

ay

a

Now, let T"and % be two multiplicative differential operators defined on C?* [a, b] .
Here, C?* [a, b] is the space of functions defined on the interval [a,b] whose multi-
plicative derivatives up to the second order are continuous.

Suppose that D (T), D (f“) C C%*[a,b] and D (T) be the set of functions that
belong to C?%* [a,b] and satisfy the boundary conditions given in (3.2). This is
the domain of the multiplicative differential operator T. The domain D (T) of the

multiplicative formal adjoint IN“ is the set of all functions v for which

(3.10) (L[u],v), = (u.T [v])

holds for all w € D (T).
If the multiplicative Green’s formula (3.7) is considered along with (3.10), it is

*

seen that the domain of IN“ consists of the functions v for which

(3.11) P (u,v) () =1

holds for all w € D (L).

Definition 3.8. (Multiplicative Adjoint Operator) The multiplicative adjoint op-
erator of T is an operator % with domain D (%) .

6

Example 3.9. The multiplicative adjoint operator of T[y] = {y**} {y*} y*° with

a domain
D(T)={y:yeC®>[0,7];y(0) =y (m) =1}
is calculated as follows: N
From Example 3.2, the multiplicative formal adjoint operator of T" is T [y] =

{y**} {y*} 4. To complete the solution, we need to determine the domain D (5’

of the operator %
Let v € C%* [0, 7]. Also,

%11nv u In v®
P @)l = @

must be satisfied for all w € D (T') and v € D (*:[V‘) .

Considering the domain of the operator T', where u (0) = u (7) = 1, then equality
can be easily written as

=1
0

u* (r Inv(m)
) ETTRE
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The goal is to find a condition for the function v. Therefore, in order for equality
(3.12) to hold for all uw € D (T'), it must be that v (0) = v (7) = 1.
As a result, since v is an arbitrary variable, the domain of the multiplicative

adjoint operator T is
D(T)={y:yeC® [0,7)y(0) =y(r) =1}

Definition 3.10. (Multiplicative Self-Adjoint Operator) Let T' = T and D (T) =
D (ZN“), then the operator T is called the multiplicative self-adjoint operator.

Definition 3.11. (Multiplicative Adjoint Boundary Value Problem) Let B [u] =1
denote the boundary conditions for the operator T, and B [u] = 1 indicate the

boundary conditions for the adjoint operator IN“ Then, the boundary value problem

~

Tu=1;Bu=1

is called the multiplicative adjoint of the boundary value problem
Tu=1;Bu]=1.

Example 3.12. It can be seen from Example 3.2 that the boundary value problem

{y=Hy} 0 =1,
y(0)=y(r)=1

is the multiplicative adjoint of the boundary value problem

{yHy 1y =1,
y(0) =y (m) =1L
Example 3.13. The multiplicative adjoint of the boundary value problem
vy =1,
y*(0)y*(r) =1, y(0) =1
is calculated as follows: N
Here, the multiplicative adjoint of the operator T [y] = y**y is given by T [y] =
The domain of T is the form

D(T)={u:ueC? [0,7];u(0) =u(r) =1,u*(0) =1}.

The domain of the multiplicative adjoint operator ZN’ consists of the functions v that
satisfy the equality
Inov ™
fur}
P (u,v) (z)]) = i }lnv* =1
u 0

for all w € D(T).
Considering the domain of the operator T', where u* (7) = u*(0) " and u (0) = 1,
then the equality

=1

{u* (O)}f In ’U(O)’U(W)
u

3.13 >
- {u(my" ™
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is obtained. Therefore, in order for equality (3.13) to hold for all w € D (T'), it must
be that

v(0)v(r) =1, v*(m) = 1.
This implies that the domain of the multiplicative adjoint operator IN“ is
D(T)={v:ivec™ 0,m; v (m) = 1Lv(0)v(r) =1}

Consequently, since u and v are arbitrary variables, the multiplicative adjoint of
given multiplicative boundary value problem takes the form

Yy =1,
y(0)y(m) =1, y*(r) = 1.

Example 3.14. The multiplicative adjoint of the boundary value problem

Y )y =1,
y(1) =y(m) =1
is calculated as follows:
From Example 3.3, the multiplicative adjoint of the operator

w6222 [ wyTT —
Tlyl ={y™} {y"} "y~
is given by
i o227 sz 5
Tyl =" W)y
The domain of T is the form
D(T)={u:ueC? [1,7];u(l) =u(r) =1}.
The domain of the multiplicative adjoint operator T consists of the functions v
that satisfy the equality

{ }lnv {u}lnv” -
u}ln({” }2“2v4m) (z)| =1

Considering the domain of the operator T, where u (1) = u (7) = 1, then the
equality

* 272 Inw(m)
(3.14) {{“ o) il }: 1

P (u,0) ()| =

{u* (1)}2 In ’U(l)
is obtained. Therefore, in order for equality (3.14) to hold for all w € D (T'), it must
be that

v(l)=1, v(n)=1.
This implies that the domain of the multiplicative adjoint operator IN’ is
D(%):{’U:’UECQ’*[O,TF];U(l)—lU )=1}.

Consequently, since u and v are arbitrary variables, the multiplicative adjoint of
given multiplicative boundary value problem takes the form

(=P gy =
y(0) = y(m) = 1.
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3.2. Multiplicative Fredholm Alternative. In this section, a criterion will be
provided for determining whether a solution exists for a non-homogeneous multi-
plicative boundary value problem.

Theorem 3.15. (Multiplicative Fredholm Alternative) Let T and B denote a mul-
tiplicative operator and a set of boundary conditions, respectively. Then, the neces-
sary condition for the non-homogeneous multiplicative boundary value problem

Tyl (z) =h(x), =€ (a,b), h(z) >0
Blyl =1

to have a solution is that

b
(3.15) /Um@@zu»“=1

for every solution z of the homogeneous multiplicative adjoint boundary value prob-
lem

T () =1, z € (a,b)
Bl =1
Proof. Let us consider in turn the following non-homogeneous multiplicative bound-
ary value problem and its multiplicative adjoint boundary value problem

(3.16) Tly]=h, Bly]=1
(3.17) Tly=1 Bly=1,
respectively.

If u is a solution to the multiplicative boundary value problem (3.16), then
equality
(T'[u],0), = (h,v),
is satisfied for any function v.

Similarly, if v is a solution to the multiplicative adjoint boundary value problem
(3.17), then

(. ]) = (1), =1

is satisfied for any function wu.
According to the last two equalities, the multiplicative Green’s formula (3.8) is

taken into account and
<T [u] 7’U> = <T [’LL] 7U>

* *

(3.18) vy, =1

is obtained. That is, equality (3.15) holds.
As a result, since u and v are arbitrary variables, the proof is completed. (I
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Corollary 3.16. A necessary condition for the non-homogeneous multiplicative
boundary value problem (3.16) to have a solution is that equation (3.18) holds for
all solutions v of the homogeneous multiplicative adjoint boundary value problem
(3.17). That is, the function h must be multiplicatively orthogonal to all solutions
of the homogeneous multiplicative adjoint boundary value problem (3.17) within
the problem’s domain.

Remark 3.17. If the homogeneous multiplicative adjoint boundary value problem
(3.17) has only the multiplicative trivial solution, then for any continuous arbitrary
function h > 0, the non-homogeneous multiplicative boundary value problem (3.16)
has always a solution. In this case, if the boundary conditions are multiplicatively
separable or periodic, the solution is also unique.

Example 3.18. Determine the conditions that the function h must satisfy for the

non-homogeneous multiplicative boundary value problem
ok *16 10
= h(x),
(3.19) " Hy' Yy (x)
y(0) =y(m) =1

to have a solution.
From Example 3.2, the homogeneous multiplicative adjoint boundary value prob-
lem corresponding to (3.19) is

v Hy'} %0 =1,
y(0) = y(m) = 1.

Therefore, the general solution of the problem (3.20) is computed as

(3.20)

y = 663z (¢1 cos x+c2 sinx)

with the help of techniques in [28].
Considering the boundary conditions in (3.20),
y(0) =, y(m) == =1
is obtained. Thus, ¢; = 0, and the solution of the problem (3.20) is

ke3® sin

y=e
for any arbitrary constant ¢y = k.
As a result, for the non-homogeneous multiplicative boundary value problem
(3.19) to have a solution, the condition

™ ™

/{h(m) @ eke™ sinx}dm _ / {h(m)ke?’z sim}d“’ _1q

0 0
should be held according to the multiplicative Fredholm alternative.

Remark 3.19. If we note that h (z) = ¢’ s in Example 3.18 then

s

cos 22 ) 4T
/{e 2 } = 1

or
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holds, and the condition (3.15) is satisfied. That is, for this choice of h, there
is a solution of the problem (3.19). However, the solution is not unique because
the solution of the problem (3.20) according to the problem (3.19) depends on a
parameter k.

In fact, for h (z) = e 5% in Example 3.18, the solution of the problem (3.19)

3

ke 3% sin z+5e” Zsinx

y=e
with the help of techniques in [29].

Example 3.20. Determine the conditions that the function i must satisfy for the
non-homogeneous multiplicative boundary value problem

1 Yy = h(x),

3.21
520 y(1) =y(m) =1

to have a solution.
From Example 3.3, the homogeneous multiplicative adjoint boundary value prob-
lem corresponding to (3.21) is

%1222 [ xyx —5
= 1,
y(1) = y(m) = 1.
The multiplicative differential equation in (3.22) is a multiplicative Cauchy-Euler
equation and its general solution is

with the help of techniques in [28].

Considering the boundary conditions in (3.22), ¢; = ¢z = 0 and the multiplicative
trivial solution y = 1 is obtained. According to Remark 3.17, since the problem
(3.22) has only the trivial solution, for any continuous arbitrary function h > 0,
the problem (3.21) has always a solution.

4. CONCLUSION

We consider non-homogeneous boundary value problems that are redefined with
multiplicative calculus techniques. The concepts of adjoint operator, self-adjoint
operator, Lagrange identity, Green’s formula given in the multiplicative sense for
this problem are expressed, and the detailed examples are provided to emphasize
their importance. In conclusion, a criterion is provided for determining whether a
solution exists for a non-homogeneous multiplicative boundary value problem, and
also some examples are given.
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