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ABSTRACT. In this article we study Einstein manifolds which can be realized
either as centroaffine hypersurfaces or as graph hypersurfaces in some affine
space. We establish general inequalities for such affine hypersurfaces. We also
study Einstein centroaffine and graph hypersurfaces which satisfy the equality
case of the inequalities. As immediate applications we give some non-existence
results. Furthermore, we provide some examples to show that our inequalities
are sharp.

1. INTRODUCTION.

A hypersurface ¢: M — R"! is called centroaffine if the position vector is
always transversal to ¢,(TM) in R"*!. In this case, for any vector fields X,Y
tangent to M, one can decompose Dx¢.(Y) into its tangential and transverse
components. This is written as

(1'1) DXf*<Y) = ¢*(VXY) + h(X7Y)§7

where h is a symmetric tensor of type (0,2) and the affine normal ¢ is given by
—¢. In this article, we assume that h is non-degenerate, so it defines a Riemannian
metric on M, called the affine metric.

A Riemannian manifold (M, g) is called Einstein if its Ricci tensor Ric is pro-
portional to its metric tensor so that Ric = cg for some constant c. An Einstein
manifold M is said to be realized as an affine hypersurface if there exists a codi-
mension one affine immersion from M into some affine space such that the induced
affine metric is exactly the Einstein metric on M (cf. [7, page 333]). We simply
call such a hypersurface an Einstein affine hypersurface.

An affine hypersurface ¢ : M — R is called a graph hypersurface if the affine
normal & is a constant transversal vector field. A result of [13] states that locally
M is affine equivalent to the graph immersion of a certain function F. For a graph
hypersurface we also have the decomposition (1.1). Again we assume that h is
non-degenerate, so it defines a Riemannian metric.

For an immersed hypersurface ¢ : M — R"*! in an affine (n + 1)-space R"*1,
a transverse vector field £ is said to be equiaffine if D has its image in ¢. T, M,
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where D is the canonical flat connection on R®*!. With an equiaffine transversal
vector field £, one has an equiaffine structure (V,0) with V6 = 0, where 0 is the
induced volume element (cf. [14, pp. 31-32]). An equiaffine transversal vector field
is sometimes called a relative normalization. Obviously, the transversal vector field
& of a centroaffine or a graph hypersurface is equiaffine.

Let V denote the Levi-Civita connection of h and let K be the difference tensor
V —V on M. Then, for each X € T,M,

Kx:Y > K(X,Y)

is an endomorphism of T,,M. By taking the trace of K, one obtains a so-called
Tchebychev form

(1.2) T(X) = %trace{Y L K(X,Y) ).

The Tchebychev vector field T# can then be defined by h(T#, X) = T(X).

The Tchebychev form and Tchebychev vector field play an important role in
centroaffine differential geometry, see for instance [3, 4, 15, 17]. In particular,
some general optimal inequalities involving Tchebychev vector field for graph and
centroaffine hypersurfaces have been discovered in [3, 4, 9]. A survey of global
properties of affine hyperspheres can be found in [12]. An interesting local result
on affine hyperspheres is given in [18].

For a Riemannian n-manifold (M, g) with Levi-Civita connection V, E. Cartan
and A. P. Norden studied non-degenerate affine immersions f : (M,V) — R"*!
with a transversal field ¢ and with V as its induced affine connection. The well-
known Cartan-Norden theorem states that if f is a such affine immersion, then
either V is flat and f is a graph immersion or V is not flat and R"*! admits a
parallel Riemannian metric relative to which f is an isometric immersion and £ is
perpendicular to f(M) (cf. for instance, [14, p. 159]).

In this article, we study Riemannian manifolds in affine geometry from a view
point different from the view point of Cartan and Norden. More precisely, we
study Riemannian manifolds which can be realized either as centroaffine hypersur-
faces or as graph hypersurfaces such that their induced affine metrics h are exactly
the original Riemannian metrics. In section 3, we establish four general optimal
inequalities for Einstein manifolds which are realized as centroaffine hypersurfaces
or as graph hypersurfaces. We also establish the necessary and sufficient condi-
tions for an Einstein affine hypersurface to satisfy the equality case of one of the
inequalities. In section 4, we give some applications of our inequalities. In the last
section, we provide some examples of Einstein affine hypersurfaces to show that our
inequalities are sharp.

2. PRELIMINARIES.

We recall some basic facts about affine hypersurfaces (cf. [7, 12, 14, 17]). The
main idea of this article is based on [2, 4, 5, 6, 7, 9, 10, 11, 13, 14, 16].

Assume that ¢ : M — R™t! is a centroaffine hypersurface with affine normal
given by £ = —¢. Then the centroaffine structure equations are given by
(2.1) Dx¢.(Y) = ¢.(VxY) + h(X,Y)E,

(2.2) Dx§ = —¢.(X).
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Let us assume that A is positive definite so that A defines a Riemannian metric on
M. The corresponding equations of Gauss and Codazzi are given respectively by

(2.3) RX,Y)Z=hY,2)X — h(X,2)Y,
(2.4) (Vxh)(Y, Z) = (Vyh)(X, Z).
By definition the cubic form C is the totally symmetric (0,3)-tensor field
C(X,Y, Z) = (Vxh)(Y, Z).

The V-Ricci tensor is defined by

Ric(Y,Z) = trace{Z — R(Z,X)Y}.
It follows from (2.3) that V is projective flat:
(2.5) Ric(X,Y) = (n—1)h(X,Y).

Let @, K , ]:2, Ric and & be the Levi-Civita connection, the sectional curvature,

the curvature tensor and the normalized scalar curvature of h, respectively. The
difference tensor K is a symmetric (1, 2)-tensor field which is defined by

(2.6) KxY =K(X,Y)=VxY — VxY.
The difference tensor K and the cubic form C are related by
(2.7) C(X,Y,Z)=—-2h(KxY,Z).

The Tchebychev form T, the Tchebychev vector field T# and the Pick invariant J
are given by

(2.8) T(X) = (%)traee Kx,
(2.9) h(T#,X) = T(X),
(2.10) h(C,C) = 4h(K,K) = 4n(n — 1).J.

For centroaffine hypersurfaces we have
(2.11) MKxY,Z)=hY,KxZ),
(2.12) R(X,Y)Z = KyKxZ — KxKyZ + h(Y, Z)X — h(X, Z)Y,
(2.13) (VK)(X,Y,Z) = (VK)(Y, Z,X) = (VK)(Z,X,Y).
Taking the trace once we obtain from (2.12) that
(2.14) Ric(X,Y) = a(X,Y) = nT(KxY) + (n — DA(X,Y),
where a(X,Y) = trace (Kx Ky). By taking trace twice we find from (2.12) that
(2.15) &:J+1—%h(T#,T#).

When T' = 0 and if we consider the centroaffine hypersurface M as a hypersurface
of the equiaffine space, then M is a so-called proper affine hypersphere centered at
the origin. If the difference tensor K vanishes identically, then M is a hyper-
quadric centered at the origin. Because M is assumed to be positive definite, M is
an hyperellipsoid.

If M is a graph hypersurface in R""!, we also have the decomposition (2.1).
Again when h is positive definite, so it gives a Riemannian metric, called the Calabi
metric. When T' = 0, if we consider the graph hypersurface M as a hypersurface
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of the equiaffine space in R"*!, then M is a so-called improper affine hypersphere,
with Blaschke normal in the direction of £ and the affine metric homothetic to the
Blaschke metric.

For graph hypersurfaces, equations (2.4),
well. On the other hand, equations (2.2), (2.
tively by

2.6), (2.7), (2.8) and (2.10) hold as
) and (2.9) shall be replaced respec-

(
3
(2.16) Dx¢=R(X,Y)Z =0,
(2.17) R(X,Y)Z = KyKxZ — KxKy Z.
If we choose £ = (0,...,0,1), then we can assume locally that the graph hyper-
surface M is given by
Tpy1 = F(a1,...,2p).

It turns out that the (z1,...,z,) are V-flat coordinates on M and that the Calabi
metric is given by

0 0 0*F

Moreover, it is known that M is an improper affine hypersphere if and only if the
Hessian determinant det (

e a ) is constant.

Let M; and M5 be two nnproper affine hyperspheres defined by equations

Tpr1 = Fi(w1, .0 2p), Ygr1 = Fa(yr, -5 Yq)-

Then one can define a new improper affine hypersphere M in RPH4+1 by
(2.19) z=Fi(z1,...,2p) + Fa(y1, .-, ¥q),

where (z1,...,2p, Y1, ..,Yq,2) are the coordinates on RPT4+!1. The affine normal
of M is given by (0,...,0,1). Obviously, the Calabi metric is the Riemannian
product metric. This composition is known as the Calabi composition of M; and
M; (see [10]).

Recall that a partition of a natural number n is a way of writing n as a sum of
positive integers.

We recall the following algebraic lemma from [1] for later use.

Lemma 2.1. Let ay,...,a, be real numbers and let k be an integer in [2,n — 1].
Then, for any partition (ni,...,ng) of n, we have

E : ag, aj, + E : (e

1<i1<ji<ny n1+1<ia<jz<ni+ns

(2.20) + Z iy, Ay,

ny-Fng_1+1<i1 <ji <n

1

> 2k (a1 4 +ay)’ —k(al+-- +a))}
with the equality holding if and only if we have

(2.21) a1+ Fan, == Apyteedmg_ 41+ e



EINSTEIN MANIFOLDS AS AFFINE HYPERSURFACES 37

3. OPTIMAL INEQUALITIES FOR EINSTEIN AFFINE HYPERSURFACES.

Assume (M, §) is a Riemannian n-manifold. Let eq,...,e, be an orthonormal
basis of M. Then the sectional curvature of the 2-plane spanned by the orthonormal
vectors e;, e; is denoted by K(e; Ae;) = G(R(ei, ej)e;, e;), where R is the curvature

tensor of (M, §). The Ricci tensor Ric of (M, §) is given by
Ric(X,Y) =Y g(R(ej, X)Y¢;).
j=1

Let p be a point in M, ¢ a natural number < n/2, and ,..., 7, mutually
orthogonal 2-plane sections in T, M. We define two invariants 5fic and 55”0 on

(M, g) respectively by

A — 2 N N
(3.1) (5?”(19) = sup Ric(u,u)—= inf {K(m)+ -+ K(m)},
uETle nm il lmng
< — 2 N A
(3.2) o5 (p) = A Ricu,u) — = sup . {K(m) + -+ K(mg)},
where u runs over all unit vectors in T, M and my,...,7; run over all mutually

orthogonal 2-plane sections in 7, M. In particular, for an Einstein n-manifold M,
we have

(3.3) 08 °(p) = (n— 1)k — % i K)o+ K(mo) )
(34) Séﬁc(p) — (n — ]_)/A{ — %ﬂ lSu}fi7T {R(’/Tl) 4+ K(Wq)},

where £ is the normalized scalar curvature of (M, g).
For Einstein centroaffine hypersurfaces we have the following general optimal
inequalities.

Theorem 3.1. If an Einstein n-manifold M can be realized as a centroaffine hy-
persurface in an affine (n + 1)-space R" 1, then we have the following inequality:

< -1
(3.5) 55’10 >n—1-— 2q _ L(”h(T#7T#)
n n —q
for any natural number ¢ < n/2.

The equality case of (3.5) holds identically if and only if M is realized as a
hyper-quadric centered at the origin. Hence M is realized as a hyperellipsoid.

Proof. Let ¢ be a natural number satisfying ¢ < n/2. Assume that M is an Einstein
n-manifold which can be realized as a centroaffine hypersurface in an affine (n+1)-

space R""1. Consider ¢ mutually orthogonal plane sections 71, ..., 7, of M at p.
We choose an orthonormal basis {ei,...,e,} of T,M such that 7; is spanned by
egj—1 and ey for j=1,...,q.
Let us put
2
R 1 —
(3.6) b=n(n—1)(1 &)+ IELZ My oy,
n—gq

Then we obtain from (2.10), (2.13) and (3.6) that
(3.7) n2h(T#,T#) = (n — q) (M(K, K) + ).



38 B.-Y. CHEN

Let us choose an orthonormal basis e, .. ., e}, of T, M so that e] is in the direction
of the Tchebychev vector T# at p (when T# = 0 at a point p € M, we may choose

e;,...,e; to be any arbitrary orthonormal basis of T,,M). Then we can express
(3.7) as

(3.8) nnjq h(T#, T#) Zn: = > (KY) +ZZ (K72
s=1

1<s#t<2k r=2s,t=1

Thus, by applying Lemma 2.1 to (3.8), we obtain

q n n ~
(3.9) ZK21;7122‘—1K21¢*2¢ 2 %ZZ(K + Z Z th f

i=1 j=2 s=1 7=11<s<t<n

with equality holding if and only if we have

(3.10) Kl + Ky == KQ;—qu—l + K21:;2q = K2;+12q+1 ==K,
On the other hand, from (2.12) we have
(3.11) K(esAey) =1 —h(K (es,e5), K(ey,er)) + h(K (es, e1), K (€5, €4)).

Hence by applying (3.9) and (3.11) we find

q q n
ZK(em‘fl/\e%):q_ZZ{K%ﬁ 12i— 1K2222 (ng 121)2}
i=1 j

— i=1 j=1
< é 1 ~\ Kj* 2 - K’ 2
_q_2_2 Z( ss) _Z Z ( St)
j=2s=1 7=11<s<t<n
q n * ok q n *
- ZZng 12i- 1530 + Z Z(KQz—l 21)°
i=1 ]:2 i=1 j=1
é + T {(KLD)? + (K4,)?)
(312) 9 ls 2s
Jj=1s#1,2
_|_ .
+ (K107 + (13,,)%}
Jj=1s#2q—1,2¢q
1 . e
+§Z{(K11 + K2 44 (K3 901 + Ky0)?)

Bn =1k~ 3 Rear Aen) > n— 1k —g+ &
(3.13) ( i=1) 2 )
o nn—1)—2¢ n*(g+1—n "
- 2 2(n_q) h(T 7T )7

which implies inequality (3.5).
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If the equality sign of (3.5) holds identically, then we have (3.10), Moreover, in
this case all of the inequalities in (3.12) become equalities. Hence the difference
tensor K satisfies

(3.14) K(eq,e3) =0

whenever {a, 8} # {2¢ —1,2i} fori=1,...,q and

(3.15) K(er,e1) + K(eg,e2) = -+ = k(ezg—1, €24—1) + K(e2q, €24)
= K(eagy1,€2q41) = - = K(en, €n)
=20

with & = nT#/(2(n — q)).
From (3.11), (3.14) and (3.15) we find

(3.16) Ric(egj_1,€25-1) =n — 2+ K(7;)
—2(n—q—1)h(K(ezj—1,€25-1),P),
(3.17) Ric(eqj, e2;) = n — 2+ K(m;)
—2(n—q—1)h(K(ez5,e€25), P),
(3.18) Ric(en,en) =n—1—4(n—q— 1)h(®, ®),
(3.19) 2h(K (€251, €25-1), K (€25, €2;)) = 4h(®, )

— h(K(ezj-1,€2j-1), K(e2;-1,€2-1))
— h(K (€25, €25), K (€25, €25)),
where K (m;) denotes the sectional curvature of the plane section spanned by the

orthonormal vectorses;_1 and eg;.
Since M is Einsteinian, (3.16) and (3.17) imply that

(3.20) h(K (e2j-1,e2j-1), ) = h(K(eaj, €25), P).
From (3.15) we also have
h(K(e2j-1,e2i-1), ®) + h(K (e, e25), ®) = 2h(D, ®).

Hence we obtain

(321) h(K(GQj_l, 62]‘_1), (I)) = h(K(egj, 62j), (I)) = h((I), (I))
Therefore, by applying (3.17), (3.18) and (3.20), we find
(3.22) K(mj) =1-2(n—q—1)h(®, ).

On the other hand, (3.11) and (3.19) yield
. 1
K(mj) =1 - 2h(®,®) + Sh(K(ezj-1, e2j-1), K (e2j-1, €2j-1))

1
=+ §h(K(62j, €2j)a K(egj, 62j))
+ h(K (e2j-1,€2;), K(ezj-1, e2;)).

Since ¢ < n/2, we may derive from (3.14), (3.15), (3.22) and (3.23) that K = 0.
Consequently, M can be realized as a hyper-quadric centered at the origin.

The converse is easy to verify. O

For even-dimensional Einstein manifolds we also have the following.



40 B.-Y. CHEN

Theorem 3.2. Let k be a natural number > 2. If an Finstein 2k-manifold M can
be realized as a centroaffine hypersurface in an affine (2k + 1)-space R?**1, then
we have the following inequality:

(3.23) ofie > 9(k — 1){1 — h(T#,T%)}.
The equality case of (3.23) holds identically if and only if, with respect a suitable
h-orthonormal basis ey, ..., ea, the difference tensor K satisfies
(3.24) K(eq,ep) =0,
(3.25) K(ei,e1) + K(ez,e2) = - -+ = K(eak—1,e2-1) + K(eax, €ax),
(3.26) h(K (e, e;), T#) = h(T#, T%),

where {a, B} # {20 — 1,2i} and i =1,... k.

Proof. Let k be a natural number > 2. Assume that M is an Einstein 2k-manifold
which is realized as a centroaffine hypersurface in an affine (2k + 1)-space R2**1.

Let 7,..., 7, be k mutually orthogonal 2-plane sections at p € M. We choose an
orthonormal basis ey, ..., eq; of T, M with
m1 = Span{ey, ea}, ..., T = Span{eai_1, €21 }-

Let us put
(3.27) i = 2k(2k — 1)(1 — &) — 4k(k — D)R(T#, T#).
Then (2.10), (2.13) and (3.27) imply that
(3.28) 4k - h(T#,T%) = h(K, K) + 7.

Let us choose an orthonormal basis e, .. ., e}, of T, M so that e] is in the direction

of the Tchebychev vector T# at p. If we put Kz; = h(K(ea,ep),€3), then (3.28)
can be expressed as

2k 2k 2k
(3:20)  4kR(TH,TH)-N (K1) = Y (KLY Y (KL
s=1 1<s#t<2k r=2s,t=1

If we apply Lemma 2.1 to the left-hand-side of (3.29), we find

2% 2k 2%k
(3.30) QZKm 1201505 > ZZ 2+Z Z (KZ:)2+77
j=2 s=1 J=11<sAt<2k

with equality holding if and only if we have
(3.31) Kl + Ky ==Ky 1o 1+ Ko
By combining (3.11) and (3.30), we find

k

ZK(B%—l Negi) <k

i=1

N\d)
1\9\»—*

2k 2k
g (%)’
k 2k - L s
- Z Z K3 191530, + Z Z(Kgi—l 27:)2

i=1 j=2 i=1 j=1

(3.32)
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k_*+ZZ{Kfs + (K4,)%}

j=1s#1,2
_|_...

+Z Z { K%k 19 K%ks) }

j=1s#2k—1,2k

2%k
*3 Z {(Ey + K35) + -+ (Ko g g + K9y 0p)? )
=2

n
<k--.
- 2

Therefore, after applying (3.27) and (3.32), we derive that

(3.33)  (2k—1)&

??‘\»—t

k
Zf( eai1 Aegi) > 2(k — 1) — 2(k — 1)W(T#, T#).

Consequently, we obtain inequality (3.23) from (3.4) and (3.33).

If the equality sign of (3.23) holds identically, then we have (3.31), Moreover,
all of the inequalities in (3.32) become equalities. Hence the difference tensor K
satisfies (3.24), i.e

(3.34) K(eq,e3) =0
for {o, B} #{2i — 1,2i} with i =1,..., k. Also we find
(335) K(el, 61) + K(eg, 62) == k(egk_l, 62k_1) + K(@Qk, egk) = QT#,

which gives (3.25).
Furthermore, we have

(3.36) Ei\C(GQj—l, e2j-1) = 2(k — 1) + K(m;)
—2(k — D)h(K (ej_1, e2i-1), T#),
(3.37) Ric(eg;, e2;) = 2(k — 1) + K (x;)

- 2(:16 — l)h(K(egj, egj),T#),

where K (m;) denotes the sectional curvature of the plane section spanned by the
orthonormal vectors eg;_; and es;.
Since M is Einsteinian, (3.36) and (3.37) imply

(3.38) h(K (egj—1,e9i-1), T%) = h(K(eaj, ea;), T7).
Now, it follows from (3.35) that

h(K (egj—1,e95-1), T%) + h(K (eg;, e9;), T?) = 21(T#, T#).
Thus after combining (3.38) and (3.39) we find
(3.39) h(K (e2j_1,e2i-1), T%) = h(K (eaj, ea;), T#) = h(T#,T#)
for j =1,..., k. Consequently, we also obtain (3.26).

The converse can be verified by direct computation. O

For Einsteinian graph hypersurfaces we have the following.
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Theorem 3.3. If an Einstein n-manifold M can be realized as a graph hypersurface
in an affine (n + 1)-space, then we have

n(g+1—n)

A4 SHic >
(3.40) o> S

h(T#,T%)

for any natural number ¢ < n/2.
The equality case of (3.40) holds identically if and only if M is realized as a
paraboloid centered at the origin.

Theorem 3.4. If an FEinstein 2k-manifold M can be realized as a centroaffine
hypersurface in some affine (2k + 1)-space, then we have

(3.41) Sfie > 2(1 — k)W(TH#, T).

If the equality sign of (3.41) holds identically, then M is an improper affine
hypersphere. Moreover, with respect a suitable h-orthonormal basis eq, ..., e, the
difference tensor K satisfies
(3.42) K(eq,e5) =0,

(3.43) K(ei,e1) + K(ez,e2) = -+ - = k(ear—1, e2r-1) + K (eax, ea),
(3.44) WK (e, €5), T#) = h(T#,T#), j=1,...,k,

whenever {a, B} # {25 — 1,25}.

Theorem 3.3 and Theorem 3.4 can be proved in a similar way as that of Theorem
3.1 and Theorem 3.2.

4. SOME IMMEDIATE APPLICATIONS.

The following four corollaries are some immediate consequences of our results

obtained in Section 3.

Corollary 4.1. Let M be an Einstein n-manifold. If we have

<o 2q

4.1 5f(p) <n—1-=
(1) Rie(p) <n—1-
for some natural number ¢ < n/2 at some point p € M, then M cannot be realized
as an elliptic proper affine hypersphere in an affine space.

Corollary 4.2. Let M be an FEinstein n-manifold. If we have

(4.2) 5e(p) < 0

for some natural number ¢ < n/2 at some point p € M, then M cannot be realized
as an improper affine hypersphere in an affine space.

Corollary 4.3. Let M be a Riemannian n-manifold realized as a graph hypersurface
in an affine (n + 1)-space which satisfies

n(g+1—n)

SRic
(4.3) 0" (p) < —— 7

h(T*,T%)(p)

for some natural number ¢ < n/2 at some point p € M, the M is not an Einstein
manifold.
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Corollary 4.4. Let M be a Riemannian n-manifold realized as a centroaffine hy-
persurface in an affine (n + 1)-space which satisfies

%Ric . 2q nn—g-1)
(4.4) 0" (p) <m—1- - p— hT#,T7)(p)
for some natural number ¢ < n/2 at some point p € M, the M 1is not an Einstein
manifold.

5. EXAMPLE AND REMARKS.

In this section we give some remarks and we also provide some simple examples
of Einstein manifolds which can be realized either as graph hypersurfaces or as
centroaffine hypersurfaces.

Example 5.1. The hyperellipsoid in R™*! provides an example of an Einstein
n-manifold satisfying
2q

652@:”_1_7’ QS
n

)

|3

which can be realized as a centroaffine hypersurface.
This example shows that the conditions on (55’” given in Theorems 3.1 and 3.2
are sharp.

Remark 5.1. The hyperellipsoid also provides the simplest example showing that
the condition on 55’” mentioned in Corollary 4.1 is sharp.

The hyperboloids provide the simplest examples which illustrate that the condi-
tion on 5?“ given in Corollary 4.2 is sharp as well.

Example 5.2. Let (M*,g) denote the Riemannian product NZ(c) x N2(c) of two
surfaces of constant curvature ¢ > 0. Then (M*, g) is an Einstein 4-manifold which
satisfies

(5:1) Ric(X,Y) = cg(X,Y), 3§ =c.

Consider an immersion of M* into the affine 5-space R® defined by:
a 1
(52) (w1, . 2n) = (961, T2, T3,T4,1n { (1+ 62“3?+2£2) (1 + 62””§+29”4) de } > )

By applying (2.18), it is direct to show that this immersion is a realization of the
Einstein 4-manifold (NZ(c) x N2(c), g) as a Einstein graph hypersurface in R with
the Blaschke normal given by £ = (0,0,0,0,1).

Remark 5.2. By applying a straight-forward computation we may prove that the
Tchebychev vector field T# of the Einstein graph hypersurface given in Example
5.2 is non-trivial.

Remark 5.3. The author thanks Professor Luc Vrancken for his suggestions to
improve the original version of this article.
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