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In this paper, we consider a factorable surface in Euclidean space 1E* with its curvature ellipse. We

classify the origin of the normal space of such a surface according to whether it is hyperbolic, parabolic,
or elliptic. Further, we give the necessary and sufficient condition of the factorable surface to become
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1. Introduction

Let S be a smooth surface given with the patch
X(u,Vv):(u,v)eDc IE® in IE*. The tangent space to
S at an arbitrary point p=X(u,V)of S is spanned
{X,,X,}. In the chart (u,V)the coefficients of first

fundamental form of S are given by
E:<XU,XU>, F:<XU,XV>, G:<XV,XV>,

where < ) > is the Euclidean inner product. We assume that

W? =EG-F? #0, ie. the surface patch X(U,V) is
regular. For each p €S, it is considered the decomposition
TIE* =T S®T,'S where T,"S is the orthogonal
component of T,S in [E*.

Let X(S) and " (S) be the spaces of smooth vector fields

tangent to S and normal to S, respectively. Given any local

* Corresponding Author: sezginbuyukkutuk@kocaeli.edu.tr

vector fields X,, X, tangent to S, it is considered the

second fundamental map h: % (S)x%(S) = ¢ (S);
h(X,,X,)=V, X, -V, X, 1<i,j<2 (1)

where V and V are the induced connection of S and the
Riemannian connection of 1E*, respectively. This map is
well-defined, symmetric and bilinear [1].

For any arbitrary orthonormal frame field {N N 2} of S,
recall the shape operator Ay " (S)xx(S) = x(S);

Ay X, =V NS X exlS) k=12,

Ni

This operator is bilinear, self-adjoint and satisfies the
following equation:

(A X X, )= (h(X, XN, )
=ck, 1<i,jk<2,

IJ’
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where c:} are the coefficients of the second fundamental

form [2].
The coefficients of the second fundamental form for a

surface S: X(u,V)in IE" can be calculated by
1<k<n-2 3)

wherexuu :§Xuxu’ Xuv =§xuxva va :§XVXV'
Eq. (1) is called Gaussian formula, and

2
h(X,,X,)=DckN, , 1<i,j<2. @

k=1

Then, the Gaussian curvature and Gaussian torsion of a
regular patch X(u, V) are given by

2
<= et e ®
and

1.2 2 1
E(Clzczz _Clzczz)
1.2 2 .1
- F(ClchZ - Cnczz) (6)
1.2 2 .1
+G(011C12 _C11012)

K=

,Jrespectively.
Further, the mean curvature vector of a regular patch
X(u, V) is given by

H=

1 2
e Z(cflG+c§2E—2clk2F)\lk. 7
k=1

The norm of the mean curvature vector ”H” is called the

mean curvature of S.

Asurface S is called a Wintgen ideal surface if it satisfies

the equation K +|KN | = ||H||2 [3]. This condition is related

by the notion of curvature ellipse of a surface. Curvature
ellipses of some surfaces and especially Wintgen ideal
surfaces are investigated in studies [3, 4, 5, 6, 7, 8, 9].

Factorable surfaces (also known homotethical surfaces)
can be parametrized, locally, as
X(u, V) :(u,v,f(u)g(v)), where f and g smooth

functions [10, 11]. Some authors have considered factorable

surfaces in Euclidean and semi-Euclidean spaces [11, 12,
13, 14]. In [10], Van de Woestyne proved that the only

minimal factorable non-degenerate surfaces in IL® are
planes and helicoids. Recently, the authors have studied
spacelike factorable surfaces in four dimensional
Minkowski space [15].

In the present study, we consider a factorable surface which
locally can be written as a monge patch

X(u,v) = (u, v, f, (U)g, (V). f, (U)g, (V).

for some differentiable functions, f,(u),g; (v),i=12[16,

17]. We characterize the factorable surfaces in Euclidean
4 —sgspace with regards to their curvature ellipses. We
classify the origin of normal space of a surface according to
whether it is hyperbolic, parabolic, or elliptic. Further, we
calculate Gaussian curvature, the normal curvature and
mean curvature of the surface and give the necessary and
sufficient condition for the factorable surfaces to become
Wintgen ideal surface.

2. The Notion of Curvature Ellipse

Let Sc IE* be a surface given with the regular patch
X(u,Vv) and consider a circle with the parameter
0 €[0,27] in the tangent space T,S on the point p. Let
the curve y(0) indicate the intersection of the surface S

and the hyperplane which is the direct sum of the normal
plane on the point P and the tangent vector

X =co0s0X, +sin6X,

where X, X, are orthonormal base of T,S. This curve is

called normal section curve of S on P in the direction X .
Additionally, the normal curvature vector 1), is a vector that

lies on the normal plane. Varying 0 from 0 to 27w, this
vector defines an ellipse on normal plane. This ellipse is

called as curvature ellipse of S on . Thus; the curvature

ellipse of S on P is defined by

E@ =X, X): XeT,s, [X|=1} ®)
where Yo' =X =c0s0X, +sin 06X, is the unit tangent

vector of normal section curve and h is the second
fundamental form of the patch X(u, V). The reason why

the Eq. (8) indicates an ellipse is that the second
fundamental form satisfies the relation
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h(X, X) =H+cos6B+sin6C,

where
1
B =E(h(X1,X1)+h(X2,X2)), C= h(Xl,XZ)

are normal vectors and H is the mean curvature vector of
S. While the unit vector X makes one turn around the unit
circle, the vector h(X, X) takes two turns around the ellipse
centered at H. It is possible that the ellipse E(p) can
degenerate into a point or a straight line.

Definition 1. Let S IE* be a surface given with the
regular patch X(u, V). If the condition

(B.C)=0and [B] =]

is satisfied, then the curvature ellipse of S is congruent to a
circle.

Remark 1. The curvature ellipse is congruent to a circle if
and only if

[HI -K-JK,|=0

is hold. The surface is called superconformal if its curvature
ellipse is congruent to a circle. Thus, Wintgen ideal surfaces
are superconformal at the same time.

Definition 2. Let ScIE* be a surface given with the
regular patch X(U,V). The determinant A(p) and the

matrice o(p) are defined by

1 1
Cll 2C12 c 22 0

1 c2 2c: c? 0
A Z_det 11 12 22 9
(p) W ¢ o2l ¢ (p) )

2 2 2
0 Cll 2012 c 22

and
c;, 2¢, C;
a(p) = ( . o in(p) (10)
n G 22
where C:} , (i, jk=1,2) are the coefficients of the second

fundamental form of S [18].
The following classification can be given for the origin P

of the normal space T,'S:
(i) If A(p) <0, then the point P is outside the curvature
ellipse E(p) and is called hyperbolic point.

(i) If A(p) =0, then the point P is on the curvature
ellipse E(p) and is called parabolic point. According to this
(a) If A(p)=0 and K(p) >0, then the point p is an
inflection point of imaginary type.
(b) If A(p) =0 and K(p) <0, then
rank ou(p) = 2 = the point P is non-degenerate.
rank ou(p) =1=> the point P is an inflection point of
real type.
(c) If A(p)=0 and K(p) =0, then the point P is an
inflection point of real type.
(iii) If A(p) > 0, then the point P is inside the curvature

ellipse E(p) and is called elliptic point.

3. Factorable Surfaces in IE*

Definition 3. Let S be a surface in 4 —dimensional

Euclidean space |E*. If the surface is given by an explicit
form z(u,v)=f,(u)g,(v) and w(u,v)=T,(u)g, (V)

where U,V,Z, W are Cartezian coordinates in IE* and
f,g,, ie {1, 2} are smooth functions, then the surface is

called a factorable surface in IE*. Thus, the factorable
surface can be written as a monge patch

X(u,v) = (U, v, f,(W)g,(v).f,(1)g, (V). (11)

Let S be a factorable surface with the parametrization Eq.
(11). Then, we have the following:
The tangent space of S is spanned by the vector fields

X, =(10.1, g, (.1, g, () )
X, =(0L1, (). W) F. (0. )}

Hence, the coefficients of the first fundamental form of the
surface are

<Xu ' Xu > 21_'-(1:1’91)2 +(f2’92)2
=(X,, X, )=f/f9i0, +f,f,0,0, (12)
(X, X, )=1+(f,9)) +(f,q;)°

@ T m

where <,> is standard scalar product in IE*. Since the

surface S is
”Xu X XV" =+/EG —F? #0. For the later use we define a

smooth function W as W = ||Xu xX,

non-degenerate, then
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The second partial derivatives of X(U, V) are expressed

as follows;

(0,0,f,(u)g, (v),F1(u)g, (V)),
(0,0, (u)g; (v),f; (u)g} (v)),
(0,0,, (u)g!(v),f, (u)gs (V)

(13)

XULI
XUV
XVV

Further, the normal space of S is spanned by the orthonormal
vector fields

N, = %(— £U)g, (V). £, (1) 91 (v) 1.0),

(14)
1 [ﬁf;(u)gl(v)—Ef;(u)gz(v), ]

N, =—=—| ~ ~ ~ ~
JEW | Ff,(u)g;(v) - EF, (u)g} (v),~F E

where
E=1+(fg,)% + (f,9})?,

F=1,f,0,0, +1.f,0.05,
G :1+(f2’gz)2 +(fzg,2)2-

15

Also, EG-F2 =W~>. Using Eq. (13) and Eq. (14), we
can calculate the coefficients of the second fundamental
form as follows;

14 14

ST PO 1o
1= = 2 = =
JE JE
1 _f1 g, 2 :Efz 9, _Efl 9,

C12 -

C12

\/E 1 \/EW 1
CZ _ Efz gz_izfl g,
1~ = )
JEwW
2 _ Efzgz _Eflgl

c =
22 \/EW

3.1. Curvature Ellipse of the Factorable Surface

(16)

Theorem 1 Let S be a factorable surface given with the
parametrization Eq. (11) in Euclidean 4 —space |E*. Then
the origin P of TPLS can be characterized by the

followings:
@) If

Aflg,f19, —F19,f,0; (F,05F.9; - f,0!f0))

", n ngn (17)
= (flglfzgz _flgleQZ)z

is hold, then the point P is on the curvature ellipse. This

point is the parabolic point of S.
(i) If
a(f/o.f,0; ~f19.f/0: Xf.95F.0; - .01 ;05

" 14 nen (18)
< (flglfzgz _flglfzgz)2

is hold, then the point P is outside the curvature ellipse.

This point is the hyperbolic point of S.
(iii) If
alf/o.f,0; - f19.f/0: Xf.95F.9; ~ .01 ;05

", n ngn (19)
> (flglf292 _f1glfzgz)2

is hold, then the point P is inside the curvature ellipse. This

point is the elliptic point of S.

Proof. Let S be a factorable surface given with the

parametrization Eq. (11) in Euclidean 4—space IE*. By
the use of the Equation (9) and the second fundamental form
coefficients, we get

{4(f1"glf£g; ~f79,f.9: Xf,95f,0; —f.0!f;9))
_(flﬁglfzglzr _flngz”gz)z
4W?

A(p) =

With the help of the Definition 2, if A(p) <0, then the point
p is outside the curvature ellipse. If A(p) >0, then the
point P is outside the curvature ellipse. If A(p) =0, then
the point P is on the curvature ellipse. Thus, desired result

is obtained.

Example 1. Let S be a factorable surface given with the

parametrization Eq. (11) in Euclidean 4 —space |E*. If the
functions are choosen as:

f,(u)=3u+1, g,(v)=cosv,

: (20)
f,(uy=2u+2, g,(v)=sinv,

then the origin P of TPLS is on the curvature ellipse. P is

parabolic point. Also, projection of the surface onto 1E® is
given in Figure 1.
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Figure 1. A Factorable Surface Given by the Functions in
Eq. (20)

3.2. Wintgen Ideal Surface

In 1979, P. Wintgen [3] proved a basic relationship

between the Gaussian curvature K, normal curvature K,
and the mean curvature H of a surface S in Euclidean 4 —

space |IE* that is

K+ [y < HI D

The equality is hold if and only if the curvature ellipse is a
circle.

Definition 4. A surface S in IE* is called a Wintgen ideal
surface if it satisfies the equality case in the inequality (21),
namely

S 22)

Theorem 2. Let S be a factorable surface given with the

parameterization (11) in Euclidean 4 —space IE*. Then the

Gaussian curvature of S is

(Frf.00 0, -F202 )G
_(f1”fzg1 g; +f1 f2” g;’gz _2f1'f2'gig’z)|:
+(F2 5,00 9, —1%0,°
K= 7 (23)
W

where E, E, and G are given by the Equation (15).

Proof. Let S be a factorable surface in IE* . Substituting the

second fundamental form coefficients of S into the Eq. (5),
we obtain the desired result.

Theorem 3. Let S be a factorable surface given with the

parametrization Eq. (11) in Euclidean 4 —space IE*. Then
the normal curvature function of S is

E(f,f,0;0 —f.f;0!0})
- F(flﬂfzglg’z' _flfzﬂg:’L'QZ)
+G(f,f;9,9, —1,,0!0,)

K, = " (24)

where E,F, and G are the first fundamental form
coefficients which are given by Eq. (12).

Proof. Let S be a factorable surface in IE* . Substituting the
second fundamental form coefficients of S into the Eq. (6),
we obtain the desired result.

Theorem 4. Let S be a factorable surface given with the

parameterization Eq. (11) in Euclidean 4—space IE*.
Then the mean curvature of S is

f19,G+f,g/E—2f/gF

2JEw?
E(f/g,G +f,g"E - 2f.g,F) (25)
—F(f/9,G +f,g"E—2f/g!F) \

2 JEW? :

Proof. Let S be a factorable surface in IE* . Substituting the

H=

Nl

second fundamental form coefficients of S into the Eq. (7),
we obtain the desired result.

Theorem 5. Let S be a factorable surface given with the

4

parametrization Eq. (11) in |E". Then the surface is

Wintgen ideal (superconformal) surface if and only if

G|(f/0,G + ,07E - 2f/g.F)— aW>2(f/ f,g7 g, — %0’ )
_[(f/9,G +f,g"E—2f.g F)
+E
~aw(f7 1,95 9, - 119"
[(f/8,G +f,97E~2f/g;F)
—-2F| (f;9,G +f,95E - 2f,9}F)
-2W*A(f,/f,9, g5 +1, f, 979, —2f,f,0,0))
E(f;f,0,95 —f,f;970})
=+4W?| —F(f/f,9,05 - f,f;919,)
+G(f/f;0,9; —f,f/919,)

is hold.

Proof. Let S be a factorable surface given with the
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parameterization Eq. (11) in IE*. Substituting Eq. (23),
(24), and (25) into the relation (22), we obtain the desired
result.

Example 2. The plane given with the parameterization
X(u,v) =(u,v,cv+c,,cu+c,) (26)

is obviously a Wintgen ideal and factorable surface in IE*
where f (u)=1, g,(v)=1, and c,,i=1,..4 are real

constants.
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