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1. Introduction

In this paper, we consider the following initial boundary value system

we = M (IIVul*) &t ygus + [l ue = Fy (w,v), (@,8) € @ x (0,7),

vy — M <||Vv||2) A v+ youp + || T vg = Fy (u,v), (x,t) € 2 x(0,T),

u(z,t) = v (x,t) =0, (z,t) € 90 x (0,T), (1.1)
u(x,0) =wup (z), u(x,0) =u; (), x €,

v (z,0) =vg (x), v (x,0) =01 (x), x €,

\

where Q is a bounded domain with smooth boundary 09 in R" (n =1,2,3), p,q > 0, 75 > 0.
n
Let A = Z 53722 be the Laplace operator, and M (s) be a nonnegative locally Lipschitz function,
i=1 7
and F : R?> — R is a C! function given by
r42 r+2

F(u,v) =alu+v|"""+2bluv| 2, (1.2)

where > 2, a > 1 and b > 0, which implies

Fu(w,0) = (r+2) [abu-t ol (utv) +0Jul T ol 5

Fv(uy'l)) = (7”+2) |:a‘u+v‘r(u+v)+b‘v’% ‘u‘%v] .

Also, we have
uF, (u,v) + vF, (u,v) = (r +2) F (u,v) V(u,v) € R% (1.3)
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Lemma 1.1 [10]. Let ¢y and ¢; be positive constants, such that
co (Jul™ 4+ o) < F (w,0) < ex (Juf ™+ o ). (1.4)
Throughout this paper, we define M (s) by
M(s)=a+p8s", s>0, a, >0, v>0. (1.5)

Obviously, M (s) is a nonnegative locally Lipschitz function.
The problem (1.1) is a generalization of a model introduced by Kirchhoff [5]. More precisely,
Kirchhoff proposed a model given by the equation for f =g =0,

0%u ou ou Eh (L /0u\? 0%u
- ) = - - — 1.
PhigE T 0% +g<8t> {p0+ 2L/0 (m«) d””} gzt (16)
forO<ax <L, t>0.

The qualitative analysis of solutions for a single Kirchhoff type equation
utt—M(HVuH2> Autglu)=Ff), z€Q t>0, (1.7)

has been discussed by many authors, see [3, 7, 12, 18, 20].
When M (s) =1, (1.1) become the following system

{ ure = Au+ Youy + Jug|” up = Fy (u, v), (1.8)

v — AU+ your + |vg| Yoy = F, (u,v) .

Many authors studied the existence, blow up and decay of solutions of (1.8) (see [6, 11, 13,
14, 19, 21]). Also, many authors studied the existence and nonexistence of solutions (1.8) with
vo =0 ([2, 16, 17]).
Motivated by previous works, we study the decay of solutions and the blow up of solutions
with negative initial energy for the system of Kirchhoff type equations with damping terms.
The outline of this paper is as follows. In section 2, we give some lemmas and notations.
In section 3, the decay of the solution is given. Section 4, we show the blow up properties of

solution.

2. Preliminaries

In this paper, |.| and ||.|, denote the usual L?(Q) norm and LP () norm, respectively.
Firstly, we give the following lemmas:

Lemma 2.1 [8]. Suppose that, 0 <p (n=1,2)or 0 <p < 22—:; (n > 3) holds. Then there

exists a positive constant C' > 1 depending only on €2, such that
2
ully < € (190l + ul})

for any u € H} (Q), 2<s<p.
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Lemma 2.2 (Sobolev-Poincare inequality) [1]. Let p be a number with 2 <p < oo (n = 1,2)
or2<p<2n/(n—2)(n>3),such that

lull, < C. [V for u e H () (2.1)

where C, = C, (1, ¢) is a constant.

We introduce the following functionals
(6
J(t) = J),v®) =35 (IvulP +[vol?)

8 Tull20+D L wel20+D /
+ v + v F s d N 2.2

and
I(t) = I, v®)=a(|Vul®+|vo|?)

+8 (7P + 7o)+ — (4 2)/ F (u,v) da. (2.3)
Q

Next, we introduce the energy functional

1 o
E®) = 5 (||Ut||2 + ||vt\|2) +5 (\|Vu||2 + ||vv\|2>
B 2(v+1) 2(y+1)
s (19l Vel #9) = [ P (o) da. (2.4

We also define
W = {(u,v) : (u,v) € (Hy () NH*(Q)) x (H) (NH*(Q), I(u,0)>0}U{(0,0)}. (2.5)
Lemma 2.3. Let u (z,t) be the solution of (1.1). Then
B’ (£) = =2 (Jhuell® + lleall”) = (el 33 + leellf3) < 0. (2.6)

Proof. By multiplying the first equation of (1.1) by u; and the second equation by wvy,

integrating over 2, we obtain

t
E(t)— E(0) = _/0 e (el + o ?) + (llur 555 + lor1453) | dr for e > 0. (27)

We state a local existence result without a proof here (see [4, 15, 18])

Theorem 2.1 . Suppose that min {p, ¢} > r such that

2

0<p,q 0<r n=1,2
0<pqg<;%5, 0<r, n=3,

and let (uo,v0) € (Hj (Q) NH?(Q)) x (H} () NH?(Q)), (u1,v1) € Hj (Q) x Hy () be given.

Then the problem (1.1) has a unique local solution

u,v € C([0,T); Hy () NH?(Q)) and u, v € C ([0,T); Hy (Q)),
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for any fixed time 7" > 0.

3. The decay result
In this section, we consider the energy decay of the solution to (1.1). For this purpose, we

use the functional
O (t)=FE(t)+ 6/9 (uuy + voy) de —|— (HuH + ||v|| ) (3.1)

where € is a positive constant. Inspiring by idea in [9], we will show in the next lemma that
® (t) and E (t) are equivalent.
Lemma 3.1. For € > 0 small enough, the relation

1

B () < ®(t) < ag (B (t)771 (3.2)

holds for two positive constants aq and «s.

Proof. Applying Young inequality and Sobolev embedding theorem, we obtain
() < E(t)+ < (/ u2da:+/ u?dm—i—/dem—i-/ v?da:) + 2 (HuH2 + Hv||2)
2 \Ja Q Q Q 2
1
< (1 + %) E(t)+ C*%Cﬁ (||Vu||2(”+1) + |\Vu||2(”’+1)) SR
where (a4 b)* < C (a*+bY), a,b> 0 was used. After that we obtain

@ (t)

IA

1+ 5)E®) +c*%20# (B (£))7D

) (B@)7 + 0207 (2(0) 7

IA

IN
/N 77 N 7N
/N
—_

_|_

¢
2
5) (E ()7 + G207 (B (1)

ag (E ()G, (3.3)

and
(1) = E(t)-e [41 (el + heal?) + 7 (Jhal® + ||v||2)] + S22 (Ilull® + 1ol

g
(el + lroel) + € (22 = 7) (Il + 110
— = (Il + l1ex)*)
1 €
(2 =) (bl + )

J(>+7(uutn + ol
> a1E(t). (3.4)

v

-
4

v

Y

for small enough 7. This completes the proof.

Theorem 3.1. Suppose that min {p, q,r} > 27 and

B(2y+1)
2(y+1)

20 +2) (v +1) o )J&i?)

CT‘+2 r
-2 (H)( B(r—2v)
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such that (2.5) is satisfied and let (ug,vp) € W be given. Then the solution satisfies

Ke M, =0,
Em<d " 7 (3.5)
(kt+K) 7, v>0,

where K and k are positive constants which will be defined later.

Proof. Now differentiate (3.1) and use Eq. (1.1) and Young inequality, we have

2 2 +2 +2 2 2
o (1) = =7 (el + eall®) = (luellp3 + loel23) +e (el + el )

—ea (IVul? + [ Vo]2) - 8 (Va2 + | 7o) 20+D)

—€ (/ g ]ut\pdx—i-/vvt]vt\qdm) +e(r+2)/F(u,v)dm
Q Q Q

2 2
= (2= ) (Jluell® + lleal?) = (el + el g53)
—ea ([Vull* + [ Vo]?) = 8 (IVul0*) + |vo|20+D)
2 2 2 2
e (Sl + ¢ (6) uellp3 + 0 05 + ¢ (6) el 53

+e(r+ 2)/9F(u,v) dx. (3.6)

IN

By using the definition of the E (t), we get

¥() < —eB(t) - (72—?’2) (el + 11exl”) = 5 (Il + 1v01)
= (1= () (luallZ23 + el g3) + e (S lulls + o ol 53)

€8 (2y+1) 2(y+1) 2(y+1)
+e(r+1) | F(u,v)dr — ————= (|[|Vu|*7 + ||Vo|*" )
e(r >/Q (w,0) da = =5 T (19l [Vo)f+D)

By use of F (u,v) < ¢ (|u!r+2 + |U\T+2) , we have

2 2 2 2
O(1) < —eB )+ e (b3 + Iold3) +eer (r 1) (Jul; 3 + ol;53)

DD (Il 4 v, (3.7
Since I (t) > 0,
70 = g o (1l + 90) + 25220 (guppeed oo |
2(r+2) (v+1)r r+2
r 2 2 B(r—2v) 2(y+1) 2(y+1)
) [a(uwn FIVl) + g (VPO 4 v 0) [ @)
Thus,
2(y+1) 2(y+1) 2(r+2)(v+1)
Va0 VP < = ()
2(r+2) (v +1)
- B(r—2y) E)

E(0). (3.9)
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From Poincare inequality, we have
255 < &2Vl
= |Vl |Vl PO
p—2y
— C§+2 <||vu”2(’y+l)> 2(v+1) ||vu”2(’y+1)
2 (2(r+2)(v+1) Kt 2(7+1)
< d& G0 —29) E(0) V| : (3.10)
and similarly
g—2vy
2 2(r+2)(v+1) 2(v+1)
ol < 2 (2020 D p0)) T g, (3.11)
Furthermore,
r—=2y
2(r+2)(v+1) PICESY)
Jullt3 < e (2200 5 0)) 7 e,
and similarly
r—2y
2(r+2)(y+1) 26+
o33 < o (2020 D p0)) T e, (3.13)
Substituting (3.9)-(3.13) into (3.7), we have
—2v
B2y +1) 2+ (1) )\ EED
() < —€eB(t)—e |2 =22 (r+ 1 E(0
(t ® [2(7“) ) (25l
—om] (7?0 + |[7o)20+0) (3.14)

p—2y q—2y
2 2(r+2)(v+1 GRS 2 [ 2(r+42)(y+1 GE=Y)
where m = max<{ 2" (%E (O)) 2ot (%E (0)) 20tV Thus from the

assumptions of the theorem and by choosing a sufficiently small § > 0, we obtain that

€

(1) < —eBE (t) < _W

(® (£)" . (3.15)

We separate (3.15) into two cases.
Case 1: v =0, then a simply integration of (3.15) over (0,t) yields

E(t) <®(t) <®(0)e ™,

where k = ﬁ

(o2
Case 2: v > 0, a simply integration of (3.15) over (0,t) yields

E(t) <@ (t) < (kt+77(0) 77,

where k = (aﬁ)% This completes the proof.
2
4. Blow up

In this section, we state and prove blow up result.
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Theorem 4.1. Suppose that » > max {2v,p,q}, E(0) < 0, and there exists a constant 7
such that 7 < “/220[7*’ where Cj is the constant of the Sobolev embedding theorem. Then the
solution of this system blows up in finite time 7™, and
1—-0

£0UT (0)

*

IN

where W (¢) and o are given in (4.1) and (4.2) respectively.
Proof. Define H (t) = —FE (t), then E (0) < 0 and (2.6) gives H (t) > H (0) > 0. Define

U(t)=H""(t)+¢ </ uwurdz +/ vvtd:r) , (4.1)
Q 0
where ¢ is a small constant to be chosen later and
. rT—0p r—gq
0 < o <min , . 4.2
<min T O T 6T “2)

A direct differentiation of W (t) gives
V() = (=) B @) H () +e (|lul + [ve]*) = ca (7l + Vo))

—e8 (ITuP0) 4 Vol e +2) [ Fuwv)do
Q

—£7, </ uupdx +/ vvtdm) —€ </ wug |ug|P do + / VU \vt|qd:p> . (4.3)
Q Q Q Q

From definition of H (£), it follows that
=8 (IVulPO + VolP ) = 23+ 1) H (@) + (v + 1) (el + el
ta(v+1) (IVul® + [ Vol?)
2(y+1) /Q F (u, v) da. (4.4)
Substitute (4.4) into (4.3) to obtain
V() = (L=o)H () H (&) +e (Jlul® + o)
—ca (IIVul® + [V0]*) +2¢ (v + 1) H ()
(

e (y+ 1) (Juall® + lleal?) +2a (v + 1) (vl + [ 70]?)

—26(’y+1)/QF(u7v)da:+€(r+2)/F(u,v)dw

Q

—£7, (/ uwugdr + / vvtdx> —€ (/ uuy Jug|? doe + / VUt \vt]qu> .
Q Q Q Q

Now, we make use of the following Young’s inequality

skxk  lyt
T

X,Y >0, 6 >0, k,l € R" such that 1 + } = 1. We have

—~

4.5)

XY <

T2, 1 2 T2, 1 2
dw < T 1 de < T 1
/Quut r < ol + o [t /th TS g o] + 5r [|ve]
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_pt2
5p+2 (p+ 1)5 p+1
Pide < 1 p+2 wT4)% p+2
Jwntupde < Sl + PR
9 _ pt2
< 511)+ lu ”p+2 (p-|-1)5 T H (t)
S g M T TS
and similarly
q+2
q+2 g+1
q q-+2 % '
[ onluttde < 22 o3+ U ),

where 01, d9 are constants depending on the time ¢ that will be specified later. Thus, (4.5)

becomes

V() = (1=o)H () H () +e (lluel® + r]?)

ooy ([Full? + | Voll?) + 2 (v + 1) B (&) +& (v + 1) (lluel® + o))

EYaT 2 2 &y 2 2
e (r - 27) /Q F (u,v) dz = 225 (ful® + o) = 52 (luel + el )
_pt2 _gt+2

p+1 g+1 p+2
e (p+1)5 +(q+ )5 H’(t) <5+ [ u Hp+2 ()1 6)

p+2 q+2 p+2 q+2

By using Sobolev-Poincare’s inequality, we have

Y27Cx

20 ) (Il 4 190lR) +2¢ (-4 1) 1)

V() > (1—o)H @) H (t)+¢ <ory -

ve (v 2= 22) (P + ell) + < - 2v>/QF<u,v> da

2
—22 -zt p+2
(p+1)d," (g+1)d,° o 2
- (R gy e NS o) X
pt2 q+2

Therefore by taking 6, and da so that 6, " = kyH 7 (t), d, 7" = koyH 7 (t), where
k1, ko > 0 are specified later, we get

_ 1 - 1 1) r r o(p+1)

511)—&-2 _ kl (p+ )H (p+1)( ) < k‘ —(p+1) P+ (H ||ri§ + HUHri;) , (4.8)
and (g+1)
_ 1 770 1 1) r r o(a+l

5g+2 — k; (a+1) (1) (1) < k; —(g+1) q+ <” HJ% + ””Hrig> 7 (4.9)

since H (t) = —E (t) < [o F (u,v)dx < ¢ (\u|’”+2 + \u|r+2) :
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Substituting (4.8) and (4.9) into (4.7), we have
e(ptDkr elg+Dka\ - /
vty > (1-0— - H™ 7 (t)H'(t) +2 1)H (t
@ 2 (1-o-EEPR sty (0 ' (1) + 2= (7 + 1) H 1)
Ci
+e (= 205 (19ul + [90lP)
-%(2+7—)(WMI+HWH)+6&—?w/INwwdw
ek pH) J(pH 42 r2) 7Pt +2
~ e (Il + o) 2
ek qH qH r+2 ra2)o@tl) +2
2 (S + el )™ o3 (4.10)
Since r > max {p, q} , we obtain
+2
lully 3 < Cllullls < € (lully 4 + ol 12)",
2 2 +2
w43 < CllollEds < € (o + ol 4)°
Thus
e(p+lk elg+1)ka . _
vt > (1—0-— - H™7 (t)H' (t)+2 1) H (¢
@ 2 (1-o-EEPh Uty (0 H' (1) + 22 (7 + ) H (1)
Ck
+e (= 225 (19l + 1 90l?)
ve (247 = 2) (Nl + el + €7 - 27)/ F(u,v) da
Q
eky TSP o (r+2) (p+1) +p+2
e (g + el 12)
—(q+1) o(q+1)
ek c C o(r+2)(g+1)+q+2
— e (s + ol T, (4.11)

where (a +b)* < C (a* +b*), a,b > 0is used. From (4.2), wehave2 < o (p+ 1) (r + 2)+p+2 <
r+2,2<o(¢g+1)(r+2)+q+2<r+2. By using Lemma 2.1, we have

1) (r+2)+p+2 2 2
[l < 0 (19ul® + ul13).

+1)(r+2)+q+2 2 2
[ G2 < ¢ (90 + ol;13)

Thus

1 1
\I//(t) > < (p+ )kl _E(Q+ )kQ
p+2 q-+2

7C\
+e (= 25 (19ul® + 190l?)

te (2+7 223 (leal® + ] )+g(r—27)/QF(u,v)dx

k‘ p+1) G(P+1)C k;(Q+1)C‘17(q+1)C r42 r+2
p+2 a q+2 HUHH'Q—'_ HU||7,+2>

)Hﬂ%@ﬂ%@+2ﬂy+1ﬂ¥@

1) o(p+1 —(q+1) o(q+1
R @Oﬁ)qm+)c>(ﬂvmﬁ+uvUW). (4.12)

p+2 B q+2
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By using the ¢ (|u|T+2 + |v|r+2) < F (u,v) in (4.12) we obtain

—i—l)kl E(q—i-l)k‘g _
v > (1-0- - H=7 (t) H' (t
@ 2 (1-0-SLEPR sty 0 H ()
Y2
12e (v + 1) H(t )+s(2+w— 2 )(HUtH + el )
k.*(PJrl)CU(PJrl)C k- (Q+1)C (Q+1)C o o
+€ <CO (7’_27) -1 p+12 — -2 q+12 (Hu‘|ri2+ HU||TI2>

—(p+1) o(p+1) —(g+1) o(g+1)
7270 Ky ¢ C kK ¢ C 5 9
+e <cw ; - e ) (vl 19el3)

where 7 > 27 is used. We choose k1, ko large enough so that

k—(p+1)c<17(p+1)c k;(Q+1)c(f(q+1)C co (1 —2)

—9) — —
¢ (r=2) p+2 q+2 2

and
o YoTCl - kl—(P+1)CC1f(P+1)C B k;(Q+1)CCIT(Q+1)C oy Yo7 Cl

2 p+2 q-+2 2 4

Then, we choose € small enough so that 1 — o — E(pptrlgkl - E(qqtrlgh > 0. Thus, we have

W(t) > e (24— 22) (Judl® + ) + 26 (+ 1) H (1)
oy _ 217G 2 2 60(7) 7+2 742
ve (5 - 250 (IVull 4 190lR) + ¢ (23 + ol )

2 2 2 2 2 2
77<HUtH + o™ + H (@) + [[Vul]” + [ Vo] +HuHZiz+HvH:I2), (4.14)

where n = min{ (2+7—2), 26(v+1), (% - 7210*) ’ 600(7"2—27)} . Consequently we have

U (t) >V (0)=H'"7(0) +¢ </ upurdr + / vovld:z:> >0, Vt > 0. (4.15)
Q Q

On the other hand, by the Holder’s inequality, we get

T 1 1 1 1
Jwwda s [ ovda| <l 7 7 ol o
Q Q
< (HUIIM ) 27 + 1533 el 2 ) C (16)
Young inequality gives
_1
=0 0
[tz + [ owds| " < (||u||r+2+uut||1a+||v|r+2+||vt|1o), (4.17)
Q Q

for %—i— =1 We take 0 = 2(1—0), to get u = 29_;? < r+ 2 by (4.2). Therefore (4.17)
becomes

1
/uutd:p+/vvtd$
Q Q

2

(!IUtII + loe)* +IU\ﬁ+§°+Ilv|ﬁ+§”>- (4.18)

10
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By using Lemma 2.1, we obtain

1
.
/uutdx—l—/vvtdx
Q Q

Thus
=
Wi (t) = [Hl_a (t)+¢ (/ uupdx —|—/ thdz‘)}
Q Q

1
fomr
/uutdx+/vvtd:v
Q Q

C (Jlutll® + lleell® + H (@) + [ull; 53 + 0l 53 + [Vul® + [ Vo]?) . (4.20)

2 2 2 2 2 2
< C (Ihuell® + ool + 1l 33 + 1ol 53 + [ Vul® + [ Vo)) . (4.19)

IN

21% (H (t) + eTe

IN

By combining of (4.14) and (4.20) we arrive
V(1) > 0T (1), (4.21)
where ¢ is a positive constant. A simple integration yields

U (1) > —— :
®) U T (0) — LS9

-0

which implies that the solution blows up in a finite time T, with

e 70
§oWi-7 (0)

N
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