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Abstract: The space “weighted variable exponent Wiener amalgam”  whose local component is “variable 

exponent Lorentz space” is considered. Then boundedness of the “bilinear Hardy-Littlewood maximal 

function” and “Littlewood-Paley square function” is discussed on this space. 
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1. Introduction 

Wiener amalgam spaces are defined by N. Wiener firstly [25]. Many researchers worked on 

these spaces like [2],[6],[8],[10],[13],[14],[15]. Some of characterizations of these spaces has 

been given in [11]. In [12], a kind of generalization of  W(𝐿! ! , 𝐿!
! )  has been given.  Many 

researchers considered boundedness of bilinear “Hardy-Littlewood maximal function” and 

“Littlewood-Paley square function”, [1], [3],  [18], [19], [20], [21], [22], [23]. 

    The main purpose of this paper, by using similar technics in [2], [11] and [12], to define a 

new amalgam space   ( ) ( )( ). , . ,p q rW L Lω  .     Later to  discuss boundedness of these operators on   

( ) ( )( ). , . ,p q rW L Lω .  
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2. Preliminaries 

The space cC
∞ ℝ consists of infinitely differentiable complex-valued functions with compact 

supported on ℝ . 	𝐿! ℝ ,	 (1 p≤ ≤ ∞ 	 )	denotes  “usual Lebesgue space”.  Weight function 

ω  on	ℝ	 is	 local integrable and non-negative continuous. If ( ) ( )1 2x C xω ω≤ , (𝑥 ∈ ℝ) and 

for some 0C > , we say that 1 2ω ωp . For 1 p≤ ≤ ∞ , we set 𝐿!
! ℝ = 𝑓: 𝑓𝑤 ∈ 𝐿!

! ℝ , 

[8], [9].  

The function 𝜆!  is called distribution function and given by 

𝜆! 𝑦 = 𝜇 𝑥 ∈ ℝ: 𝑓 𝑥 > 𝑦 = 𝑑𝜇 𝑥!∈ℝ: ! ! !! , [16]. 

The function 𝑓∗  is called rearrangement function and is given by  

𝑓∗ 𝑡 = 𝑖𝑛𝑓 𝑦 > 0: 𝜆! 𝑦 > 𝑡 , 𝑡 ≥ 0, [16]. 

Also, the function 𝑓∗∗  is said the average function and defined by 

( ) ( )
0

1** *
t

f t f s ds
t

= ∫ ,[16]. 

Following notations are given by 

[ ]
( )

0,
inf
x l

p p x− ∈
= , 

[ ]
( )

0,
sup
x l

p p x+

∈
= , 0 l< ≤ ∞  

Let 𝑃! = 𝑝: 𝑎 < 𝑝! ≤ 𝑝! < ∞ , 𝑎 ∈ ℝ.	

In this work,  special case a=1 will be used. ℘([0,l]) consists  of p∈ [ ]( )0,L l∞  where 

( ) ( )lim
x

p p x
→∞

∞ =  and ( ) ( )
0

0 lim
x

p p x
→

=  exist, we have 

|p(x)-p(0)|≤ 1ln

C

x

, |x|≤(1/2)  (C>0), 

|p(x)-p(∞)|≤
( )ln
C
e x+

,   (C>0),                                              (1)                                                                                          
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If l =∞, it's enough to the inequality (1) satisfies and ( ) ( )lim
x

p p x
→∞

∞ =  exists. Also the set 

a℘  is given by a℘ ([0,l])= aP ([0,l]) ∩℘([0,l]), [5]. Set l =µ(Ω) such that Ω⊂ℝ and µ is 

Lebesgue measure on ℝ. Let 1 ≤ 𝑝! ≤ 𝑝! < ∞ . The space “variable exponent Lebesgue 

space” 𝐿! . Ω  is space of measurable functions f on Ω such that 

𝐽! 𝑓 = 𝑓 𝑥 ! ! 𝑑𝑥 < ∞! . The space 𝐿! . Ω  is a Banach  with this norm 𝑓 !! . =

𝑖𝑛𝑓 𝜆 > 0: 𝐽!
!
!
≤ 1 , [5]. Assume that 0,p q∈℘ ([0,l]).  The “variable exponent Lorentz 

space” ( ) ( ) ( ). , .p qL Ω  consists of all measurable functions f on Ω where  

( )
( )
( ) ( )( ) ( )1

,
0

*
q tl

q tp t
p q f t f t dtρ

−

= ∫ <∞,[5]                                          (2)  

The space ( ) ( ) ( ). , .p qL Ω  is normed  space with this norm 

( ) ( ) ( ). , . ,inf 0 : 1p q p qL

ff λ ρ
λΩ

⎧ ⎫⎛ ⎞= > ≤⎨ ⎬⎜ ⎟
⎝ ⎠⎩ ⎭

= 𝑡
!
! . !

!
! . 𝑓∗∗

!! . !,!
 

where  ( )
( )
( ) ( )( ) ( )1

,
0

**
q tl

q tp t
p q f t f t dtρ

−

= ∫ , [5]. 
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3. The Weighted Variable Exponent Amalgam Space 
( ) ( )( ). , . ,p q rW L Lω  

3.1 Definition Let 𝑟,p(.),q(.)∈ [ ]( )1 0,℘ ∞ . 𝐿! . ,! . ℝ
!"#

denotes the space of all 

measurable functions f on ℝ  where   𝑓𝜒!𝜖𝐿! . ,! . ℝ  for every compact  𝐾 ⊂ ℝ. 

3.2 Definition Let 𝑟,p(.),q(.)∈ [ ]( )1 0,℘ ∞ .∈ [ ]( )1 0,℘ ∞ . Fix a compact Q⊂ ℝ and 𝑄! ≠

∅. Assume that ω is weight function. “Weighted variable exponent amalgam space” 

( ) ( )( ). , . ,p q rW L Lω  is space of all 𝑓𝜖 𝐿! . ,! . ℝ
!"#

  where ( )f z QF z f χ +=  is in 𝐿!! ℝ . The 

norm of this space  is given by  

( ) ( )( ) ( ) ( ). , . . , ., , ,
p q r p qf z QW L L r L r

f F f
ω ω ω

χ += = . 

3.1 Theorem Let 𝑟,p(.),q(.)∈ [ ]( )1 0,℘ ∞ . 

a) ( ) ( )( ). , . ,p q rW L Lω  is a Banach space with norm ( ) ( )( ). , . ,
. p q rW L Lω

, 

b) ( ) ( )( ). , . ,p q rW L Lω  is continuously embedded into 𝐿! . ,! . ℝ
!"#
, 

c) The space 

( ) ( ) ( ){ }. , .
0 :p qf L supp f is compact∧ = ∈  

is continuously embedded into ( ) ( )( ). , . ,p q rW L Lω ,  

d) ( ) ( )( ). , . ,p q rW L Lω  does not depend on the particular choice of Q, [6]. 

Lemma 3.1 Let r,p(.),q(.)∈ [ ]( )1 0,℘ ∞  and ω be weight function. 

a) The space 𝐿! . ,! . ℝ
!"#

 is continuously embedded into 𝐿! ℝ !"#. 
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b) cC
∞  ℝ  is dense in ( ) ( )( ). , . ,p q rW L Lω . 

Proof a) Take any 𝑓𝜖 𝐿! . ,! . ℝ
!"#

  . Since 𝐿! . ,! . ℝ   is Banach function space, [5]  

for given any compact 𝐾 ⊂ ℝ, we have 𝜒!𝜖𝐿!! . ,!! . ℝ . If we use  “Hölder inequality”, we 

write 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ). , . ' . , ' . ' . , ' . . , .1 1 1 p q p q p q p q
loc

loc
K K K K K KL L L L L

f f f C f C fχ χ χ χ χ χ= = ≤ = , C>0.  

Set ( ) ( )' . , ' .0 p qK L
C C χ= .  we find that 

( ) ( )( ). , .1 0 p q
loc

loc
L L

f C f≤ .	

b) Since r
cC Lω= , we have ( ) ( )( ). , . ,p q r

cC W L Lω= , [4]. So we have this inclusion 

( ) ( )( ). , . ,p q r
c cC C W L Lω
∞ ⊂ ⊂ .	

Now take any  ( ) ( )( ). , . ,p q rf W L Lω∈  Then using density, we find that cg C∈ where 

                          
( ) ( )( ). , . , 2
p q rW L L

f g
ω

ε
− < .                                                 (3)                                                                                                            

Also there exists ch C∞∈  such that 

( ) ( )( ). , . ,
2 p q rA W L L

g h
ω

ε
χ∞

− <                                          (4) 

where supp(g-h)=A , by from approximation theorem, [24]. Also we we can write  

Ag h kχ− =  such that 𝑘𝜖ℂ . So we have that 

( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ). , . . , . . , . . , ., , , ,
p q r p q p q p qz Q A z Q A A z QW L L L L Lr r r

g h g h k k
ω ω ω ω

χ χ χ χ χ χ+ + +− = − = =  

( ) ( ) ( ) ( ) ( ) ( ) ( )( ). , .. , . . , . ,, ,
p q rp q p qA z Q A z Q A W L LL Lr r

g h g h g h
ωω ω

χ χ χ χ χ+ +∞ ∞
= − ≤ − = − <∞ . 

So using inequalitiy (4), we write 
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( ) ( )( ) ( ) ( )( )
( ) ( )( )

( ) ( )( ). , . . , . . , .

. , .
, , ,

,
2 2

p q p q p qr r r

p q r
A AW L L W L L W L L

A W L L

g h g h
ω ω ω

ω

ε ε
χ χ

χ∞
− ≤ − < = 														(5)	

Then by from (3) and (5), we find that 

( ) ( )( ) ( ) ( )( ) ( ) ( )( ). , . . , . . , ., , , 2 2
p q p q p qr r rW L L W L L W L L

f h f g g h
ω ω ω

ε ε
ε− ≤ − + − < + = . 

3.1 Corollary Let r, p(.),q(.)∈ [ ]( )1 0,℘ ∞ . The space ( ) ( )( ). , . ,p q rW L Lω is continuously 

embedded into 𝐿! ℝ !"# . 

3.2 Lemma Let r, ( ) ( ) [ ]( )1. , . 0,i ip q ∈℘ ∞ , (i=1,2). Suppose that there exist the inequalities 

( ) ( ) ( ) ( ) ( ) ( ). , . . , . . , .1 1 2 21p q p q p qL L L
hk C h k≤ , 𝐶! > 0  

for all ( ) ( )1 1. , .p qh L∈ , ( ) ( )2 2. , .p qk L∈  and 

3 3 1 1 2 2
2r r r

hk C h k
ω ω ω
≤ , 𝐶! > 0

 

for all 1

1

rh Lω∈ ,	 2

2

rk Lω∈ . So the inequality 

( ) ( )( ) ( ) ( )( ) ( ) ( )( ). , . . , . . , .3 3 1 1 2 23 1 2
3 1 2

, , ,p q p q p qr r rW L L W L L W L L
hk C h k

ω ω ω
≤ ,(C>0) 

holds for all  ( ) ( )( )1 1 1

1

. , . ,p q rh W L Lω∈ , ( ) ( )( )2 2 2

2

. , . ,p q rk W L Lω∈ , [6]. 

3.2 Theorem Let r, ( ) ( ) [ ]( )1. , . 0, ,i ip q ∈℘ ∞  (i=1,2). If ( ) ( )1 10 0q p≤ , ( ) ( )2 1. .q q≤  and 

( ) ( )2 20 0q p≥ , then ( ) ( )( ) ( ) ( )( )1 1 2 2. , . . , ., ,p q p qr rW L L W L Lω ω⊂  holds. 

Proof Since all hypothesis of Theorem 4, in [17] are satisfied, then ( ) ( ) ( )1 1. , .p qL z Q+ ⊂

( ) ( ) ( )2 2. , .p qL z Q+ . Hence by “closed graph mapping theorem”, we have that 

( ) ( ) ( ) ( ) ( ) ( ). , . . , .2 2 1 1p q p qL z Q L z Q
f C f

+ +
≤  , (C>0), ( ) ( ) ( )1 1. , .p qf L z Q∈ + . Let ( ) ( )( )1 1. , . ,p q rf W L Lω∈ . 

Then 



 
 
70  

( ) ( ) ( ) ( ). , . . , .2 2 1 1p q p qz Q z QL L
f C fχ χ+ +≤

                                   (5) 

Since ( ) ( )( )1 1. , . ,p q rf W L Lω∈ , then ( ) ( ) ( ). , .1 1p q n

r
z Q L

f Lωχ + ∈
°

. Then by (5), we have 

( ) ( ). , .2 2p q
r

z Q L
f Lωχ + ∈ . Hence by the solidness 

( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( )( ). , . . , .2 2 1 1. , . . , .2 2 1 1, ,, ,
p q p qr rp q p qz Q z QW L L W L LL Lr r

f f C f C f
ω ωω ω

χ χ+ += ≤ = . 

3.3 Theorem Let 1≤r<∞. Then the equality ( ),r r rW L L Lω ω=  holds, [13]. 

3.4 Theorem Let p(.),q(.),r∈ [ ]( )1 0, .℘ ∞  Then the inclusion 

( ) ( )( ) ( ) ( )( )1. , . ' . , ' . ' 1, . ,p q p qr rW L L W L L Lω ω− ⊂  and ( ) ( )( ) ( ) ( )( ). , . ' . , ' . '
11 , ,p q p qr rW L L W L L

fg C f g
ω ω−

≤  , (C>0) 

holds for all ( ) ( )( ). , . ,p q rf W L Lω∈  , ( ) ( )( )1' . , ' . ',p q rg W L L
ω−∈ , (𝑝′(.), 𝑞′ (.) and 𝑟′  are conjugated 

of  p(.),q(.),r respectively). 

Proof It is writen ( ) ( ) ( ) ( ). , . ' . , ' .1 p q p qL L
fg C f g≤  by [17]. So we have 

( ) ( )( ) ( ) ( ) ( ) ( )1 1 . , . ' . , ' .1 , 1 11 11
p q p qz Q z Q z Q z Q z QW L L L L

fg fg fg f g C f gχ χ χ χ χ+ + + + += = = ≤

 

= ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ). , . ' . , ' . . , . ' . , ' .
1 1

1 '
p q p q p q p qz Q z Q z Q z QL L L Lr r

C f g C f gχ χ ωω χ ω χ ω− −
+ + + +≤  

( ) ( )( ) ( ) ( )( ). , . ' . , ' . '
1, ,p q p qr rW L L W L L

C f g
ω ω−

= . 

Theorem 3.5 a) Let r, ( ) ( ) [ ]( )1. , . 0, ,i ip q ∈℘ ∞  (i=1,2). If 𝑝! 0 ≥ 𝑞! 0 , ( ) ( )2 1. .q q≤  

and ( ) ( )2 20 0q p≥ , 1 2r r≤  , 2 1ω ωp , then the inclusion 

( ) ( )( ) ( ) ( )( )1 1 2 21 2

1 2

. , . . , ., ,p q p qr rW L L W L Lω ω⊂  holds. 

b) Let p(.)∈ [ ]( )1 0,℘ ∞ . If 2 1ω ωp , then the inclusions 

( ) ( )( )1 2

. , . ,p pp pL W L Lω ω

+ +

⊂  and ( ) ( )( )1 2

. , . ,p p p pW L L Lω ω
− −⊂  hold. 
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Proof  a) Take any ( ) ( )( )1 1 1

1

. , . ,p q rf W L Lω∈ . From the assumptions, we write the inclusion 

( ) ( ) ( ) ( ) ( ) ( )1 1 2 2. , . . , .p q p qL z Q L z Q+ ⊂ + , [17]. So there exists the inequality  

( ) ( ) ( ) ( ). , . . , .2 2 1 1p q p qz Q z QL L
f C fχ χ+ +≤ ,	(C>0)																																																			(6)	

for  z∈ ℝ.  By the solidness of 1

1

rLω  and by (6), we have 

( ) ( ) ( ) ( ). , . . , .2 2 1 1
1 1 1 1, ,

p q p qz Q z QL Lr r
f C f

ω ω
χ χ+ +≤ 	

Then 

   
( ) ( )( ) ( ) ( )( )1 1 2 21 1

1 1

. , . . , ., ,p q p qr rW L L W L Lω ω⊂
                                            (7) 

Also it's writen by [7] that 

( ) ( )( ) ( ) ( )( )2 2 2 21 2

1 2

. , . . , ., ,p q p qr rW L L W L Lω ω⊂
                                             (8) 

if and only if 1 2

1 2

r rl lω ω⊂  where 1

1

rlω  and 2

2

rlω  are the associated sequence spaces of 1

1

rLω  and 2

2

rLω  

respectively. Since 1 2r r≤  and 2 1ω ωp , then 1 2

1 2

r rl lω ω⊂ . Therefore from by (7) and (8), we 

obtain that  ( ) ( )( ) ( ) ( )( )1 1 2 21 2

1 2

. , . . , ., , .p q p qr rW L L W L Lω ω⊂
 

b) It's known by Theorem 3.3, that 

( )1 1

, ,p p p pL W L Lω ω

+ + + +

=                                                         (9) 

Since ( ).p p+≤  by using (a), we write 

( ) ( ) ( )( )1 2

. , ., , , .p pp p p pW L L W L Lω ω

+ + + +

⊂ 																																								 (10) 

So by using (9) and (10), we find ( ) ( )( )1 2

. , . ,p pp pL W L Lω ω

+ +

⊂ . Other inclusion is easly proved 

with similar technique. 
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3.6 Theorem Let 𝑟! , 𝑟!, 𝑝! . , 𝑝! . , 𝑞! . , 𝑞!(.)∈ [ ]( )1 0, .℘ ∞  Assume that 

( ) ( )0 0i iq p< , 1 2r r≤  , ( ) ( )i iq p∞ > ∞ , 2 1ω ωp , (i=1,2). If ( ) ( ) ( ) ( )1 1 2 2. , . . , .p q p qL L⊂  then the 

inclusion ( ) ( )( ) ( ) ( )( )1 1 2 21 2

1 2

. , . . , ., ,p q p qr rW L L W L Lω ω⊂
   

holds. 

Proof Since ( ) ( ) ( ) ( )1 1 2 2. , . . , .p q p qL L⊂ there exists C>0 such that ( ) ( ) ( ) ( ). , . . , .2 2 1 1. .p q p qL L
C≤  

by [17]. Take any ( ) ( )( )1 1 1

1

. , . ,p q rf W L Lω∈ .	Let 𝑄 ⊂ ℝ  be a fixed compact subset. We write 

( ) ( ) ( ) ( ). , . . , .2 2 1 1p q p qz Q z QL L
f C fχ χ+ +≤ 	for all 𝑧𝜖ℝ  Since 𝐿!!

!!   is solid space, then	

( ) ( ) ( ) ( ). , . . , .2 2 1 1
1 1 1 1, ,

p q p qz Q z QL Lr r
f C f

ω ω
χ χ+ +≤ .	That means,	

( ) ( )( ) ( ) ( )( )1 1 2 21 1

1 1

. , . . , ., ,p q p qr rW L L W L Lω ω⊂                                      (11) 

On the other hand since 1 2r r≤  and 2 1ω ωp , by [7], we have 

( ) ( )( ) ( ) ( )( )2 2 2 21 2

1 2

. , . . , ., ,p q p qr rW L L W L Lω ω⊂                                   (12) 

Combining (11) and (12), we obtain ( ) ( )( ) ( ) ( )( )1 1 2 21 2

1 2

. , . . , ., , .p q p qr rW L L W L Lω ω⊂  
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4. Boundedness of The Bilinear Hardy-littlewood Maximal 

Function on ( ) ( )( ). , . ,p q rW L Lω  

4.1 Definition The bilinear “Hardy-Littlewood maximal function” M is defined by 

( )( ) ( ) ( )
0

1, sup
2

t

t t

M f g x f x y g x y dy
t> −

= + −∫ , 𝑥 ∈ ℝ , [1,20] 

for all  𝑓,𝑔 ∈ 𝐿! ℝ !"#. 

4.1 Theorem Let ( ) ( )1 . , . ,i ip q≤ <∞ 1 ir≤ <∞  and ( ) ( ) [ ]( )1. , . 0,i ip q ∈℘ ∞ and iω  be 

weight function, (i=1,2,3). Assume that ( ) ( )3 30 0q p≤  and 
3 3

1 1 1
'r r

+ = . If 3'

3

1 rL
ω

∈ , then 

the Hardy-Littlewood maximal function  

( ) ( )( ) ( ) ( )( ) ( ) ( )( )1 1 2 2 3 3 31 2

1 2 3

. , . . , . . , .: , , ,p q p q p q rr rM W L L W L L W L Lω ω ω× →  

is not bounded. 

Proof Since 3'

3

1 rL
ω

∈ , we have 3

3

1rL Lω ⊂ . So we write  

( ) ( )( ) ( ) ( )( )3 3 3 33

3

. , . . , . 1, ,p q p qrW L L W L Lω ⊂ . 

On the other hand since ( )31 .q≤  and ( ) ( )3 30 0q p≤ , we have 

( ) ( )( ) ( )3 3. , . 1 1,1 1 1, ,p qW L L W L L L⊂ = .                                   (13) 

by Theorem 3.5 and Theorem 3.6. Then from (13), we obtain 

( ) ( )( )3 3 3

3

. , . 1,p q rW L L Lω ⊂ .                                              (14) 

Take the indicator functions ,A Bχ χ  where 𝐴,𝐵 ⊂ ℝ  is a compact subset. By Theorem 2.1, 

( ) ( )( )1 1 1

1

. , . ,p q r
A W L Lωχ ∈  and ( ) ( )( )2 2 2

2

. , . ,p q r
B W L Lωχ ∈ . Also by Theorem 1 in [1], we know that 

the function M is  unbounded on 1 1L L× . If 1,f g L∈  are not identically zero, then the 
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function M is not integrable on ℝ . That  means ( ),A BM χ χ  is not in 1L . Hence by (14), 

( ) ( ) ( )( )3 3 3

3

. , ., ,p q r
A BM W L Lωχ χ ∉ . This completes proof. 

Theorem 4.2 Let 𝑟! , 𝑟, ( ) ( ) ( ) ( ) [ ]( )1. , . , . , . 0,i ip q t s ∈℘ ∞ , (i=1,2) and 1 2, ,ω ω ω  be weight 

functions. Assume that 𝑟! ≤ 𝑞! . , ( ) ( )2 20 0q p≤ , 𝑟! ≤ 𝑞! . , ( ) ( )1 10 0q p≤ , 𝑠 . ≤ 𝑟, 

( ) ( )0 0s t≥  and 
1 1 1

'r r
+ = . If  '1 rL

ω
∉ and bilinear “Hardy-Littlewood maximal function” 

1 2

1 2
: r r rM L L Lω ω ω× →  is bounded, then bilinear “Hardy-Littlewood maximal function” 

( ) ( )( ) ( ) ( )( ) ( ) ( )( )1 1 2 21 2

1 2

. , . . , . . , .: , , ,p q p q t sr r rM W L L W L L W L Lω ω ω× →  

is bounded. 

Proof Since 1 2

1 2
: r r rM L L Lω ω ω× →  is bounded, there exists the inequality  

( )
1 1 2 2

1 , ,,
,

r rr
M f g C f g

ω ωω
≤ , C�>0                                         (15) 

for all 1

1

rf Lω∈  and 2

2

rg Lω∈ . Also since by Theorem 3.3, ( ), ,r r r rW L L Lω ω= , and 𝑟! ≤ 𝑞! . , 

( ) ( )2 20 0q p≤ , 𝑟! ≤ 𝑞! . ,  ( ) ( )1 10 0q p≤ , 𝑠 . ≤ 𝑟, ( ) ( )0 0s t≥  then by 3.5 Theorem  

𝑊 𝐿!! . ,!! . ,𝐿𝜔1
𝑟1 ⊂ 𝑊 𝐿𝑟1,𝑟1 ,𝐿𝜔1

𝑟1 = 𝐿𝜔1
𝑟1 , 

𝑊 𝐿!! . ,!! . ,𝐿𝜔2
𝑟2 ⊂ 𝑊 𝐿𝑟2,𝑟2 ,𝐿𝜔2

𝑟2 = 𝐿𝜔2
𝑟2                                (16)  

and 

( ) ( ) ( )( ). , ., , ,t sr r r r rW L L L W L Lω ω ω= ⊂  

Then boundedness of these unit maps 

( ) ( )( )
( ) ( )( )1 1 1 1

. , .1 1 1 1 1
1

. , .

,
: ,p q r

p q r r

W L L
I W L L L

ω
ω ω→ , ( ) ( )( )

( ) ( )( )2 2 2 2
. , .2 2 2 2 2

2

. , .

,
: ,p q r

p q r r

W L L
I W L L L

ω
ω ω→                       

and  ( ) ( )( ). , .: ,r
t sr r

L
I L W L L

ω
ω ω→ . Thus we write following inequalities    

( ) ( )( ). , .1 1 1
1 1 1

2, ,p q rr W L L
f C f

ωω
≤ , 2 0C > ,                                     (17) 



 
 
CUJSE xx, No. x (2014) 75 

( ) ( )( ). , .2 2 2
2 2 2

3, ,p q rr W L L
g C g

ωω
≤ , 3 0C >                                         (18) 

and  

( ) ( )( ). , . 4, ,t s rW L L r
h C h

ω ω
≤ , 4 0C >                                         (19) 

for all ( ) ( )( )1 1 1

1

. , . ,p q rf W L Lω∈ , ( ) ( )( )2 2 2

2

. , . ,p q rg W L Lω∈  and rh Lω∈ . Take any 

( ) ( )( )1 1 1

1

. , . ,p q rf W L Lω∈ , ( ) ( )( )2 2 2

2

. , . ,p q rg W L Lω∈ . By the inclusion (16), , rf g Lω∈ . Also by 

(15), we have M(f,g)∈	 rLω . Hence combining (15), (17), (18) and (19), we find 

( ) ( ) ( )( ) ( )( ) ( ) ( )( )
( ). , . . , . 1 1 2 2

4 1 4 , ,, ,,
, , ,rt s r t s r r rLW L L rW L L

M f g I M f g C M f g C C f g
ωω ω

ω ωω
= ≤ ≤  

( ) ( )( ) ( ) ( )( ). , . . , .1 1 2 21 2
1 2

1 2 3 4 , ,p q p qr rW L L W L L
CC C C f g

ω ω
≤ . This completes proof. 
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5. Boundedness of The Bilinear Littlewood-Paley Square 

Function on  ( ) ( )( ). , . ,p q rW L Lω .  

5.1 Definition Let ( ) µ ( )nK K nξ ξ= −  fo  where K is supported on unit interval of  

and   “smooth bump function” on  . “Bilinear Littlewood-Paley square function” is defined 

by  

( )( ) ( )( )
1
22

, ,n
n

S f g x S f g x⎛ ⎞
= ⎜ ⎟
⎝ ⎠
∑  

where ( )( ) ( ) ( ) ( ),n nS f g x f x y g x y K y dy= − +∫
°

, [19,21] for ,f g S∈ .  

Theorem 5.1  Let 𝑟! , 𝑟,
 ( ) ( ) ( ) ( ) [ ]( )1. , . , . , . 0,i ip q t s ∈℘ ∞  and 𝜔,𝜔!  be weight functions, 

(i=1,2). Assume that 𝑟! ≤
!! .
!

, ( ) ( )2 20 0q p≤ , 𝑟! ≤
!! .
!

 , ( ) ( )1 10 0q p≤ , ! .
!
≤ 𝑟 , 

( ) ( )0 0s t≥ and 
1 1 1

'r r
+ = . If  '1 rL

ω
∉ and  bilinear “Hardy-Littlewood maximal function” 

1 2

1 2
: r r rM L L Lω ω ω× →  is bounded, then bilinear “Hardy-Littlewood maximal function” 

( ) ( )( ) ( ) ( )( ) ( ) ( )( )1 1 2 21 2

1 2

. , . . , . . , .: , , ,p q p q t sr r rS W L L W L L W L Lω ω ω× → is bounded. 

Proof By from [21], we write ( )( ) ( )( )( )
1

2 2 2, ,S f g x C M f g x≤ ,	 (a.e x∈ℝ)  where 

C>0. Using this last inequality and since ( ) ( )( ). , . ,t s rW L Lω  is solid space , we have 

( ) ( ) ( )( ) ( )( )
( ) ( )( )

( )( )
( ) ( )

. , .

. , . . , .

1 1
2 2 2 22 2

,
, ,

, , ,t s r

t s t sr

z QW L L
W L L L r

S f g C M f g C M f g
ω

ω ω

χ +≤ = 	

( ) ( ) ( )( )
( ) [ ]( )

( ) ( ) ( )( )
( ) [ ]( ). .

** 111 1 2 2 ** 22 2 2 22. . . .

0, 0,, ,

, ,
s s

t s t s
z Q z Q

L Lr r

C t M f g C t M f g

ω ω

χ χ
− −

+ +

∞ ∞

⎛ ⎞ ⎛ ⎞= =⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠
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( ) ( )

( )( )
( )

[ ]( )

( ) ( ) ( ). .
2 2

.
2

1 1
. . **2 2 2 22 2

,

0, ,

, , t s

s

t s

z Q z Q
L r

L r

C t M f g C M f g
ω

ω

χ χ
−

−

+ +

∞

= = 	

( ) ( ) ( ). .
,

2 2

2 2

,
, t s

rW L L
C M f g

ω

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎝ ⎠

= 																																																						(20) 

So using assumptions and (20), from the theorem 4.2, we find  

( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ). . . .. . 1 1 2 2. , . , ,, 1 22 2 2 22 2
1 2

2 2 2 2
1, , ,,

, , p q p qt st s r r rrW L L W L L W L LW L L
S f g C M f g CC f g

ω
ω ωω

⎛ ⎞ ⎛ ⎞⎛ ⎞
⎜ ⎟ ⎜ ⎟⎜ ⎟
⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠

≤ ≤

	

( ) ( ) ( ) ( ). . . .1 1 2 2
2 2 2 2

1 1 2 2

2 2
1

, ,
p q p qz Q z Q
L Lr r

CC f g
ω ω

χ χ− −+ += 	

( ) ( )

( )
( )

[ ]( )

( ) ( )

( )
( )

[ ]( )

1 1 2 2

. .1 2
2 2

1 1 2 2

1 1 1 1
. . . .** **2 22 2 2 2

1

0, 0,, ,

q q

p q p q

z Q z Q

L Lr r

CC t f t g

ω ω

χ χ

− −

+ +

∞ ∞

= 	

( ) ( ) ( )
( )

[ ]( )

( ) ( ) ( )
( )

[ ]( )

1 1 2 2

. .1 2
2 2

1 1 2 2

2 21 1 1 1
** **. . . .

1

0, 0,, ,

q q

p q p q
z Q z Q

L Lr r

CC t f t g

ω ω

χ χ
− −

+ +

∞ ∞

⎛ ⎞ ⎛ ⎞
= ⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

	

( ) ( ) ( )
( ) [ ]( )

( ) ( ) ( )
( ) [ ]( )

1 1 2 2

. .1 2

1 1 2 2

1 1 1 1
** **. . . .

1

0, 0,, ,
q q

p q p q
z Q z Q

L Lr r

CC t f t g

ω ω

χ χ
− −

+ +

∞ ∞

= 	

( ) ( ) ( ) ( ). , . . , .1 1 2 2
1 1 2 2

1 , ,
p q p qz Q z QL Lr r

CC f g
ω ω

χ χ+ += ( ) ( )( ) ( ) ( )( ). , . . , .1 1 2 21 2
1 2

1 , ,p q p qr rW L L W L L
CC f g

ω ω
= 	

for C₁>0.	
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